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THE ORCHARD PROBLEM

1. I N T R O D U C T I O N

A (p, t)-arrangement consists ofp points and t (straight) lines in the euclidean
(or in the real projective) plane chosen so that each line has exactly 3 points
on it. The orchard problem is to find an arrangement with the greatest t for
each given value ofp.
The problem has a long and interesting history; the first nontrivial reference known to us is more than 150 years old (Jackson [1821]). (See
Section 5 for additional historic and bibliographic data.) In some of the
early references (Jackson [I 821], Sylvester [1868]) it is formulated as asking
how to plant trees in an orchard so as to maximize the number of rows
containing exactly 3 trees; in others (see Ball [1960, p. 104]) it is called the
'three-in-a-row' problem.
Figure 1 shows examples of optimal (p, t)-arrangements with p~<12
points. Table I contains (for p~<32) data on t(p), the maximal value of t
possible in any (p, t)-arrangement. In Section 2 we explore constructions
for (p, t)-arrangements that yield lower bounds for t(p), while Section 3
contains our results on upper bounds for t(p). In Section 4 we investigate
7(p), the analogous quantity for arrangements of pseudolines. The concluding
Section 5 is devoted to historic and other remarks, and to open problems.
The authors are indebted to R. H. Macmillan for sending them (twentyfive years after the publication of Macmillan [1946]) copies of his constructions; the arrangements in Figure 1 are based mostly on his drawings. We
are also indebted to Rami GriJnbaum for computations used in the drawing
of the cubic curves in Section 2.
2. LOWER BOUNDS FOR

t(p)

We begin by establishing the following estimate:
THEOREM I. For every p >13 we have
t (p) i> 1 + [p (p - 3)/6"1.

Proof. We shall establish Theorem 1 by constructing, for each p I> 3, a set
of p points that form a (p,t)-arrangement with t = l + [ p ( p - 3 ) / 6 ] .
Geometriae Dedieata 2 (1974) 397-424. All Rights Reserved
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Except as noted, the upper bounds result from Theorems
3 to 9, the lower bound for ~ ( p ) from Theorem 1, and
the lower bound for t ( p ) from the observation preceding
Theorem 9.
a Known to be the value o f t ( p ) .
b Known to be the value of~ ( p )
e F r o m Theorem 2.
From Theorem 10.
There exist Kirkman-Steiner triples.
T h e p o i n t s will b e c h o s e n i n a s u i t a b l e w a y o n c e r t a i n c u b i c c u r v e s , a n d
w e first r e c a l l s o m e p e r t i n e n t f a c t s . I t is w e l l k n o w n

(see, f o r e x a m p l e ,

W h i t e [1925, C h a p t e r 9], H i l t o n [1920, p p . 2 6 1 - 2 6 3 ] ) t h a t a s u i t a b l e p r o jective image of each (real) non-singular cubic curve has an equation of the
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type
(1)

y2 = 4X3 __ g2x -- g3,

where g2 and g3 are (real) constants. The curve C given by equation (1)
may be parametrized by
(2)

x = @ (u),

y = d ~ (u)ldu,

where ~(u) is the Weierstrass elliptic function defined by
i
u=

(u)

dx
(4x 3 - g2x - g3) ~"

The Weierstrass elliptic function 9~(u) is a doubly-periodic meromorphic
function of the complex variable u, and for real g2, 03 it has a real period
that we shall denote 2to (as well as a purely imaginary period 2to'). For g2,
#3 real, the parametrization (2) yields for real u the 'odd circuit' (branch) of
the cubic C. In case A =g,3-27#~ <0 this is the only real part of the curve
C ('unipartite cubic'), while in case A >0 the curve C has also an 'even
circuit' corresponding to values u = v + to', where v is real. (We shall in the
sequel be interested only in the 'odd circuit'.)
The importance of cubic curves for the determination of lower bounds
for t(p) is based on the following result of Abel (see White [1925, Chapter
9], Hilton [1920, p. 263], Coolidge [1931, p. 364], Whittaker and Watson
[1927, 20.312]): Denoting by e (u) = (9°(u), d~(u)/du) the point of the cubic
C given by (1), (2) and corresponding to the real parameter u, a necessary
and sufficient condition for the collinearity of the points P(u), P(u'), P(u")
on the 'odd circuit' of C is
(3)

u + u' + u" =- 0 (mod 2to).

