Mathematical Proceedings of the Cambridge o
Philosophical Society Nx'i?a'(f(':l.i:ﬁ.i\)?.'\F('E:;"

http://journals.cambridge.org/PSP '-'f'vm'ff“-:

Additional services for Mathematical Proceedings of the
Cambridge Philosophical Society:

Email alerts: Click here

Subscriptions: Click here e
Commercial reprints: Click here

Terms of use : Click here

On the invariants of a linear group of order 336

C. L. Mallows and N. J. A. Sloane

Mathematical Proceedings of the Cambridge Philosophical Society / Volume 74 / Issue 03 / November 1973,
pp 435 - 440
DOI: 10.1017/S0305004 100077161, Published online: 24 October 2008

Link to this article: http://journals.cambridge.org/abstract_S0305004100077161

How to cite this article:

C. L. Mallows and N. J. A. Sloane (1973). On the invariants of a linear group of order 336.
Mathematical Proceedings of the Cambridge Philosophical Society, 74, pp 435-440 doi:10.1017/
S0305004100077161

Request Permissions : Click here

CAMBRIDGE JOURMNALS

Downloaded from http://journals.cambridge.org/PSP, IP address: 128.6.218.72 on 24 Jul 2015



Proc. Camb. Phil. Soc. (1973), 74, 435 435
PCPS 74-45

Printed in Great Britain

On the invariants of a linear group of order 336

By C.L. MALLOWS axp N.J. A. SLOANE
Bell Laboratories, Murray Hill, New Jersey

(Recetved 2 April 1973)

Abstract. The polynomial invariants of a certain classical linear group of order 336
arise naturally in studying error-correcting codes over GF(7). An incomplete descrip-
tion of these invariants was given by Maschke in 1893. With the aid of the Poincaré
series for this group, found by Edge in 1947, we complete Maschke’s work by giving a
unique representation for the invariants in terms of 12 basic invariants. A conjecture
is made concerning the relationship between the Poincaré series and the degrees of the
basic invariants for any linear group. A partial answer to this conjecture, due to
E.C.Dade, is given.

1. Introduction. Let ¥ be the group of order 336 generated by

1 \ 1 2 2 2
w 1 1 w4+ 04+05 w4+l
wt and J-711 0*+0® 0?40 w+od |’
w? 1 B+t w+0® 0240

where w = €¥?"; thus ¥ is the complex four-dimensional representation of SL(2, 7).
This group has a long and interesting history: almost 100 years ago Klein (10) studied
¢ in his investigation of the simple group PSL(2, 7). In 1896 Maschke (12), continuing
the work of Brioschi(3), gave an apparently complete description of the polynomial
invariants of ¢ and of the syzygies relating them. However, as we shall see, there are
omissions in this work. The papers of Baker in 1935 (2) and Edge in 1947 (7) give a great
deal of geometric information about the two groups, and other references to the vast
literature on these groups can be found there.

Finally, in 1972(11) the group ¢ has arisen in studying error-correcting codes. In
order to extend a theorem of Gleason (8) to self-dual codes over GF(7), the invariants
of & are required.

The main result of this paper is a complete description of the invariants of ¥,
Theorem 1, filling in the omissions in Maschke’s work.

In order to do this, we use a result of Molien(13) giving a generating function
(sometimes called the Poincaré series (1)) for the number of invariants of a given degree.
In all the groups we have considered there is a particularly simple relationship between
the form of the Poincaré series and the degrees of the basic invariants, and we con-
jecture that this relationship holds for any finite group (section 2). A weaker version
of this conjecture has been established by Professor E.C.Dade(6), and we give his
results in section 4.



436 C. L. Marr.ows AND N. J. A. SLOANE

2. Invariants. Let G be any finite group of » x » matrices over the complex numbers
C,andlet R = C[z,,...,z,]. An invariant of @ is a polynomial fe R which is unchanged
by the action of G, i.e. satisfies

f(gjlauxi, ey '=§1 am-xi) = f(y,...,%,)

for all A = (a;;) € G. The set of all invariants of ¢ forms a ring Z.
Let ¢; be the number of linearly independent homogeneous invariants of degree d.
In 1897 Molien showed that a generating function for c; is given by

1 1
=|_G—|Azegdet(I—AA)’ (1)
((13); (5), p- 300). This is sometimes called the Poincaré series for G (1).
Our aim is to find » algebraically independent homogeneous invariants 4,, ..., 9,

and a further set of &k > 1 homogeneous invariants y, = 1,7v,, ..., ¥, such that the ring
of invariants Z can be written as a direct sum

