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ABSTRACT

The aim of this paper ie {1) to glve a aystematic
method for enumereting the cosgetes of the shortened
first order Reed Muller (RM) ¢code and of the firvst
order RM code, end {11) to derive an mpproximation ta
the weight distributicn of the coswit leaders of the
first crder RM code whilch is simpler than Hobbs!
approximation.

1. INTRODUCTION

A8 printed cug by Berlekampl in a survey of unaclved

problemsz in codlng theory, little is known ahout the
enumeration of the cosets of even the simplest fami-
. ilee of error correcting codes. Sleplan® and Fonteine

and Peterson> obtained tha weight distributicn of the -

coset lesders of some optimm codes of length < 29,
WolftT has considered cosets of BCH codes. An approx-
imstion to the coset distribution of a code waz giwven
by Hebos', For the first order Reed Muller (RM) eode
a eimpler approximation which e asymptotically equiv-
alent %0 Hobbe' 1s gliver in Section 3 below, "'nis
approxiwation 1z unimedal, rising te a maximum of

ohl = N'3/22N,{2 log H (1+z) coeet lesders of weight
h}_ w -}{N - (l‘f‘g)"“ZN log N],

where g denotez a number which approsches zerc as the
bloek length N approaches infinity,

Recently Berleksmp and.Welch5 have shown that the
snumeration of cosefs of the first order RN code 1s
equivalent to the enumeration of Booclean funetions
under & certain group of transformations, and have
thus pbtained the cesats of the length 32 firast order
EM code,

[ Bection 2 we give a method (different from het
of [5]} for the enumeration of cozets of the
shortened first crder RM (or binsry sluplex) code, the
expurgated firet order RM {or orthogonal) code and the
firet aorder KM (or bBiorthogenal) code. A& basic ides
ie tc associste wlth any bYinary netuple Y 2 singlew
arror-¢orrecting code called the struciure cade 8C(Y),
Cosets of the glmplex code are then classified by the
gtructure code of thelr ceset leaderg. Theorams 1 te
4 give the weight distribution of a coset and the
numbax of ¢orets with this weight distribution, in
terms of the welght d&istribution of the structure code
of & coget lemder. Theorem 5 contasins a simllar ye-
ault for the weight distribution of & coset of tha
first order EM code. A4s an example these theorams are
used to enumerate the coseta of ihe {15k} simplex
code and the {16,5} first order RM coda (Tableg 3, L),

The enumersvion of coset leadsrs permits celeula-
tion of the exact probability cof error when maxiwmum
1ikelihgod decoding is uged®, Fimally it shenld be
mentioned that Hademard matricee have recently been
suggested for the coding of TV picture36,7,3 and ¢pti-
cal speetra® 10, The detaiied snalysis of at least
one of thege schemee™ requires knowledge of the weight
dlstribution of the cosets of first order Read Mnlley
¢ode=,
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2, CLASBIFICATION OF COBETS IN TERMZ OF
SINGLE ERRUR CORRECTING CODES

Definition of Codesll

vhen m= 3, n= 7, the codewords of cs

C%, the shorvened first order EM code {or bilnary

gimplex code) of length n = 2 = 1 und dimension m, is
genereted by the rows of the m«(2%-1) metrix whose col-

‘ume are the binsrvy reprecentstions of the nurbers from

1 to 2% = 1. These colwms will alpo be thought of aa
coordinste wveciore for The corresponding positions of
the codeword, end thus set up a one-one correspondence
between these posltlons and the non-zerc polnts of U,
an m-dimensional veetor spaee over GF(2). Tor example
cen be saken gea
the rows of Table I. Rows 2.4 give the coordinste
vectors of the poaitians of the cniewnrds.

Table I. Codewords of Himplex Code of Length T
COoOLO0O000
oc00ll11
0120011
1010101
oOl1110090
1Lo0110C0190
11001149
11C1001

., the expurgated first order RY ccde (or orthogo-
nel code! i3 chtained by annexing an overall parity
chegk to G%. , the firgt order R¥ cecde (or bigrthog-
onal code) has Az codewords thnse of G, together with
their complements.,

The Jtructure Code of a Vector

et ¥ be any binery n-typle, with 1ta in pozitions
81,11, 5, tamy), where e = weight (Y). The set
5= {S1,.0,8:] is & auabeet of 1\, and the poinls in 8
will in general sstiefy certsin linear equatione with
oinary coefficlents, of <he form 8¢ + S5+ S5+ ... = Q
These equationa may be sdded to gne another and <hem-
selves form a8 binary vecttor space. If these equations
are repregented by hinary vectorz of length e, the
equations form a binary group code of length €, which
will be catled the atructwre cede SC(Y), Since the
points 55 are non-zero mand distinct, eguations of Lhe
form 8; = O or 34 + 34 = © canpot ocenr., Therefore
Sa(Y) is {ab least) single-errar-correcting.