For the proof of Theorem 1 we take, for any fixed choice of real 02, 03
with A 30, the p points P(uo), P(ul)..., P(%-I) of C, where uk=2tok/p,
k=0,1 ..... p - 1 . Using (3), the number of collinear triples formed by the
points P(Uk) is easily seen to be equal to the number n3(p) of different
unordered triples {k, k', k"} of distinct integers (modp) that solve the equation k+k'+k"=O (modp). But n3(p)= 1+ [p(p-3)/6], as can be seen by
specializing results of Sterneck [1904] (see also Bachman [1910, Chapter 5]
or Dickson [1920, pp. 87-88]), or directly as follows:
It is clear that n3(p) is one-sixth of the number of ordered triples (k, k', k")
of unequal integers from {0, l , . . . , p - 1 } satisfying k + k ' + k " ~ O (modp).
This number, in turn, is obviously equal to the number m3 of all solutions
of k + k ' + k ' = O decreased by 3 times the number m 2 of solutions of
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2k + k'-= 0 and increased by twice the number mx of solutions of 3k---0, all
congruences taken modp. It is immediate that m 3 =p2, m2 = p , and ml = 3
or I depending on whether p is divisible by 3 or not. Combining these
results we obtain
n3 (p) = m3 - 3m2 + 2m, = 1 + [p (p - 3)•6].
This completes the proof of Theorem 1.
The construction used in the above proof is illustrated in Figure 2 for
Y
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A (12, 19)-arrangement on the cubic y2 = 4x a _ 1. The 12 points are denoted by
small circles; only some of the 19 lines are shown.

402

S T E F A N A. B U R R ET AL.

the case p=12.

The illustration represents the case g2=2, g a = l , so that
the curve C is y2=4xa-1, and co=1.529954 ..(see, for example, JahnkeErode [1945, p.100], or Abramowitz-Stegun [1964, p. 652]). In this and
other illustrations we follow the notation used in much of the numerical
work on the ~-functions and divide 2co into 360 degrees; also, instead of
P(6°) we mark points on the curves by 6 only.
Figure 2 exhibits also a practical weakness of our method - the inconvenient bunching of the chosen points, already for rather small values of p.
However, the situation may be improved by using suitable projective transforms of the curves C, as initiated by Clifford [1865] and pursued in some
detail by Scott [1894]. The procedure is as follows:
The 'odd circuit' of C contains three collinear points of inflection P(0),
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Fig. 3. A (12, I9)-arrangement o n the cubic ( x -- 1 ) ( 3y 2 -- ( x + 2 )3) = 9/2. Three
points and one line o f the arrangement are at infinity. The coordinate axes and the axes o f
symmetry o f the curve are indicated by dotted lines, the asymptotes by dashed lines.
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P(2to/3), and P(4to/3). If we choose the line determined by these points as
the 'line at infinity', and the points themselves to be in equi-inclined directions, there results a very convenient and symmetric representation of C.
For the curve y 2 = 4 x a - 1 of Figure 2 this may be accomplished by the
transformation
y = 3y*/(x* - 1)

x = (2x* + 1)/(2x* - 2),

and results (on omitting the asterisks) in the equation ( x - 1) (3y 2 - (x + 2) 2) =
= 9/2. This cubic is shown in Figure 3, together with markings indicating the
parameter values u carried over from Figure 2, and with the complete
(12, 19)-arrangement indicated.
The main reason for introduction of the Clifford presentation is not
aesthetic, but lies in its usefulness in the proof of the following result:
THEOREM 2. t(7)~>6, t(11)/> 16, t(16)~>37 and t(19)~>52.
Proof. The degenerate cubic curve that consists of the three lines that are
determined by the sides of an equilateral triangle T with centroid at the
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Fig. 4. The curve ( x -- 1) ( ( x + 2 )~ -- 3y 2 ) = 8, with marked parameter values
(in degrees, 2o~= 3611°). The following tangents, refered to in the proof of Theorem 2, are
indicated: (a) at 2~/15 = 24°; (b) at 2o~/18= 20°; (c) at 2oJ/10= 36°; (d) at &o/10----108 °.
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origin O and one vertex at ( - 2 , 0) has equation ( x - 1 ) ((x+ 2) 2 - 3y 2) = 0.
For positive ~ (and for e t < - 4 ) the equation (x-1)((x+2)2-3y2)=ct
determines a unipartite cubic C(,t) which appears (in the euclidean plane)
in three arcs. If ~ > 0, one arc is contained in each of the three unbounded
regions adjacent to the edges of the triangle as in Figure 4. T, (If ~ < 0 the
three arcs are contained in the unbounded regions adjacent to the vertices of
T, and if - 4 < , t < 0 the 'even circuit' of the bipartite C(~) is contained in
T.) It is easily checked that each of the sides of T is an asymptote of C (ot) in
the euclidean plane, that the points at infinity of those lines are the three real
inflection points of C(~), and that in the parametrization by the Weierstrass

/
//

/

/

/

/

/

120-I/

/

Z'~/
/ -'/~4

l/

280

/

/

//
\

/

//~'//-~0
168

/'__

7 f

/

)0
/
/

/

//
/
/

Fig. 5.

/

// /

/

/

/

/

/

,,~a ~

\
I

/ 48
,
36

3(

I
~

!

2z

2
2C
(X-1)((X+2)2-3y/)=300
I 0 \,

The curve ( x -

\..

