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Michael Klemm has recently studied the conditions satisfied by the complete
weight enumerator of a self-dual code over Z,, the ring of integers modulo 4. In the
present paper we deduce analogues theorems for the “symmetrized” weight
enumerator (which ignores the difference between +1 and —1 coordinates) and the
Hamming weight enumerator. We give a number of examples of self-dual codes,
including codes which realize the basic weight enumerators occurring in all these
theorems, and the complete list of self-dual codes of length n<9. We also classify
those self-orthogonal codes that are generated by words of type +1%0"~%  © 1993

Academic Press, Inc.

1. INTRODUCTION

In recent years, several papers have mentioned (implicitly or explicitly)
codes over Z, [5-8, 20, 21, 26, 31] without however giving many concrete
examples. The main results of the present paper are the following.

The first is a structure theorem (analogous to the result for binary codes
stated on p. 35 of [10]) characterizing self-orthogonal® codes over Z, that
are generated by “tetrads,” vectors which contain four components
congruent to +1 or —1 (mod 4), the other components being congruent
to 0 (mod 4). As we shall see later, tetrads are the simplest possible vectors
in an indecomposable self-orthogonal code over Z,.

! The terms “self-orthogonal,” “self-dual,” “equivalent,” etc., are explained in Section 2.
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THEOREM 1. Any self-orthogonal code € over Z, generated by tetrads is
equivelent to a direct sum of codes from the list

Doy Dy D5, DL (m=1,2,..), &, 87, &. (1

The codes mentioned in (1) are defined in Section 3. They are
inequivalent except that 22 =~ 9 ; the inclusions between these codes are
displayed in Fig. 1.

The second theorem classifies self-dual codes of length up to 9. The state-
ment of this result is facilitated by the fact that self-dual codes over Z, have
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FiG. 1. Indecomposable codes over Z, generated by tetrads, ordered by inclusion. An
arrow indicates that the lower code can be obtained from the upper code by adjoining a single
tetrad. The arrow is single or double according as the number of words increases by a factor
of 2 or 4. Note that 9L =2 ;.
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TABLE I
All Indecomposable Self-Dual Codes over Z, of Length n<9

% n |€| |G| swe
, 1 2! 2 1+e
29 4 4122 2%.41 1 +6c%+8b%+ ¢*
2@ 6 402 26.6 14362 4+8c>+126% +3¢* + -+
&+ 7 4321 2.168 1473 +14b% + Tc* + -
a8 8 4322 28.8 1+4c4+16b% +22¢* + -
&, 8 4* 8-2.4! 1+ 16b% + 14¢* + 48b%c + ---
Ay 8 4120 27.81 1+ 28¢2 + 70c* +28c8+ - -+
Ay 8 4224 27(41)? 1+ 12¢2 4 38¢* + 64b%c + - -
A 8 4 1344 1+ 14c* + 112b% + 112b%* + -+
9y 8 4322 28.41 1+4c? +22¢* +96b*c + ---
A,
or?

/ \@/ \ /@ ‘
N A
/ %\\wco

F1G. 2. All self-dual codes of length n<8. A vertical or sloping line indicates that the
upper code can be obtained by shortening the lower code. The indecomposable codes are
circled. There are no indecomposable codes of length 9, so that the codes of length 9 are
obtainable by adjoining . to the codes of length 8.
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a property not shared by self-dual codes over finite fields: a self-dual code
& of length n can be shortened to a seif-dual code of length n—1 by
deleting any one of its coordinates. This is accomplished as follows. If the
projection of € onto the ith coordinate contains all of Z,, the shortened
code is obtained by taking those words of € that are 0 or 2 in the ith
coordinate and omitting that coordinate. If the projection of & onto the ith
coordinate contains only 0 and 2, we take the words of ¢ that are 0 in the
ith coordinate and omit that coordinate.

THEOREM 2. Any indecomposable self-dual code over Z, of length n<9
is equivalent to one of those shown in Table I. All self-dual codes of length
n< 8 are shown in Fig. 2, in which a line indicates that the upper code can
be obtained by shortening the lower code.

For the proofs of Theorems 1 and 2 see Section 3.