An egquivalent defiwmition of 3C{Y) is %o puncture ihe
aimplex caode c% by deleting eil positionr of the cnde-
words excepl Lhoze in S, i.e., where Y has 1'=s. Then
90(¥) i3 the dual ccde of this puneture code.

Define the rank (¥) to be the maximur number of
dinearly independent peolnts in 5. EBEvery linearly inde=-
rendent constraint on § reduces its rank by 1, =20

rank (Y) + ddmension of 3C{Y} = # (1)
Exsmple, Let ¥ = QL11010, of weight o = L, Frem

Teole I, Y hes 1's in positionz 8, = CJ:.:), B, = @,
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1 1
83 = Q), 8), = Q), satisfylng the squations Q= O,
S1* Sa+ 3, = O; and so the structure cods of ¥ ig
sC(Y) = (0000,1011}. Y has rank 3 and the dimanaion of
SC{Y‘) is 1, satizfying equatiom (1),

Classification of Cogete of the Bimplex Codw

Let us consider a firxed comet of (,, and let Y ba
any vector in the cozet, with 1's in pesitions
89y 11,9, {say), where e = weight (Y). The vectora of
the coget are obtainad by complemsnting positions
$1244+,80 10 Cg. Thue each of the 28 codewords in
is chenged in e places. Let ns ¢all this sat of 20
(not necessarily distinct} e-tuples before thay are
¢hanged the crosg=gection of ¥, o of §;,...,8,, Tn
other words, the vectors of tha ¢oget containing Y are
obtalned by complementing the cross-section of ¥, By
definition, the dot product of any vectar in S3({Y¥) with
eny vector in the cross-sectiem of Y 1s 0.

Lemms, The crospegection of ¥ eansist of 2T
rapatitions of the occdawords of the dval ¢ods of the
structure code SC(Y), where r = vank {¥)., (Proof
omltted, )

Weight Distribution of a Coset of the Simplex Code

Theorem 1, Lat Y be any binary vector of length .
n=§m-l,&ndweighte. Then that coaet of the sime
plex code which contains ¥ har 1 + 2‘"%1‘ vectora of
weight e; 20"FR; of welght AN + & = 2§ 14 0, ¥y
and 2T » 1 of weight aN + e; vhere r = rank (Y),

N = 2% and {B;] is the weight distribution of the dual
eade of SC(Y).

Proof. By the lemma the waight t;.:l.stributim of the
crossesaction of Y is {By}, whers B} = 2™TB,.. If &-
vector in the croes-section has weight 1,
menting it hes welght @ = 1, a gadn of @ = 2i, The
Theorem then follows using the fact that the giwmplex
;ggihu one codeword of weight O emd 2% - 1 of weight

Theorem 2, If ¥ and ¥’ are two vactorm of sgual
weight in the same coset, then SC{¥) and 30{Y’) have
the same weight distributien.

Proof, From the MacWilliams identities'> the weight

diztribution of BC(Y) fr umfquely dstermined by that of
its Aual eode., The theorem then follows from Theorem ),

Taking ¥ to be a coset leader, wa obtsin

Theorsm 3. The structure code S8C(Y) of any coset
lender Y velght e ia a single-error=corrscting wode
of length & whose weight distribution wuniquely deterw
mines the weight distribution of tha coset containing
Y, and converaely, :

Enumeration of Conets of the Simplex {cde

By Theoram 3 we way define FKA,} %0 be the Tamily of
all cosets of the simplex code 8 that the waight dis.
tribution of SC(Y}, ¥ any coset leadar in the fumd Ty,
1z s fixed weight distribution (A;]. The wwight d13=
tribution of any of these cossts 1s glven
in Theorem 1, where {By) are the dual weights to [A4]:
and J Ay} includee all cosets with this welght distribu-
tion, %The rank r of any coset leader of u comset in
HAyl is also constant,

The ainn of this saction iy to calenlate the nushar

:i‘ cosets in JHA(), 1.e., having thia weight distribue
on. -

et Ca, e
walght

,&, be all the non-equivelent codes with
dtatribution [kil (uaiﬁ acuivalence in the
uminl sense of Petarsonl3d p. L4), Let Q3 be the permu-
tation grovp of Cy, i.e., the group of ell permutationa
of the codaword pomitions that preserve the set of code-
words, and let Gy = [ [.*

Theoret: 4. The nusbey of coemta in SIAi} is

v
O Tt T Ciedne VoA
1+ 278 L Oy
am-2 =1

m‘QOf. mtul - {Y‘sC(Y} - ci]’ i= 1’ oll,vl Then
the nwmber of vectors inl|, is

(P, (Pt
_ - ,

i

(2)

;)

from Burnside’s themrep ([I4) p. 150) and the fact that
* n-zero indapandant points can be chogen from an m-
dimnsignal binary vector space in (2n.20){om.zly |
2821} mys.