\\

~

\

\"-~

"'\"'216

\
\

\

\\
\ \\

"
\

\
\

\
\\

\

\

\

\

\

1 ) ( ( x + 2 ) 2 - - 3 y ~ ) = 300, with markings and tangents
as in Figure 4.
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~-function (carried over from (1) and (2)) these three points at infinity
correspond to parameter values u = 0, 2¢o/3, and 409/3. The intersections of
C(~) with the three lines of symmetry of T (and of C(~)) are the points
P~(co/3), P~(3co/3) and P,(5c9/3). For c¢>0 and small, the points P~,(kco/6),
k = 1, 3, 5, 7, 9, 11, are near the vertices of T.
After these preliminaries, the proofs of the assertions of Theorem 2 are
quite simple. As shown in the proof of Theorem 1, for each ~ > 0 the 15
points P,(2ogk/15), k = 0 , 1.... ,14, determine a (15, 31)-arrangement. The
tangents to C (00 at the points P~(2co/l 5), P~(8co/15), P~(12co/15), P~(18co/15),
P~(22co/15), P,(28co/15) pass through the points P,(26to/15), P~(14co/15),
P,(6o9/15), P,(24~o/15), P,(16o9/15), P,(4co/15). For small values of ~ (such
as ~ = 8, see Figure 4) the first of those tangents does not separate the origin
0 = ( 0 , 0) from the point ( - 2 , 0), while for large values of~ (such as ~=300,
see Figure 5) it does separate them. By continuity there exists a value ~o
(the approximate value o f % is 20) such that O, P~o(2O9/15) and P~/o(2&o/15)
are collinear; by symmetry, the other five tangents listed will then all pass
through O. Therefore, adjoining the point O to the (15, 31)-arrangement

I
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/--..',
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L\"

Fig. 6. A (16, 37)-arrangement. The points of the arrangement are indicated by full
circles (three at infinity), its lines by solid lines (one at infinity). The seven points of a
(7, 6)-arrangement are indicated by hollow circles. The dashed lines are the asymptotes
and axes of symmetry of the cubic.
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determined by the points P~o(2Cok/15), k = 0 , 1.... ,14, we obtain a (16, 37)arrangement as indicated in Figure 6, and thereby establish t(16)>~37.
Taking O and the points P~o(2cok/15), k= 1, 3, 6, 8, I1, 13, we obtain a
(7, 6)-arrangement, thus showing t (7)>~ 6.
To construct a (19, 52)-arrangement we start with the 18 points P~(2cok/18 ),
k=O, 1, ..., 17, on C(g), which determine (for each positive u) an (18, 46)arrangement. The tangents to C(g) at the points P~(2cok/18), k= 1, 5, 7, 11,
13, 17 pass through the points P~(2cok/18), k= 16, 8, 4, 14, 10, 2, and leave

Fig. 7.

A (19, 52)-arrangement. Three points are at infinity. Only a few of
the lines arc indicated.
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for small values of ~ > 0 the origin O on one side, for large ~t on the other
(see Figures 4 and 5). Therefore there exists a value ~1 such that those six
tangents all pass through O; the approximate value of ~1 is 125. The 19
points O and P,l(2tok/18), k=0, 1, ..., 17, form the desired (19, 52)-arrangement (compare Figure 7) and thus t(19)>~ 52.
The construction of an (11, 16)-arrangement is similar. We start with
(10, 12)-arrangements determined on C(~t) by the 10 points P,(2oJk/lO),
k = 0 , 1, ..., 9, and observe that the tangents to C(00 atP~(2tok/lO), k= 1, 9,
3, 7, pass through P,(2tok/lO), k=8, 2, 4, 6. The first two of those tangents
intersect in a point on the x axis, and so do the second two - but the order
of those intersections is different for ~ > 0 small and for 0t large (compare
Figures 4 and 5). Therefore there exists an ~2 such that those two intersection
points coincide. The arrangement consisting of that point and the 10 points
P~(2ogk/lO), k =0, 1,..., 9 is the required (11, 16)-arrangement (see Figure 8),
and so t (11)/> 16. (The approximate value of ~2 is 45.)
This completes the proof of Theorem 2.

Fig. 8. An (11, 16)-arrangement.
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3. U P P E R BOUNDS FOR t ( p )

In the determination of upper bounds for t (p) we find it convenient to use
certain graphs F ( d ) associated with arrangements ~¢. If d is a (p, t)arrangement, a node of F ( d ) is associated with each of the p points of ~¢,
and two nodes are joined by an edge if and only if the corresponding points
are not joined by any of the t lines of ~ .
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Fig. 9.

"As an example, the graphs associated with the (7, 6)- and the (9, 10)arrangements in Figure 1 are shown in Figure 9. To simplify the notation we
shall use the same symbol for a point of ~¢ and for the corresponding node
of
It is clear that the valence of a node x of F(~¢) is p - 1 - 2k, where k is
the number of lines of ~¢ containing x; therefore the valence of each node of
F ( ~¢) has parity opposite to that ofp.
Each line of ~¢ connects three pairs of points and therefore accounts for
three edges not present in F(~¢). It follows that the number e of edges in
r ( d ) is

and therefore

(*)

t=((P2)-e)/3.