In [21], Klemm has studied the conditions satisfied by the complete
weight enumerators of self-dual codes over Z, (see Theorems 4, 5 below).
In Section 2 we deduce analogous theorems for the “symmetrized” and
Hamming weight enumerators (see Theorems 6-9), and in Table IT we list
examples of self-dual codes that realize the basic weight enumerators
occurring in all these theorems. The codes. themselves are defined in
Section 3. Theorem 3 is a general result on obtaining codes over Z, from
pairs of binary codes.

2. CODES OVER Z,

We first establish some terminology. By a “code” 4 we usually mean an
additive subgroup of Zj. We define an inner product on 7} by x-y=
X ¥+ - +x,y, (mod4), and the notions of dual code (€*), self-
orthogonal code (¥ < %*) and self-dual code (¢ =%*) are then defined in
the standard way (cf. [20, 247). For most applications there is no need to
distinguish between +1 components of codewords and —1 components,
and so we say that two codes are equivalent (denoted =) if one can be
obtained from the other by permuting the coordinates and (if necessary)
changing the signs of certain coordinates. Codes differing by only
a permutation of coordinates are called permuiation-equivalent. The
automorphism group Aut(%) of % consists of all permutations and sign-
changes of the coordinates that preserve the set of codewords. We denote
the order of Aut(¥) by g.

Any code is permutation-equivalent to a code ¥ with generator matrix

of the form
[Ikl A B 5
0 21, 2¢) (2)
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where A, B are matrices over Z, and C is a {0, 1 }-matrix. The code is then
an elementary abelian group of type 4%:2% containing 2%!** codewords.
We indicate this by writing || = 4%12%.

The dual code €* to (2) has generator matrix

[_Btr_ctrAtr Ctr In—kl—k2:|, (3)

24" aA, 0

and |€*| =4"ki—knk

Suppose L (resp. L*) is the lattice consisting of all integer points
congruent modulo 4 to the words of C (resp. C*). Then the invariant
factors of L are

4k12k21n — k1 —ka

and for L* they are
4n—k1—k22k21k1'
Let § be the “mod 2” map from Z, to Z,, sending 0 and 2 to 0, 1 and
3 to 1. The kernel {0,2} is isomorphic to Z,, and we denote this

isomorphism by y, so that y(0)=0, y(2)=1.
There are two binary codes €', #® canonically associated with %:

V= {B(u)uc¥)},
¢® = {y(u)ue¥, f(u)=0}.

%"V is an [n, k,] binary code which (if % is defined by (2)) has generator
matrix

LI, B(4) B(B)], (4)
while #¥ 2% is an [n, k, + k,] binary code with generator matrix
I, p(4) ﬁ(B)]
. 5
|:0 I, C (3)

If % is self-orthogonal then €' is a self-orthogonal doubly even binary
code and ¥ = ¥® < ¥'V*, Furthermore if € is self-dual then € =@1)*
The next theorem gives the converse assertions.

THEOREM 3. If of, # are binary codes with of = % then there is a code
€ over Z, with €V =7, ¢ =B. If in addition o is self-orthogonal and
doubly even and B = o/ * then there is a self-orthogonal code € over Z, with
€V =of, € =B. Furthermore if B=A* then € is self-dual.
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Proof. Let dim & =k, dim B=k, + k,. Without loss of generality we
may assume that &/, # have generator matrices

I
rx v gy

o a1 2] ®

is a generator matrix for a code % with €'V = .o/, €' = 8. To establish the
second assertion we must modify (6) to make % self-orthogonal. This is
accomplished by replacing the (j, i)th entry of (6) by the inner product
modulo 4 of rows i and j, for 1 <i<k,1<j<k, +k,,i<j |}

respectively. Then

In this way every self-orthogonal doubly-even binary code corresponds to
one or more self-dual codes over Z,. For example the vectors

3(20000101001100110101111) (7)

—where the parentheses indicate that all cyclic shifts of the parenthesized
portion are to be used—generate a self-dual code %, over 7, for which
4\ =% is the binary Golay code.

