n I I_B its

I ≤_BΣ I_B ≤ CM(Λ)

I_n (n ≥ A_n (n ≥ D_n (n ≥ E_n (n = A_n^∗, D_n^∗, E_n^∗ n (the Λ_{24}

n A_n A_n^∗ D_n D_n^∗ E_n E_n^∗

6 ≥ 32 ≥ ≥ 7 ≥ 64 ≥ ≥ 32 ≥ 8 ≥ 128 ≥ ≥ 64 ≥ 9 ≥ 256 ≥ 210 ≥ 11 ≥ 163 ≥ 24

CM(A_n^∗ ) = n for n ≤ CM(D_4 ) = CM(E_6^∗ ) = 6. n n

n n if n ≤ 8.

__________________ 8

n

covered CM(Λ I_2 R_u

R_u R_u both A_4^∗ and D_4 R_u for A_4^∗ is

5 1 1/8 5 2 − 50 19 _______________ = ,

D_4

4^{1/8} 1 − 2 3 ________ =

R_u for A_6^∗ and E_6^∗

7 1 1/12 7 2 − 98 55 =

and

3 1 1/12 3 2 − 18 11 _______________ =

respectively.

The n I_n CM(I_n CM(I_n ) = 2^{n − 1} n ≤ CM(I_n ) > 2^{n − 1} n > CM(I_n

CM(I_n ) ∼^{n + O( n )} (1)

as n I_n A_n ,A_n^∗ , D_n , Λ_{24} R Λ average (or thickness)of Λ

detΛ

V_n R^n

I_n (r

(I_n ) ≥ r

n − 1 n − 1

33 + 34 + 35 +_{36} + 37 +_{38} + 39 +

where V_n n CM(Λ

I_n , D_n and A_n^∗

2 πe n + o(n)

=^{n + o(n)} ,

2 πe n + o(n)

=^{n + o(n)} ,

6 πe n + o(n)

=^{n + o(n)} . (3)

R^n CM(Λ for Λ.

CM(Λ R^n from Λ Λ

R

P P R P_1 P_M r P_1 P_M r < R.)

perisphere , pericenter and periradius of P_1 P_M perinorm of P_1 P_M.

__________________

P Π

x_1^2 + + x_n^2

that I_n^∗ = I_n, E_8^∗ = E_8 and Λ_{24}^∗_{24} A_1 ∼= A_1^∗ ∼= D_1 ∼= D_1^∗ ∼= I_1, A_2^∗ ∼= A_2, D_2 ∼= I_2, D_3 ∼= A_3 and D_4^∗ ∼= D_4 ∼=

I_n , A_n , D_n , E_n and

The norm x . x x N(x).

n n

Let Σ R^n a, R s, t) ≥ a s, t , s ≠ t R Σ cover R^n w ∈ R^n n

Suppose v_1 v_M (M ≥ n R^n v_i w ∈ R^n n v_i.

n v_i’s, v Π n −

__________________ C s t = s − C . C t + C . C t ≥ P_i . P_i − 2C . P_i, i = M Let Π π_i . z ≥ a_i, i = M z Π to P y = P − z y . y π_i . y_i . P − a_i, i = M.

v Π other v_i x least n − x . v_i = b_i > ≤ i ≤ n − ε b_i / v . v_i 0. Then w = x v

Let R′≤ R R′ Σ cover R^n P P v_1 v_M Σ R′from P v_i εw n CM(Λ

6 of CM(Λ U(6 U(6

Proof. P U(6 x /∈ 6 P CM(Λ P U(6 CM(Λ) times. Λ ρ 6 R R

R_u =

Λ)^{1/ n)}

R . (4)

E_7 or Λ_{24} 6 n. I_n x_1 x_{2 n} x_i ∈ Z R = CM(I_1 ) = n ≥^1⁄2^1⁄2^1⁄2 R ∗ ∗ CM(I_n ) ≥ 2^{n − 1} . (5) n ≤ n.