For all p we thus have

but i f p is even, then e>~p/2and so (*) yields t <~[p(p-2)/6]. The two
estimates may be combined in one expression to yield:
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THEOREM 3. For every p >13 we have

where Ix] denotes the greatest integer <~x.
Although this estimate may be slightly improved on purely combinatorial
grounds (see Remark (7) in Section 5), a more significant strengthening
follows from known results on 'ordinary lines'. If S is any set of points in
the plane, a line of the plane that contains exactly two of the points of S is
called an ordinary line. Clearly there are most e ordinary lines in each (p, t)arrangement. Let t2(p) denote the minimum number of ordinary lines for
any set S o f p non-collinear points. By a well known result of Kelly-Moser
[1958] we have t2(p)>~]3p/7[, where ]x[ denotes the smallest integer ~>x.
Thus (*) yields
THEOREM 4. For every p >t3 we have

t(P)<<-[((P2)-]3p/rD/3 ] •
Theorems 3 and 4 give all the known upper bounds for t(p), except those
for p = 8 , 10, 12, 14 which shall be obtained below. Clearly, if improved
bounds on t2(p) were known (for example, if the conjecture t2(p)~> [p/2]
is established) corresponding improvements in Theorem 4 would result.
We now turn to the results on (p, t)-arrangements with p = 8 , 10, 12, 14.
THEOREM 5. An (8, 8)-arrangement is impossible.
Proof. Suppose an (8, 8)-arrangement d exists. The corresponding graph
F ( d ) has 8 nodes,

1

B

7
<a)

8

(b)

B
Fig. 10.

9
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edges, and odd valence, and so the graph must be as indicated in Figure
10(a). Take the points A and B (corresponding to a pair of nodes that are
joined by an edge) to be at infinity. A, B each lie on three lines of the arrangement, and the remaining 6 points must be chosen from the 9 intersections
of these two pencils of lines so that there are two points on each of these
six lines. Let us label these intersection points as in Figure 10(b); we have 6
fines of the arrangement and need 2 more. The only possibilities for these
two lines are 159 and 357, which yields only 5 points, and there is no way
to choose the sixth so as to form an (8, 8)-arrangement.
THEOREM 6. A (10, 13)-arrangement is impossible.
Proof. Suppose a (10, 13)-arrangement ~¢ exists. The graph F ( ~ r) has 10
nodes, 6 edges and odd valence, and so it must be as indicated in Figure
ll(a). Let the point A, and the 3 lines on which it lies, be deleted from the

6
o

o

8

9

3
(a)

(b)
Fig. I1.

arrangement. This leaves a (9, 10)-arrangement we call ~ ; the graph F(~)
is indicated in Figure l l(b). Assume the points of ~ labelled 1,..., 9 as
indicated.
If 7, 8, 9 are not collinear in ~ , then a straightforward argument shows
that there is essentially only one possibility for the fines of ~ ; they may be
taken to be
(At)
135, 147, 189, 249, 258, 267, 369, 378, 468, 579.
On the other hand if 7, 8, 9 are collinear the lines of ~ may be taken to be
(A2)
138, 149, 157, 247, 258, 269, 367, 359, 468, 789.
Now the mapping 5 ~ 8, 8 ~ 5, 7 ~ 9, 9 --*7 sends (A2) into (A1), so to prove
the theorem it is enough to show that no (9, 10)-arrangement ~ exists which
consists of the lines (At).
Suppose then that ~ consists of the lines (A1). Take the points 1, 2 to
be at infinity. There are four lines through 1 that we must consider: the
lines 135, 147, 189 belonging to ~ (drawn with solid lines in the figures)
and the ordinary line joining 1 and 6 (drawn as a dashed line). Similarly,
through 2 there are the lines 249, 258, 267 of g (solid) and the line joining
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2 and 3 (dashed). There are 3 cases to be considered, depending on the
ordering of these lines, as shown in Figure 12.
The points 4, 5, 7, 8, 9 must be chosen from the nine intersections of the
solid lines, and the points 3 and 6 respectively from the vertical and the
horizontal dashed line, so that there are two points on each of the six solid
lines. This will give six lines of.~'. The remaining lines 369, 378, 468, 579 we
call skew lines. We now treat the three cases separately.
Figure 1 2 ( a ) . Consider the point 3. The line 369 implies 3¢H2.3¢/-/3
since there are two skew lines through 3. Therefore 3~H~, and similarly
6e/I1.267 implies 7e VI, 135 implies 5ell4. But now the lines 579, 369 are
not possible simultaneously.
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Figure 12(b). Suppose 3~Hl. If 5~ V1 (so that 5 = V1n//1), then the lines
597 and 369 force the arrangement of Figure 13(a). (In the drawings of this
section, small circles will indicate points belonging to the arrangement.) 189
implies 8= I,'1n Ha, and now 378 is impossible. If 5~ V2, 579 is impossible.
Therefore 5e V3, and Figure 13(b) is forced. But now 369, 579 are simultaneously impossible. Thus 3 ~/-/1.3 ¢ H3 as in case of Figure 12(a). Therefore
3~H4. Again there are two possibilities, shown in Figures 13(c) and 13(d).
In the first 468 is impossible, in the second 378.
Figure 12(c) is likewise impossible; we leave the details to the reader.
THEOREM 7. A (12, 20)-arrangement is impossible.
Proof. Suppose a (12, 20)-arrangement ~¢ exists. The graph F(~¢) must
be as shown in Figure 14(a). Take the points A, B to be at infinity; there are
5 lines of d through A, and 5 lines through B, as indicated in Figure 14(b).