The complete weight enumerator (or c.w.e.) of € is

cwe(g(a, b, c, d) = Z ano(u)bnl(u)cnz(u)dna(u)’ (8)
ueE

where n;(u) is the number of components of u that are congruent to :
(mod 4) (cf. [20, 24, p. 141]). Permutation-equivalent codes have the same
cw.e., but equivalent codes may have distinct c.w.e’s. The appropriate
weight enumerator for an equivalence class of codes is what we call the
symmetrized weight enumerator (or s.w.e.), obtained by identifying b and d
in (8):

sweyl(a, b, c) =cwegl(a, b, ¢, b). 9)

This is equivalent to the “weight function” W(Z,, Z,, Z,) of Klemm [20].
The Hamming weight enumerator of € is

Wla, b) =cwe,l(a, b, b, b). (10)

The theorems stated below require that we work with homogeneous
polynomials, but sometimes—as in Table I—it is simpler to set a= 1.
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There are several other criteria for judging a code ¥ over Z, besides its
minimal Hamming weight. One may consider its minimal Euclidean norm,
defined by N(0)=0, N(+1)=1, N(2)=4 (cf. [4]), which can be found
from swe, (1,x,x*). In [13] (see also [9, 14]) the Leech lattice was
constructed by combining eight copies of the face-centered cubic lattice
using the code & = (;. For this type of construction one needs the minimal
As-norm of €, defined by N(0)=0, N(+1)=3/4, N(2)=1, which can be
found from swe,(1, x**, x).

Klemm [21, Theorem 1.57] gives an analog of the MacWilliams identity,

1
cweya(a, b, c,d)=——cwe (a+b+c+d a+ib—c—id,

€]
a—b+c—d a—ib—c+id), (11)
which implies
1
swe.(a, b, ¢) =|_(Z| sweg(a+2b+c,a—c,a—2b+c) (12)

(this is also a special case of Theorem 1.2 of Klemm [20]), and

1
W .(a, b)=|—(2| W (a+3b,a—b). (13)

Klemm observes that (11) is simpler when stated in terms of the variables

_ b+d - . b—d
are  pu2te otz Glttf (14)

a o tE TR A
Let cwe,, denote the c.w.e. of € when written as a function of a, b, ¢, d.
Then (11) implies [21, Theorem 1.5]

d:

n

cwe,.(a, b, ¢, d) = @ twe(a, ¢, b, id). (15)

The main results of [21] are the following two theorems.

THEOREM 4 (Klemm [217]). The c.w.e. of a self-dual code over Z , belongs
to the ring

G:[01904aa 64b’08]®0106[01’04a564b9 68]3 (16)
where
0,=a, 04, = (b*+ &%), Oy =d",

) o (17)
98 = b4E4, 010 = (bEd)2 (b4 _ 54).
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This ring has the Molien series (cf. [24,27])

1_{_/110
(1=2)(1 =% (1=-2%)

(18)

THEOREM 5 (Klemm [217). The cw.e. of a self-dual code over 7, that
contains the all-one vector belongs to the ring

R®osROGiR® 0, RDogo,RDaio R, (19)

where R is the ring of symmetric functions of a*, b*, ¢*, and d*, and

oo=a'd* + B'E,

. _ ; o (20)
016 = (abcd)* (a*b* + &*d* — a‘e* — b*d*).
This ring has the Molien series
8 16 116
I+ 25+ 1)1+ 1) 1)

(1241 =A%) (1 = 22)(1 = 2"

The analogous theorems for symmetric and Hamming weight
enumerators follow easily from Theorems 4 and 5; we omit the proofs.

THEOREM 6. The s.w.e. of a self-dual code over 7, belongs to the ring
Cla, b* + &%, B*¢*], (22)

where

This ring has the Molien series

1
. 24
(=D =) —7) e
An alternative basis is given by the polynomials
¢1 =a ’+" C
¢4 =2b"—ac(a®+ c?), (25)

pg=>b"(a—c)"
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THEOREM 7. The s.w.e. of a self-dual code of length n over Z 4 containing
a vector +1" belongs to the ring

S® S @ B8ES, (26)

where S is the ring of symmetric functions of @, b*, &. This ring has the
Molien series

