*

Abstract

E_8

−

G_1 =

{ } . G_1

E_8

E_8 G_1 = Let V e_1 , , e_8 E_8 P = Σ_{i =1}^8 v_i e_i where Σ_{i =1}^8 v_i is v_i ∈ Z v_i ∈ Z +^1⁄2. (Z G_0 W(E_8 696729600 = 2^{14} 3^5 5^2 7. G_0 G_1 E_8 The

(± 2 1 (± ± ± ± 2 1 ± , )

1⁄2 −^1⁄2 + a, b, c, d quaternion a + bi + + dk ( of icosians icosians. q = a + bi + + dk has q _ = a − bi − − dk q = (a, b, c, d Q(q) = _ = a^2 + b^2 + c^2 + d^2 x + y 5 where x,y of q is N(q) = x + y

{ } E_8 lattice.

( and E_8 σ E_8

G_1 = q → and q → _ s, q ∈ ( , r and s Q(q) and N(q r and s − r, − s and r,s G_1 G_1 transformations

L_i : q → iq, R_i : q → qi, L_ω: q q, R_ω: q → qω, B: q → q _ , where^1⁄2 (− τ , σ ∈ ( (and ω^3 = 1).

( with E_8 G_1 V G_0

element A ∈ G_1 × a A(e_i ) = Σ_{j=1}^8 a e_j;

the a L_i

that

e_1 = 4 1 , , ,

1 = 4 1 (σ , σ , )

= 2 1 (e_2 + e_4 + e_6 − e_8

L_i = 2 1

1 0 − 1 0 − 1 0 − 1 0

0 1 0 1 0 − 1 0 1

− 1 0 − 1 0 − 1 0 1 0

0 1 0 − 1 0 1 0 1

− 1 0 − 1 0 1 0 − 1 0

0 − 1 0 1 0 1 0 1

− 1 0 1 0 − 1 0 − 1 0

0 1 0 1 0 1 0 − 1

.

Xand X̃of V G_1.

X f_1 , f_2 , f_3 , f_4 X̃ by f_5 , f_6 , f_7 , f_8

f_j = Σ_{i =1}^8 ϕ e_i and (ϕ × c(I H) c(I H) c̃ (I H) c̃ (I H) ,

where I = I_4 = diag{ },

c = 4 + 2 σ 1 = H = 2 1

1 1 1 − 1

− 1 1 − 1 − 1

1 − 1 − 1 − 1

− 1 − 1 1 − 1 ,

interchanges σ and τ c̃ = + 2 τ )^{− 1⁄2} =

X, X̃ G_1 V f_i

P = Σ_{i =1}^{8 v}i^ei^= Σ_{i =1}^{8 v}i^{′ f}i^{∈ V v = (v}1^{, ... , v}8^{), v′ = (v}1^{′ , ... , v}8^{′),}

then v′ = v Φ A = (a ) ∈ G_1 to A′^{tr} A Φ

G_1

L_i′ = diag , T, T, , R_i′ = diag , − T, T, − , T = − ,

L_ω′ = diag_1 , Ũ_1 }, R_ω′ = diag_2 , Ũ_2 }

U_1 2 1

0 σ τ 1 0 1 τ 1 0 1 σ 0 , U_2 2 1

0 σ τ 1

σ 0 1 1 0 1 τ 0 ,

and B′ = diag{+ − − − + − − − 1}

0 g̃′ g′ 0 g′ G_1 Xand X̃ π_X from V to X sends P = Σ_{i =1}^8 v_i e_i ∈ V to

Q = Σ_{i =1}^{8 w}i^ei^{∈ X}

w = v Π , I 0 Φ^{tr} 5 1 H σ I σ^{− 1} .

f_i basis π_X P = Σ_{i =1}^8 v_i′ f_i to Q = Σ_{i =1}^4 v_i′ f_i ∈ X π_X~ from Vto X̃ Π^∼ P = Σ_{i =1}^8 v_i′ f_i to Q = Σ_{i =5}^8 v_i′ f_i ∈ X̃.

E_8 Xor X̃.