"1
He
"3

.5

(a)

(b)

/3

Fig. 14.

Let f2 denote the set of the 25 intersections of these lines. The 10 points
of ~¢ different from A, B form a subset 11 of f2, which contains two points on
each H, and two points on each Vj.
The lines Hi, Vj form 10 lines of d . The 10 remaining lines of d will be
called skew lines. Each Pc11 is joined to 6 other points of H by skew lines,
to 2 points of H by an H~ and a Vj, and is not joined to the single remaining
point Q~11. We denote this by P--Q, and observe that P--Q if and only if
P and Q are joined by an edge in F(~g).
For Pc11 let D(P) be the set of points of 12 distinct from P which can be
joined to P by skew lines (see Figues 15). Let d(P) be the number of points
in D(P)c~ 11. Then 11 must satisfy the conditions:
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(C1)
d(P)>~6 for each P c / / .
(C2)
For no three points P, Q, R o f / I do we have P--Q--R.
We shall establish Theorem 7 by showing that no 10 element subset H
of f2 satisfies both these conditions.
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We first note that the points of H belonging to/-/1 can not be as indicated
in Figure 16.
Indeed, in the first three cases I11, V2, and//1 contain 5 points of H, and
so d(3)~< 5, violating (C1). In the last case, there must be 3 points in the left
half of D(5) and 4 in the right half; one skew line through 5 goes to the left,
and two to the right. Using this and the previous cases we can partially fill
II3 and V4 as in Figure 17(a). We have lines 579, 5810, so 7--10. Therefore
there is a line 1Z7 for some Z. This fixes 7, 8, 9 as in Figure 17(b). The
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second point on V1, 2, can not be on 112, Ha or/-/4 by the previous cases; so
2 e H v But then 2--7, which violates (C2).
The above remark limits the possible choices of the points o f / I on the
'boundary' of (2 to the three types indicated in Figure 18. We must complete
the arrangement by choosing respectively 4, 5, and 6 points from the central
9 points of f2.
Figure 18(a). Without loss of generality we may choose points 5, 7, and
X # 7 as shown in Figure 19(a). Since 2 lies on three skew lines, we have
279. Similarly from 9 we obtain 9X2, a contradiction.
Figure 18(b) is impossible because d(2)= 5, violating (Ct).
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Figure 18(c). Without loss of generality we may choose the points 3, 4, 6,
8 as shown in Figure 19(b), and the line 932. Then 9--8 and 2--8, violating

(c2).
This completes the proof of Theorem 7.
THEOREM 8. A (14, 28)-arrangement is impossible.
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The proof is analogous to that of Theorem 7; the graph F(s~¢) now consists
of 7 disjoint edges, and there are many subcases to be considered. We will
send a copy of the complete proof to any interested reader.
4. PSEUDOLINES

In this section and the next we shall use the word 'arrangement' in a more
general meaning than before (compare Griinbaum [1972]). An arrangement
d of n lines is any family of n 1>3 lines in the real projective plane, together
with all their intersection points (which are called vertices of d ) . The number
of vertices of d through which pass precisely k of the lines of d is denoted
by ok(d).
As a consequence of the well known duality of points and lines in the
projective plane, the orchard problem may equivalently be formulated in
the following manner:
Determine va(n), the maximal value of vs(~¢) for arrangements ~¢ of n
lines.
Clearly va(p)= t(p) for all p.
This way of looking at the orchard problem is of interest since it very
naturally leads to the following analogue.
An arrangement d of n pseudolines in the real projective plane is a family
of simple closed curves C1, C2, ..., Cn (called pseudolines) such that every
two curves C~ and C~ cross each other at precisely one point, together with
all their points of intersection (called vertices of g0.
Intuitively speaking, arrangements of pseudolines may be visualized as
arrangements of lines in which the lines have been replaced by curves,
preserving however the requirement that every two intersect precisely in one
point at which they cross each other. Many arrangements of pseudolines are
stretchable to arrangements of lines in the sense that there exists a correspondence between the pseudolines of the one and lines of the other which induces
an isomorphism of the cell complexes they determine in the projective plane.
But it is well known that for n ~>9 there exist non-stretchable arrangements
of pseudolines. (For an account of properties of arrangements of pseudolines,
and for references to the literature, see Griinbaum [1972, Chapter 3].)
We denote by Vk(~) the number of vertices of c¢ which belong to exactly
k of the pseudolines of the arrangement ft. Then the pseudolines variant of
the orchard problem may be formulated as follows:
Determine ~(n), the maximal value of va(C¢) for arrangements c¢ of n
pseudolines.
The results concerning t(p) obtained in the previous sections may be
reinterpreted for ~(p).