1+18+/116
(1=2H(1=2%)(1 =272y

(27)

An explicit basis for S is given by the polynomials
&, =a*+ 6a’c* + 8b* + ¢4,
Dy = (a’c?* — b*)((a® + ¢*)* — 4b%), (28)
D, =b*(a*—c?)",
and then the ring is S® ¥ S® V1S, where
Ve =b*a——c)", (29)
with

1 1 1
Y=Y (1—6 ¢§——¢8>——§ W8¢4q§12+ﬁ¢f2, (30)
THEOREM 8. The Hamming weight enumerator of a self-dual code over
Z 4 belongs to the ring

Clwy, wy ] @ wgClwy, w,], (31)
where
wi=a+b,
w, = ab(a® + b*) — 2b%, (32)
wg=b*(a—b)*,
and

wa=ws(Ws —dwiw, +2wl) —wi. (33)
This ring has the Molien series

1+ A8

(1—A)(1—4% (34)
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THEOREM 9. The Hamming weight enumerator of a self-dual code of
length n over 7, containing a vector + 1" belongs to the ring

CLW4, Wel@ X3 CLW,, Wsl1® X, CIW,, W] @ X X, CLW,, Wy,

(35)
where
W, = (a*+3b),
Wy =b*a—b)", a6)
Xs=b*(a*—b*) (a* +3b%),
X, =b%a*— b,
with
Xi=W,X,,, )
X3, =2X , W, Ws+ Wi(16Xs— W3)+ 16W3.
This ring has the Molien series
(14+A%)(1+1") 38)

(1= =2%)"

A question left unanswered by Klemm in [21] is whether one can find
a set of codes with lengths equal to the degrees of the basic polynomials in
Theorems 4 and 5 and whose c.w.¢’s are a polynomial basis for the rings
(16) and (19). In other words, are there analogues of Gleason’s theorem
that says (for example) that the weight enumerator of a self-dual doubly
even binary code is a polynomial in the weight enumerators of the
Hamming and Golay codes (cf. [3, 16, 23, 24, 277)? Similar questions can
be asked about Theorems 6-9.

The affirmative answers to these questions are obtained using the codes
listed in Table II.

TABLE 11

Theorem Corresponding Codes

s, 22 in two versions (39a), (39b), O (41); €, (45)
Ay, Ky, K12, His (43); 05 (41), €y (45)

A, DY, G

Ay, Ay, Ky Oy

s, 9?; Gy

Ha, Oy Az, A7y

R =V N
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The codes mentioned in Table II are defined in Section 3. In general we
use the same name for all codes in an equivalence class, but for the first
two lines of Table Il we include equation numbers to identify particular
representatives from the equivalence classes. The codes before the semi-
colons have algebraically independent weight enumerators, and correspond
to the terms in the denominators of the Molien series (18, 21, etc.), while
those after the semicolon correspond to the terms in the numerator. We
discuss this table further in Section 3.

3. EXAMPLES OF SELF-ORTHOGONAL AND SELF-DUAL CODES OVER Z,

The smallest self-dual code is .« = {0, 2}, with symmetrized weight
enumerator a + ¢ and g = |Aut(s4 )| = 2 (the transformation that negates all
coordinates is always in Aut(%)).

If a self-orthogonal code % contains a vector of type 2'0"~! then
C=of, ®F is decomposable. The next-simplest possible vectors are
“tetrads,” of type +1%0"~* (see Section 1). We now list 2 number of self-
orthogonal codes that are generated by tetrads; ¢ denotes the total number
of tetrads in the code.

The first four codes have the property that the associated binary code
%"V is the self-dual code d,,, of [10, 12].

D,,, (m=2—the subscript gives the length) is generated by the tetrads
11130..0, 0011130...0, ..., 0..01113; |D,,,| =4" "', g=2.4! (m=2) or 2%-2™
(m>2), t=2(m—1). 2%,/%,, is a group of type 47 with generators
v, =0101..01, v, = 00..0011.

95, (m=2) is generated by 92,, and the tetrad 1300..0011 (or
equivalently the vector 2020..20); |25 |=4""12, g=22-8(m=2) or
22" 1. 2m(m>2), t=2m. (25)*/95, is a cyclic group of order 4
generated by v, (if m is odd), or a 4-group generated by v, and 2v, (if m
is even).