E
R = g—)lSyi, (2)

BA) = 3 o 08
a=90

where § = C[0,,...,0,].
Two consequences of equation (2) are as follows.
(@) Any homogeneous invariant f of degree d can be written in a unique way as

f=2c(ay,...,a,,r) 00 ... 0%y, (3)
where the sum is over all (a,, ...,a,,r) such that ¢; = 0,1,...,r = 1,...,k, and
a,degf,+... +ta,degl,+degy, =d,
and the coefficients ¢(a,, ..., a,,r) are in C.
(b) There are }k(k+ 1) syzygies expressing y,y; for 1 < ¢, j < k in the form (3).
Ifd,, b, are the degrees of 4,, y,, this implies that the number of linearly independent
homogeneous invariants of degree d is the number of solutions of

adi+...+a,d, +b, =d,

for whicha; = 0,1,2,...,andr = 1,2, ..., k;i.e. is the coefficient of A2in the expansion of
k

PP
= (4)

% (1-%)
i=1

which must therefore be ®(A). Thus the Poincaré series can be written down im-
mediately from the degrees of the basie invariants.
We conjecture that the converse to the latter statement holds also:

Conjecture. Whenever the Poincaré series for G can be putt in the form of (4), then
a matching set of basic invariants can be found, consisting of n algebraically inde-
pendent homogeneous invariants 6,,...,8, of degrees d,,...,d,, and & homogeneous
invariants y,, ..., y, of degrees by, ..., b, such that (2) holds.

1 By cancelling common factors andfor by multiplying numerator and denominator by the
same polynomial.
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The conjecture is known to be true for finite unitary groups generated by re-
flexions (14}, and has been verified for a number of other groups. One special case, for
the group ¢, will be seen in the next section.

Professor E. C. Dade has communicated to us(6) a proof of a weaker version of this
conjecture. His theorem, which we give in section 4, shows that the Poincaré series of
any finite group can always be put into the form of (4), and a matching set of invariants
found. But the question of whether this holds whenever the Poincaré series has the form
of (4) remains open.

3. Invariants of 4. The Poincaré series (1) for ¥ was determined by Edge in (7); his
expression may be rearranged to give

14+ A8+ A104 A124 A28 A18 4 3204 228 5
= AN (1= (=) (1%’ )
which has the form of (4), and so, according to the conjecture, suggests the degrees of

the basic invariants. We show that basic invariants can indeed be found with these
degrees.

D) =

THEOREM 1. ¥ has a set of 12 basic invariants, consisting of 4 algebraically independ-
ent invariants ©,, Og, Ty, O, of degrees 4, 6, 8, 14, and a further set of 8 invariants

Yi=17%s - 7s
of degrees 0, 8,10, 12,16, 18, 20, 28, such that the ring Z of invariants of 9 isthe direct sum
8
R = 6)1870 (6)
i

where § = C[®,, Og, I'y, V,4]. There are 36 syzygies expressing the products y,;y, in terms
of the basic invariants in the form (3).

Proof. Maschke in (12) gave 7 invariants and 3 syzygies relating them. To complete
his work it is necessary to choose the 12 basic invariants correctly in terms of his 7,
and to find the 36 syzygies. Since the number of invariants of any degree d will then
equal the coefficient of A¢ in (5), we will indeed have established (6).

The invariants are defined in terms of z, and the following functions of z,, z;, x,:

XplnZy = @,

a3 %3+ a3 xy + 737, = b,
whay +afag+ajad =,

T, 23+ T304 + 2,23+ a® = d,
i +al+x]+ Tab = e.

The four algebraically independent basic invariants will be taken to be (in Maschke’s
notation):

®, = 224 + 6ax, + b,
O, = 828 — 20aa} — 10b2% — 10cz, — 14a® —d,
Iy = 28 + 14a23 — Tba} + 14ca? — Tdx? + ex,,
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@, = 4821 + 168ax1l + 308bz1® — 1596¢2? + 126(4202 + 11d) 28 — 8(37e + 490ab) 27
+ 196(12ac + 5b2) 2% + 196(15ad — 13bc) 2§ + 14(182¢2 — 86ae — 7bd) 2
+28(11be — 42¢cd) 3 + 14(21d2 — 16¢ce) 22 + 14dex, — €2.