416

S T E F A N A. B U R R

ET AL.

First, since each arrangement of lines is also an arrangement of pseudolines, t (p) i> t (p) for all p. In particular, the lower bounds for t (p) obtained
in Section 2 are valid for 7 (p) as well.
Less obvious is the following fact:
THEOREM 9. All the results of Section 3 are valid for arrangements of
pseudolines.
Proof. Concerning Theorem 3 the assertion is clear since only combinatorial arguments were used. Theorem 4 follows on replacing the appeal to
the Kelly-Moser [1958] result t2(p)~]3p/7[ by the theorem of KellyRottenberg [1972] that v2(~)>~]3p/7[ for every arrangement of p pseudolines. Finally, in the proofs of Theorems 5, 6, 7, and 8 no use of the rectilinearity of the lines was made, only properties of separation and order being
important. Therefore the (duals of the) proofs given apply equally well for
arrangements of pseudolines.
However, in certain cases we are able to construct arrangements @ of p
pseudolines that have va(~ ) larger than the lower bounds known for t (/9).
We begin by recalling (see Griinbaum [1971, p. 75]) that for every k~>3
there exists an arrangement ~ t ( 2 k ) of 2k lines such that

C

(b)

Fig. 20.
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and vk(dl(2k))= 1. (The arrangement d l ( 2 k ) may be described as follows: k of the lines are determined by the edges of a regular k-gon in a
euclidean subplane of the projective plane, while the other k are the lines of
symmetry of that k-gon.) In order to obtain an arrangement c¢ of 2k pseudolines with large v3(c¢), we start from d 1(2k) and 'punch out' the vertex of
d t (2k) which lies on k of its lines together with a circular neighborhood of
it, and replace the deleted parts of those k lines by a suitable arrangement of
k pseudolines. This process is illustrated in Figure 20 for k = 7 ; the arrangement in Figure 20(b) is dual to the (7, 6)-arrangement in Figure l(e).
The arrangement ~ of 14 pseudolines shown in Figure 20(c) shows that
7(14)~>03(c~)=27, which contrasts with the result t(14)~>26 for arrangements of lines.
The above reasoning establishes:
THEOREM I0.
7(2k)~>(k2)+7(k)

for all k >~3.

To appreciate the contents of Theorem 10 we denote ~(n) = 1 + In ( n - 3)/6],
and observe that elementary computations show

Therefore, whenever we have t(k)>z(k), or even only 7(k)>~(k), we shall
have 7 (2k) > z(2k). Since by Theorem 2 we have t (k) > z(k) at least for k = 7,
11, 16, 19, it follows that 7(2Jk)>~(2Jk)for those same values of k and for
allj~>0. Those values are reflected in Table I.
5. R E M A R K S

(1) Since Jackson [1821], orchard problems for specific values were posed
very often, mostly in the form of puzzles. The following is a list of (p, t)arrangements mentioned by various authors we are aware of:
Jackson [1821]: (p, t)=(9, 10); (15, 23); (17, 24).
Woolhouse [1855]: (15, 26).
Sylvester [1867]: (10, 10); (81,800); (p, (p-1)2/8).
Sylvester [1868], [1886]: (9, I0); (81, 1053), (1000, 166167), (p, [ ( p - I )
(p-2)/6])
Brunel [1890]: (10, 10).
Alauda [1899]: (9, 9); (10, 11).
Loyd [1914]: (9, 10).

418

STEFAN

A. B U R R ET AL.

Dudeney [1917] (attributed to a Rev. Dr Wilkinson, about 1897); also
Abraham [1933]: (11, 16).
Macmillan [1946]: (11, 16), (12, 19).
Brooke [1961]: (9, 10), (11, 16).
(2) The construction of Sylvester [I867] which shows that t(p)>~[ ( p -l)Z/8] was taken up by Cayley [1867] and also explained in Ball [1960].
It is best understood using the parametrization by elliptic functions as introduced above in the proof of Theorem 1. Starting from a point P(uo),
points of the cubic are found that correspond to values

u=--2Uo, 4Uo,-

5Uo,..., (3k + 1 ) U o , - ( 3 k + 2) Uo,...

(congruences modulo the real period 2o~ of the elliptic function). Collinear
triplets correspond to triplets of parameters that add up to 0 (mod2og),
and this number is easily seen to be [ ( p - I)2/8]. A simplified version of this
construction was privately communicated to one of the present authors by
A. H. Stone (see Griinbaum [1972, p. 21]); it yields t(p)>>.[( ( p - l ) 2 +
+4)•8]. In Sylvester [1868] there is an indication that the choice of the
starting point P (Uo) is important, and that by suitable choice one can obtain
a(p, t)-arrangement with
t = [ ( p - 1) (p - 2)•6] = [ p ( p

-

1)/6] - [p[3] = ]p(p

- 3)•6[.