93, (m>=2, but note that 2] =~9) is generated by 2, and 2v,;
D} | =4""12, g=2m-2""" t=4(m—1). (2;,)*/2,, is a 4-group
generated by 2v, and v,.

¢ (m=2) is the self-dual code generated by 25, and 25 ; (2% |=
4m=122 g=2%>.41 (m=2) or 2™.2"-2m (m=>=2),t=4m. For use in
Table IT we note that there are two permutation-inequivalent versions of
2P, with generator matrices

1111 1333
@lo 202, ®m|o 20 2] (39)
00 2 2 002 2

29 (in either version) has swe = a* + 6a’c* + c* + 8b*.
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&, is generated by 1003110, 1010031, 1101003; |&| =43 g=2-4!,t=8.
&%/&, is a cyclic group of order 4 generated by 3111111,

&7 is the self-dual code generated by &; and 2222222 (or equivalently
by all cyclic shifts of 3110100); |&;|=42, g=2-168, t=14, swe=
a’+c’ +14b%a® + ) + Ta’Pla+ ¢) + 42ab’c(a+ ¢). For both & and &5
the associated binary code ¢! is the dual Hamming code e,.

& is the self-dual code generated by Ou, ueé;, and 30001011, or
equivalently is the code defined by the generator matrix

1 00001 11
01 003013
00103301} (40)
00013130

|&| =4, g=8.2-41=384, =16, swe=a®+16b% + c® + 16b*(a* + c*) +
14a’c* + 48ab*c(a® + c*) + 96a*b*c>.

Proof of Theorem 1. 1t is now easy to verify (using Fig. 1 as a guide)
that the preceding codes are, up to equivalence, the only ones generated by
tetrads; we omit the details. ||

We next list some further examples of self-dual codes.
The octacode Oy (cf. [9, 13, 14]) is the self-dual code generated by the
vectors

3(2001011), (41)

or equivalently is the code defined by the generator matrix

0

o = O O

0
0
0
1

W W W N

1 1
2 3

; 4
Nk (42)
1 2

OO O -
(PSR NS I

1
0
0

|Gl = 4%, g=1344, t=0, swe=a"+ 16b° + c® + 14a’c* + 112ab*c(a® + ¢2).
For both & and () the associated binary code ¢‘" is the Hamming
code eg.

The matrices (40) and (42) may be generalized as follows. Let H, be a
skew-type Hadamard matrix of order n=0 (mod4) [19, p.244; 30,
pp. 292, 451, 4591, with H,=1,+S,, S,= —=S.., S, S =(n—1)1,. Then
both [1,]S,] and [I,{S,+2I,] are generator matrices for self-dual codes
of length 2xn. Examples are known for n=4, 8, 12, ..., 112.

9, is the self-dual code obtained by taking the 16-word code generated
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by all even permutations of 0123 and replacing 0 by 00 or 22, 1 by 11 or
33, 2 by 02 or 20, and 3 by 13 or 31. Z; has generator matrix

00 11 02 13

00 02 13 11

11 02 00 13 |;

02 02 02 02

00 00 00 22

[ 95| =4%22, g=2%.41=6144, =0, swe =a®+ 32b* + c® +4a’c*(a* + c*) +
22a’c* 4 96ab*c(a® + c?).

Az (m=1, but note that #,=29) is a self-dual code introduced by
Klemm [21], having generator matrix

111 1
020 0 2
00 2 02 |; (43)
000 -+ 22

| Han| = 412472 g =2%"=14m)!, cwe=2>""Ya*" 4 b*" + %" +d*™) (see
(14)).