Than ¥ = Y1\ ... WY, containe all vectors Y such
that the waight dlatribubion of SC{Y) 13 (A4]; these
are exectly gll the coset leadars of cosete in HAj).
Also

v

e

iml

(3)

By Theorem 1 there are 1+ 2 r:Bzm,.z leadere in pach

coset. Therefore the number of coseta is

fi]
1+ 27Tg a2

Bquations (2=4) together prove the theorem.

(L)

Relaticn Between Casets of C, C and G

84nce the all-l's vector ls not i.n('Ls ntrcb, it can
be added to mmy coset with waights wy,wy, ... to glve a
coaet with the complement welghts n - wy, n - Wy,
Thus the cosets of and Co occur in comple-
mentery pairs (ses for Table II1), The coseka
of ¢conaiat of those of (1f the overall perity
check iz 0) together with the same weights shifted
right by cne (if the overall parity check is 1).
Finally the cosets of (4 are cbtained from thoze of C,
by edding together the weights of the camplamentary
cosatg (aince the colaworda of ( are obtained in that
way). Using Theorem 1 we cbtasn the following result
for the welght d{stributicn of a coset of Cb.

Thecrem 5. Lat ¥ be a conet leader of weight e of
the first order RM code of length Nx= 2%, If Y has a
1l In its overell paxity check positicon, let ¥’/ be Y
with this 1 changed to (; otherwise lat Y’ = Y, lat
¥ = rank (Y7) and let [B§} be the wejght distributien
of the duel code to $C{Y7). Then the weight ddstribu-
tion of the coaet contalning ¥ is given by Table II.

449 -

Example. Comets of c. and (.'b when m = 4.

We Dagin by finding the ¢ogets of the simplex code
of langth 15 (ses Table ITI), Uszing Theorsms 1, 3 and

*»
If B is any sat, |8| will denote the cerdinelity of 8,
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Table II.

{e 1s the weight of th= ropat leader.}

Weight Distritution of the Cosets of the First Order RM Code

0 < e < B/h e = K/l
Welgnt | ¢ and v-e ixse Meee2i, 0<1<d weight | B/L and P/L | 20« BfY, 0 <1< B
Kumber | 1 2"’"’(1+3e}.1 2”""{31+3_1j Thmber 21’"{1+3B/h} am’r[Bi-fBN/h o4
e > N/% (In this cage r = m, )
Weight esad N = & Ieea+ 24 e-N0h<t<Hh
Number ( 1 + BE/“-* Be-ﬂ/h 31.+ Be-i
Table III. Cometz of the leangth 15 Bimplex (ode
The rews of the table give the weight distributicn of the coaets.
Melgnte
Nuwpapp @ L1 [ 2 [ 3|4 %) 60 7 B8 9w |1|12]|23]) 14! 15 aC(Y)
1|1 1_-,' -
15 1 8 7 ()
105 1 & 8 3 {00}
bz 1 2 & 6 1 (€00}
35 1 12 3 (D0c, 111)
420 2 4 & 4 (0G0D)
o 6 10 {00000, 11111)
28 10 é
1= L é 4 2
35 12 i
4zg 1 5 [ 2 1
105 3 8 4 1
15 T B 1 '
1 15 1
Table IV. Cosets of the Langth 16 First Order Reed Muller Code
The rows of the table give the weight distribution of the cosets.
Welehts
Numbde ¥ ¢ |1 ] 2 3| & 5 {6 718 9 10 | 11 12 13 14 15 {1
1 1 3¢ 1
16 ' 1 15 15 1
120 1 T 16 7 1
560 1 3 12 12 3 1
g4o 8 12 8 2 '
35 ) 2y
488 6 10 10 &
28 16 16




b we list single=arrur-cczrecting codas of lengths 1,

2,3,... and cbtain the woight ddstridution snd multie

Plicity of the correspemding cozets, In this way tha

top half of Table ITI 1s repidly obtmined, containing

102k cosets, helf of the total number, The othere mre
then obthinad by compiementing.