Although this statement is reproduced in Ball [1960, p. 105], no complete
explanation of the way P(uo) is chosen is given in either place. Probably the
best guess, which agrees with all the hints as well as with the numerical
results given by Sylvester, is that he chose Uo=2to/3p. With that choice
the parameter values
- 2u0, - 5uo, ..., - (3k + 2 ) u0 ....

correspond to the same points as the values
(3(p-1)+

0 Uo, ( 3 ( p - 2 ) +

1) Uo, ...,
.... ( 3 ( p - k - 1 ) + 1) Uo,...,

so that just p points are chosen on the cubic. In order to compare the resuiting arrangements with those we described in the proof of Theorem 1,
it is helpful to note that the parameter values chosen in the Sylvester construction may be represented as
vj = 2,0 ( j + ~ ) l p ,

j = o, 1 . . . . . p - 1,

while the ones we used are uk= 2cok/p. If p is not a multiple of 3 then the
arrangement generated by the vj's is isomorphic to the arrangement generated by the u~'s. Indeed, ifp = 3 r + 2 and if we put k(j)- (2p - 1)/3 - j =
= ( 2 r + 1 ) - j (modp), then collinear triplets of the vj's correspond to col-
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linear triplets of the uk~j~'s. Similarly, ifp = 3r + 1 such a correspondence is
established by putting k(j)= (p- 1)/3- j = r - j (modp). However, if p
is a multiple of 3 then Sylvester's construction yields an arrangement that
is not isomorphic with ours, and that contains one collinear triplet less than
the arrangement constructed in the proof of Theorem 1.
(3) The construction of the arrangements used in the proof of Theorem 1
may be accomplished without any reference to elliptic functions. By a
'synthetic' approach (to use the 19th century term indicating opposition to
the proof of geometric statements through the use of coordinates in 'analytic'
geometry) it is possible to establish the existence of a parametrization on the
odd branch of any non-degenerate cubic by elements of an Abelian group,
so that three points of the curve are collinear if and only if their parameters
add up to the neutral element of the group. (See, for example, Seidenberg
[1968, Chapters 9, 10], Fulton [1969, p. 125].) We find it regrettable that
most modern texts fail even to mention the existence of any relation of such
parametrizations to elliptic functions. One aspect that gets lost in the failure
to link the parametrization of a cubic to elliptic functions is the dependence
of the parametrization on other properties of the curve (such as its 'shape').
The 'non-algebraic' parametrization we used in the proof of Theorem 2 is
useful both as a tool and as a heuristic guide, and we see no easy way of
rephrasing our proof in terms of the 'abstract' parameters.
The beginnings of the algebraic approach to parametrization may be
found in Schr6ter's [1872] linear construction of points lying on cubic curves.
It is worth noting, however, that it did not occur to Schr6ter that his construction could 'cycle', that is, lead after finitely many steps only to already
found points. This possibility was first noted by Hurwitz [1890] (and a more
thorough investigation of it was made by Oppenheimer [1905]) using the
parametrization of the curves by elliptic functions. The sets of points on
cubics we described in the proof of Theorem 1 provide examples in which
Schr6ter's construction cycles.
(4) We conjecture that the lower bounds for t (p) given in Theorem 1 are
best possible for p~>20. More precisely, we conjecture that

t(p)=l+[p(p-3)/6]

for

p # 7,11,16,19,

and that for the exceptional values t (p) equals to the lower bound given in
Table I (and Theorem 2.).
(5) An alternative proof of Theorem 2 would consist in indicating definite
sets of 7, 11, 16, or 19 points which determine the requisite number of collinear triplets. As a matter of fact, the (7, 6)- and (11, 16)-arrangements are
easy to present in this form: The first may clearly be obtained by taking the
3 vertices, 3 midpoints of edges, and centroid of any triangle; for the second,
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TABLE II
Coordinates for the points of an
(1 I, 16)-arrangernent
Points (see Figure
l(i))

1,6
2,5
3,4
7,8
9

Coordinates

(q, 1,0)
(+I, v'5-1)
(4-1,2)
(q, 1/v'5, 2/v'5)
(0, (1 + ~'5)/2)

lO

(o,1)

11

(0,0)

we may choose points with coordinates indicated in Table II (using the
designation of points as in Figure 1 (i)). We have not computed similar
coordinates for the (16, 37)- and the (19, 52)-arrangements; we believe that
the approach we used in the proof of Theorem 2 is more instructive.
(6) The graphs F(~¢) we associated with arrangements in Section 3 are
an obvious extension of the 'complementary figures' used in the investigation
of configurations (see Levi [1929, p. 103], Hilbert-Cohn-Vossen [1932, 17]).
A variant of the method was originated by Kantor [1881], and was extensively used in early investigations of the configurations (n3); see, for example,
Martinetti [1887], Steinitz [1910, p. 487]. Coxeter [1950] calls F ( d ) the
Menger graph of d .
(7) A purely combinatorial generalization of the result of Theorem 3
concerns T(p), the maximal number of triplets possible using p symbols, if
no pair of symbols is allowed to belong to more than one triplet. The problem
of determining T(p) was first tackled by Kirkman [1847], who established

(*)

T(p)=[[(p-1)/2]p/3]

if p = 0 , 1 , 2 , 3

(rood6).