More generally, given any graph G with k vertices labeled by positive
integers m, , ..., m; and node-node adjacency matrix 4 = (a;), there is a self-
dual code of length n=4m+ -.- 4+ 4m, generated by (i) the vectors

U; =701 Vs (1<i<k),

where v, =1*" v, =0%", if a;=0 or v, =0"""'2 if a,= 1, together with
(ii) the vectors that have evenly many 2’s on each of the k coordinate
blocks. A, itself is the case where G consists of a single vertex. When G
consists of a single edge joining a pair of vertices labeled 1 we obtain a
code 'y with generator matrix

T1 11100 0 27
00021111
02020000
00220000]/ (44)
0000020 2
000000 2 2]

| 5| = 4224 g =2.2°.(41) = 73728, t = 0, swe = a® + 64b% + B+
12a%c(a* + c*) + 38a’c* + 6dab*c(a® + c?).
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%o is the self-dual code with generator matrix
B N

1011111011
0100003310
002000000 2
0002000002} 45)
000020000 2
000002000 2
0000002020
00000002 2 2]

and |%,,] =47°2° This code, used in Table II, was found as a “neighbor”
(defined as in [15]) of the direct sum of P and d.

Let 4 be the point-block incidence matrix of a symmetric (v, k, 4)-design
for which 4 is odd and k£ — A=4 (mod 8). Klemm [20, 21] shows that the
rows of A span a code % of length v with € = (¥*, 1"}, and that {(€*, 2°>
is self-dual. If in addition A =3 (mod 4) then, by adding an extra coor-
dinate to € to make the sum of the coordinates zero, we obtain a self-dual
code 2, , containing 1°*',

For example, any normalized Hadamard matrix H, of order n=16
(mod 32) produces a self-dual code @, of length n. 9, is generated by the
vector 1" and the rows of the matrix obtained from H, by replacing +1
entries by 0 and —1 entries by 1.

There are five distinct Hadamard matrices of order 16 [1, 2, 4, 17, 18,
25, 297], from which we obtain five self-dual codes @4 of length 16. These
are inequivalent, since the associated binary codes 2% have been shown
by Assmus and Key [2] to be inequivalent. Unfortunately none of the
cw.e’s of these five codes involves the polynomial ¢, of Theorem 3.
However, by taking a neighbor of the second code Z;¢ (in the Assmus-Key
ordering [2]), we obtain a self-dual code %, with generator matrix

[1 000 00111033103 2]
0100001007133 1123
0010001000072203 3
000 1000T1T1T12307233.1
0000100T1T1T100T1T1T1:1
000001000003 20711]|] O
0000002000020 720 2
000000O02000002722
0000000020000 7222
0000000002000 20 0]

whose c.w.e. does involve ¢.
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Notes on Table I1. 'We illustrate Table II by expressing the symmetrized
weight enumerators of the codes in the fourth line of the table in terms of
the basic polynomials given in Theorem 7:

swe ., = D,,

swe = Oy + 1607,
sWe ., = 24P, + 48D, By + P},
swe,, = —28%¥; — 120, + P2,

Proof of Theorem 2. Let € be an indecomposable self-dual code of
length n>2, and let ¥V be the associated binary code. The projection of
% onto any coordinate must be all of Z, (for otherwise ¥* =% contains a
subcode isomorphic to % and is decomposable). €' is therefore a binary
self-orthogonal doubly even code in which no coordinate position is identi-
cally zero. There are no such codes of lengths 2, 3, 5, or 9.

For length 4 we have ¢V =d, = {0% 1%}, which forces ¥ = 2P =~ ;. In
general, if dim ¥V =1, then ¥ = &].

For lengths 6, 7, 8 and dim ¢ >2, €V is one of dg, e,, d2, dy or ey,
and it is not difficult to show that the codes listed in Table I are the only
possibilities for €. ||

We end with a question: is there a “mass formula” for self-dual codes
over Z,, analogous to those for codes over GF(2) [24° Chap.19,
Corollaries 19 and 23; 28, (9.1.1) and (9.1.2)], GF(3) [11, p.313; 28,
(9.1.3)], GF(4) [11, p. 313; 28, (9.1.4)] and GF(5) [22]?
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Note added in proof. Mitchell Trott of M.LT. recently discovered that the Nordstrom—
Robinson nonlinear binary code [24, p. 73] can be viewed as a linear code over Z,. In fact,
the octacode () becomes the Nordstrom—Robinson code after the mapping 0 — 00, 1 - 01,
2 —11, 3 10. We should have noticed this years ago!
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