The cosets of the first order RM code of length 16
are then emzperated by the method of the previocus sece
tion, and appear in Table IV,

3. NORMAL APPROXTMATICON TO NUMBER OF COSET LEADERS

In this section & normal approximeticn, Equation (5}
is obtained %o ¢, the number of coget lewdars of
weight b in the bicrthogonal coda of léagth K« 20,

The weightz (] are the weighta of the corractable
errors whem optiom decodimg: is used, IT thea oodewords
are repragented by *1's, that i3, if 0'a are changed to
+1's and 1's to ~l's, an optimmm decoding of a recaived
sequence of +1's {3 to take tha dot product of the re-
ceived seguance wiih each codawopd of the orthoganal
code and then 1o choose the codeword ¢giving the gest.
magnitude of dot product. If that Zot wt {a nega=-
tive, complement the codwword choden. (Decide ties in
any wey,}

The decoder decides that an error of weight h oceurs,
where h = #{F - |dot product chosen|), because this ig

the nuther of pleces in which the received smequence sad
the daccded pequence differ,

If we now I1magina that the code were usad for trang-
miszien through a bdinary symmetrie chsonel {sending
21's) with crossover probability &, thea the probabile
ity that the cptimm dscoder depcribed above decides
that an error of weight h has oocwrred 1a proporticmal
to o, the nuber of cosats having winimum weight h,

The dot products whieh this decodesr examines ere
orthogonat identically 4distributed Bernowili random
variables, They are not indepsndent.

However, the normal distribution 13 an approximation
of the Bernoulll distribution, and erihegenal normal
random variablea are indspendent, Thiz puggests the
following hypothetical axpaviment.,

Buppone the optlmm decoder were mpplied to K iede-
pandent, {dentically distributed normel randem vurisbles
of mean 0 and variance 1. Then the probabilizy density
of Hm *(H - |d0‘t preduct chosenl] in this experiment
19 an spproximation to the weignt dilatribution of the
oonet leadars.

Therefore let Xq,...,X; be independent jdentically
distribvuted normal varieblas with mean 0 and varisnge
N, repressating the dot produet of the received vector
with the codewords of the orthogenal code, and ley

Z a m:x lxii' The deppity of Z is

o= (D) 1"

where g and ¢ are the normal density end distribution
functions. Then the number of cosets of weight h =~
(total number of cosets) PR(|[H-h] < 3}

N

Ea‘f

We conclude that in the first order Reed Muller or
bicrthogonal code of lemgth N, the number of coeet
leadera of weight h is approximately given by

4 o 52) (1) ]

= 1,;- FR[R-2hal < Z < WN-2ht1] = {¥-2L).

Figure 1
Yeight teibution of Cosat Ianders of Pirat Order RM Code of th
80114 Line » Trus Dlatribution
Broken Eine = Hobds Approximation
‘ Pl o Curve = Approximation of Bquatiocn S.
125 =1
) 1
] 1
] 1
1
- 20
- ’s
1 0 “":
4
4 5
S — ==
T L L 4 ' g e & + + + - re 1 ’._
°'114-$"?09b.‘ruf;w.5,u_-




A similay approximation can bs written down for the
orthogonal code.

Hobbs" &pprcxtimntimh for this coda is

) (u)'l i (% z
h . N ‘r r BRayr
"%

“here & w bifr=1, e = 14rr>1.

Ameptotically the two epproximations can be shown
to be the same, The eatimation of the errcr is an

gpén problem. A comparicon of the approximetions with
the true values in the cage K= 32 (uaing ths results

of Barlekamp and Welech?) is given in Figurs 1,

Using known bounds an $(x) 1t can be shown that,
from (5), & 12 & unimoda) funetian of h, rising to &
marimm of

-2
% =W N /ST (1ee)

at
hl = '&Eﬁ - (-B‘E)\/w d1og N]s

and falling to zero at
= }(N - a /)

+ g = 0.665 + g, and where ¢ denotes

a quantity which approaches zZero &s N approaches infine
Howevar, the trus wvalue of hy 18 knom ta be
e L(N. /F). -

where a = ®"G})

4, DISCUSSION

Part 2 of this paper has demonstrated s method for
emmerating ccsete of the shortaned first carder RM
code in terms of the walpght dlstributioms of (at least)
ainglae error correcting codes assccisted with the
coset leaderz., Sowe questions that remain ymanswared
Bre;

(1) Is the structure cocde of g coset lesder Y inde=
pendent gf the cholce of Y within a coset? (R. P.

Kurehanl® has recently given s negative anawver to this
questian,}

{2) Cheracterize the codes that appear as styucture
codas aof coeet leaders.

{3) How many non-equivalent codea have a given
welght dietribution?
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