(Maschke incorrectly gave the coefficient of a%f in ®,, as 63.21 instead of 126.42.)
Then the other 8 basic invariants are:

Y1=1

Vo = 28— 2ax3 + bat + 2ca? + (6a? + d) 2% + 2abz, + ac,

vs = — 8210 — 20ax] + 1428 + 14caf + 7(16a% —d) 2 + (42ab —e) 23 + 7(b% + 3ac) z3
+ 7(7a3-i'-bc) z,+ae,

vy = 26212+ 202aa — 33bat + 120cx] + 14(13a2 + d) 28 + (378ab — 23¢) 23
+7(35ac — 2b2) x} + 14(49a3 — 10ad + 5bc) 23 + 2a(10e + 49ab) x3
+ (49a%c + 49ab?® — Tcd + 2be) z, + ce,

Ys=7% Y6 =72Vs Y1=7Y2Vs and v¥s=7iva

(Our vy,, Vs, ¥4 are Maschke’s @g, @4, O)5.)
There are 5 syzygies from which all the others can be obtained. The first three of
these were given by Maschke, but the last two were not. The five are:

2778 = (—~ T} — 13D Ty — 7D O+ 20, [+ DP2Tg) + (— 14D+ 290, )y,
— 270, Qg ys+ (T0F — ) yo + 189D, vE — 27y, v, (7)
VaYa = P Tg(Tg—TD2) — (T Ty + D) yo — 70, gy, (8)
Vi = (O, O Dy + 7O, ['g(DF + OF) + 13035 —I'3) + (21002 — 22T) v,
+ (6D T+ Dy,) y3— 6D, Ty, + Tl yE— 7D, vE, (9)
510373 = — (4908 + 9104 'y + 4903 0 — 410 T2+ O, Dg(27D,, + 7220, ') — 2713)
+ (9108 — 398202 ', + 189D, O2+ 132313 y,
—27(T0F Og + D1, + 33D T'g) 5+ (76 DF + 200, ' + 27DZ) v,
+27(63D% + 587T5) v3 + 729D v, 75 — 324D, v, 74, (10)
18992y, = — (105 Og + DY Dy, — 29D ['g) + TDZ D+ 20, Iy ( Dy, + 23D, I'y)
+ DD, + 6D Tg)) — (14D D — 5D, + 125D ') Oy 1y,
+ (705 + 9003y — 200, DF + 271°) y3 + (TDF Dg + Dy, + 33D Tg) v,
+ 189D, Dy y2 + (14D +594'5) v, 73 — 27Dy v,y (11)

We verified (7)-(9) and found (10), (11) with the help of the ALTRAN computer
program for manipulating rational functions (4), (9).
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The 36 syzygies can now be found from equations (7)-(11). Of course y,y,; = vy, for
all 2. The first few of the others, arranged by increasing degree, are:

YE=7Ys YaV3=%Ye YoVs= V1
vieqn. (7), 7vYyYs eqn. (8),
Y2¥s = ¥3: eqn. (10), ¥§: eqns (9), (7),
Y2Ye = Y873 = Y375 eqn. (11),
Y2¥71 = Y3Va = Vs
Y3V = Y2¥3: this is expressed by equation (7) in terms of ¥2, Va3, Y2 Vs, V3> Y2 Vs, Which

have already appeared on this list, and so on. We leave to the reader the easy verifica-
tion that all 36 syzygies can be obtained in this way. This completes the proof.

4. Decomposition of the ring of invariants. In this section we state Dade’s theorems
on the decomposition of the ring of invariants £ of a finite group @ of z x n matrices
overC.

TaEOREM 2. (E.C.Dade (6).) Suppose {0,, ..., 0,.} is a set of n homogeneous polynomials
i R = Clxy, ..., z,)], algebraically independent over C. Let 8 = C[0,, ..., 0, and suppose
R 1s integral over the subalgebra S. Then there exist homogeneous 9, ..., N, € R such that

R =

i

Sy,

i

ion

CoROLLARY. There exists an integer 1, a set of n homogeneous, algebraically independent
invariants{0,, ...,0,} < R,of degreel, and a set of homogeneous invariants{y,, ...,y,} < &,
such that

k
2 = @ SYi’
i=1

where 8 = C[0,, ..., 0,). The Poincaré series for G is
’zc Adegvi
D(A) = (=11—_,\T)7 :
Notice that this result does not provide a complete resolution of our conjecture, the
status of which is still unclear.

We should like to thank W. L. Edge for his helpful comments on the first version of
this paper, E. C. Dade for supplying a proof of Theorem 2 and its corollary, and R.P.
Kurshan for many fruitful discussions.
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