(Kirkman's solution for p---4,5 (mod 6) is incorrect.) As noted in Kirkman
[1850], the more general question concerning T(p, q, r), the maximal number of q-tuples possible with p symbols if no r-tuple occurs in more than one
q-tuple was posed already earlier, as 'Question 1333' in the Lady's and
Gentleman's Diary for 1844. Although the cases p ~ 1, 3 of Kirkman's result
constitute an explicit and complete solution of what has become known as
the 'Steiner problem' (proposed by Steiner [1853], with solution usually
attributed to Reiss [1859]), and although Kirkman's results were known for
a while (see, for example, Brunel [1897]), the paper seems to have become
forgotten until rather recently. Hall [1967, p. 237] appears to have rediscovered Kirkman's paper, and the more than justified designation 'KirkmanSteiner triples' is now frequently encountered.
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The values of T(p) in the remaining cases have been determined by Sch6nheim [1966], who showed that for p = 4 (mod6) relation (*) holds, while

T(p)=[[(p-1)/2]p/3]-I
for p - 5
(mod6).
Upper bounds for T(p, q, r) (which is important in studying errorcorrecting codes) have been given by Johnson [1962], [1963], [1971], [1972],
Freiman [1964], Sch~inheim [196@ Berger [1967], Niven [1970], and
Levengtein [1971].
Clearly, Theorem 3 may be strengthened to the assertion

t (p) <~t (p) <~r (p).
(8) The problem of determining t2(p) , the minimal number of ordinary
lines determined by p non-collinear points, also has a long and interesting
history. Sylvester [1893] asked to prove that t2(p)>0. The best general
result is t2(p)>l]3p]7[, due to Kelly-Moser [1958], while Brakke [1971]
determined t2(p) for a few small values ofp. A detailed survey of results on
t2(p) and their history, as well as references to the literature, may be found
in Griinbaum [1972, pp. 16-19].
(9) The first conscious investigation of arrangements of pseudolines
seems to be Levi [1926]. However, some 'nearly stretched' unstretchable
arrangements of 10 pseudolines were mistaken for arrangements of lines
already in Kantor [1881], as discovered by SchrSter [1889]. For additional
information about arrangements of pseudolines, and for their relations
to arrangements of lines, see GriJnbaum [1972, Chapter 3].
(1O) A (p, t)-arrangement ofpseudolines is an arrangement of pseudolines
such that for some p of its vertices there are t of its pseudolines each containing three of the chosen vertices. A variant of the orchard problem different from the one considered in Section 4 concerns 7 (p), the maximal value
of t possible in a (p, t)-arrangement of pseudolines. The construction of the
arrangements ~' in Section 4 may be 'dualized' to show

the reason for our dealing in Section 4 with 7(p) and not with 7(p) lies in the
ease of explaining the procedure. Since no 'duality theory' is known for
arrangements of pseudolines we can not assert that ~(p) = t (p) for all p, as
we can concerning the analogous situation involving arrangements of lines.
We do conjecture, however, that 7(p)= 7(p) does hold for all p.
(l l) One tantalizing problem arises on comparing t(p) with 7(p). The
conjecture in Remark (4), together with the observation following Theorem
10, would clearly imply that 7(p)> t(p) for certain values ofp. But so far we
were unable to prove 7( p ) # t (p) for any value of p. As a matter of fact, we
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are not even able to prove for arrangements of lines the following assertion,
which is trivial for arrangements of pseudolines: For each p there exist
(p, t(p))-arrangements d such that no line of ~¢ contains four or more
points.
Another open question is whether ~ ( p ) - ( 1 + [ p ( p - 3 ) / 6 ] ) is bounded
(possibly by 2, which is the maximum obtainable from our examples),
or does it become arbitrarily large for suitable sequences of values of p?

Note added in proof (November 8, 1973): (1) In Remark (7) of Section 5 we
should have mentioned also the paper of J, Spencer ('Maximal consistent
families of triples', J. Combinatorial Theory 5 (1968), 1-8) which contains an
independent determination of T (p). Also, Kirkman's error in the value of
T (p) for p = 4, 5 (mod 6) was noted and the correction indicated already by
G. Brunel ('Sur les triades form6es avec 6n-1 et 6n-2 616ments', Proc. Verb.
Sdances Soc. Sci. Phys. Nat. Bordeaux (1895-96), 40--43). An early attempt to
draw attention to Kirkman's 1847 paper was made by L. D. Cummings
('An undervalued Kirkman paper', Bull. Amer. Math. Soc. 24 (1917-18),
336--339); judging by the subsequent developments this attempt was not
successful.
(2) Our Theorem 7 has been established already by J. Nov~k ('Maximale
Systeme yon Tripeln aus 12 Elementen' [in Czech, with summary in German],
Matematika (geometrie a teorie graft). Sbornik pedagog, fak. univ. karlovy.
Praha 1970, pp. 105-110).
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