E_8 X The Ωof E_8 ∈ V: Q ≤ Q − P P ∈ E_8 X̃ (Ω Ω X̃. Ω e_i all evenor odd Ψ X̃ X̃ Φ

Ψ

2 τ^2 c̃ (± 2 τ^2 c̃ (± ± ± ± 2 τ^2 c̃ ± , )

{ } τ c̃ =

circumradius R_0^2 c̃ = R_3 = 2^{− 3/2} τ^4 c̃ =

R_2 = 3^{− 1/2} τ^3 c̃ =

3 τ^2 c̃ (_2 ,_{− 2} , ± 3 τ^2 c̃ (_2 ,_{− 1} ,_{− 1} ,_{− 1}

3 τ^2 c̃

(±^{− 1} , 3 τ^2 c̃ (± ± ± ±

3 τ^2 c̃ (± ± 3 τ^2 c̃ (± ± ,_{− 1}

3 τ^2 c̃

( , , ,^{− 2} )

{ } c̃/3 = R_0 = 2^{3/2} 3^{− 1} τ^2 c̃ =

R_1 = 3^{− 1/2} τ^3 c̃ =

Thus Ψ { } and { } { } { }. Ψ

{ } { }

# # E_8 X, X̃ Ψ:

# = { π_X (P P ∈ E_8 , π_X~ (P) # G_1 = f_i G_1

0 g̃′ g′ 0 u ∈ # v_X~ (Ω

(u,v) ∈ E_8

(u,v) 0 g̃′ g′ 0 = (ug′, vg̃′) ∈ E_8 .

But Ω E_8 vg̃′ ug′ ∈ # .

(ii) # τ.

Vto V

S = − H^{tr} I 0 − H

e_i S′^{tr} S diag{τ , τ , τ , τ , σ , σ , σ , σ } f_i E_8, S′ g′of G_1 S, S′ Z^2 − Z − I = 0. X X̃ f_i u ∈ # with (u,v) ∈ E_8 u,v τ u , σ v) ∈ E_8 τ u ∈ # .

(iii) # t,u # then t − u ≥ 1/ τ^4 c̃^2 ) =

t,u P,Q ∈ E_8 R = P − Q = Σ_{i =1}^8 r_i e_i, R_{1 X} (R), R_{2 X}~ (R R ≠ P ≠ Q), and R_1 ≠ 0, R_2 ≠ E_8 X or X̃ (r_1 , ... , r_4 ), (r_5 , ... , r_8 R_1 α , β)Φ R_1 . R_1 = c^2 {2 α . 2 β . β )H ( )^{tr} + ( ) . ( R_2 . R_2 R_1 . R_1 E_8

R_1 . R_1 R_2 . R_2 = c^2 c̃^2 n , n R_1 . R_1 R_2 . R_2 ≥ c^2 c̃^2 = 1/20.

Furthermore, π_X~ (P π_X~ (Q) R_2 . R_2 ≤ τ^2 c̃)^2

#

# . # Ψ.

Ψ^{− 3/2} τ^4 c̃ = τ^2 c̃ = π_X (P # if π_X~ (P) < # if π_X~ (P) >

of E_8 # c^{− 1} ± , { } E_8 # , τ c^{− 1} ± , { } #

symmetric.) # . P = Σ_{i =1}^{8 v}i^ei^{∈ E}8^{# P in}

f_i as P = Σ_{i =1}^8 v_i′ f_i v_1′ , ... , v_8′) = (v_1 , ... , v_8 )Φ (v_5′ , ... , v_8′ (α_1 , α_2 , α_3 , α_4 α , β Ω that Ω P ∈ Vsatisfying P . T^{(k)} ≤ k = ...

T^{(k)} E_8 T^{(k)} = Σ_{i =1}^8 t_i^{(k)} f_i, γ^{(k)} = (t_1^{(k)} , ... , t_4^{(k)} ), δ^{(k)} = (t_5^{(k)} , ... , t_8^{(k)} π_X (P # (α_1 , ... , α_4 α . γ^{(k)} ≤ 1 . δ^{(k)} k = ... .

(v) #

G_1 f_i g′ L_i′R_i′and L_ω′ R_ω′ a = diag{− − }and

b = 2 1

0 σ τ − 1

0 1 σ 0 τ 1 +2 0 0 0 .

Then a^2 = b^3 = ( )^5 = I a , b G_1 A_5 f_4 of A_5 # f_4 Acknowledgements

E_8 vectors. Ω.

E_8 vectors

→ e_1 + e_5 → e_2 + e_6, → e_3 + e_7 → e_4 + e_8, (σ →^1⁄2(− e_1 + e_2 + e_3 + e_4 + e_5 − e_6 − e_7 − e_8 ), σ →^1⁄2(− e_1 − e_2 + e_3 − e_4 + e_5 + e_6 − e_7 + e_8 ), σ →^1⁄2(− e_1 − e_2 − e_3 + e_4 + e_5 + e_6 + e_7 − e_8 ), σ ) →^1⁄2(− e_1 + e_2 − e_3 − e_4 + e_5 − e_6 + e_7 + e_8 ).

Ω

(±^7 (±1^{4 4} )/

±1^7 )/ ±1^7 )/ (± ±1^{4 3} )/ 3 , ±1^5 )/ (± ±1^7 )/ 19440

References

54 47

Groups

1917). 23

20 , IT-28