CM(I_n ) = 2^{n − 1} for n ≤ 5 . (6)

Proof. n = P = ≤ v ≤ w ≤ x ≤ y ≤ z ≤^1⁄2 R^2 = 5/ − 6 < 5/4. R Aand Bsatisfying

N(A − B) ≥ 4R^2 . (7)

6 contains − − 6 6 12. 6 6 points Aand B 6 6 16. 6 − 6 0 6 − /9 > 5/4. 6 CM(I_5 ) = 16. n form P = 0^{n − r} 2 1^r ≤ r ≤ n − I_n I_n P

x ∈ I_nΣ

q^{N(x − P)}

2 (q)^r θ_3 (q)^{n − r}

= Σ^At^{qt}

where θ_2 (q) =_m Σ^∞ q^{(m + 1/ 2} , θ_3 (q) =_m Σ^∞ q^{m2} ,

and A_t t from P. t < RΣ A_t P over r n ≤ r n , CM(I_n ) ∼^{n +O( n )} (9) 1/ n − r 2 1^r for fixed r c^{n +o(n)} n c n. A_n x_0 x_{1 n} ∈ I_{n +1} satisfying Σx_i = R^2 = a(n + 1 − a)/(n + a = n + / CM(A_1 ) = 1, CM(A_2 ) = A_3 ∼= D_3

For A_{2t}

2t + 1 t + 2 t − 1 2t + 1 − t + 1 t +2

x_{1 t − 1} ; − x_1 − x_{t − 1} 0 x_i = n

CM(A_{2t} ) ≥_{i =0}Σ^{t − 1} i t − 1 i t +2 = t − 1 2t +1 . (10)

2t +2 t +2 t 2t +2 − t t +2

CM(A_{2t +1} ) ≥_{i =0}Σ^t i t i t +2 = t 2t +2 . (11)

n ≥ n = 7 3^2 − 7 2^3

A_1 A_5

Proof. A_4

A_n

x_0 ≤ x_1 , x_1 ≤ x_2 x_{n − 1} ≤ x_n , x_n ≤ x_0 +

P for A_4 contained P P < 4R^2 = 24/5 = A_4

1 + 20q^2 + 30q^4 + ,

R^2 = 6/

/ CM(A_4 ) = 7.

A_5 R^2 = 3/ R^2 = 1 + 30q^2 + 90q^4 + 140q^6 + distance < R ≥ must

n ∗ A_n^∗ n + i] + A_n of A_n

[i] = n +1 − i j n +1 j i

and i + j = n + ≤ i ≤ n A_n i ≤ i ≤ n radius Rof A_n^∗

R^2 = n + n(n + .

CM(A_n^∗ ) = n for n ≤ 8 .

Proof. CM(A_n^∗ ) ≥ n P i ≤ i ≤ n 6 CM(A_n^∗ P.

For n ≤ R^2 < 6 i] + A_n 6 n + u, v ∈ [i] + A_n, u ≠ v u − v ∈ A_n N(u − v) ≥ 2.) n ≤ 6 n + n + i ≤ i ≤ n

CM(A_n^∗ ) ≤ n for n ≤ 5 .

n = n =

Since R^2 = 20/ R^2 = 80/ A_8^∗ begins

1 + 18q^{8/9} + 72q^{14/9} + 240q^2 + 252q^{20/9} + 504q^{26/9} + ,

Ω + 18 + + 504 =

< 27 80 in A_{8∗}

_______________________________________

6 of Ω n = ≥ 2 ∈ 6 6 . (i) 6 u, v, u, x Proof. u = v, w, x v = 1 −^7, w = −^6, x =^2 −^5 /4 > 20/27.

∈ 6 6

Proof. u 9 10 9 8 2 − 9 1 6

u, v v , v ≠ 0, v ≠ u v < 20/ u ∈ 6 , 6 8.

6 i] + A_8 i + + A_8 and i − + A_8.

Proof. Suppose u = 0^9, v =^7 − 1 ∈ 6 + A_8 is 9 8 − 9 1 8 .

(iv) 6 u, v, w with u − v ∈ A_8, v − w ∈ A_8 and N(u − v) = N(v − w) = N(w − u) = 2. Proof. u = 0^9, v = 1 −^7, w = −^6 x such u, v, w, xis < 20/ 6 8.

(v) 6

6 i] + A_8 j] + A_8 if i − j Proof. 6 contains u = 0^9, v =^7 − 1, w = 9 5 4 − 9 4 5 ∈ + A_8 x 6 vectors x, x′ u, v, w, x, x′ x .

n ρ^2 = n +^2

(n − n^2 + 4n + .

A_n^∗, n ≤

n CM(A_9^∗ ) ≥ 10 1^5 − 10 1^5), CM(A_{10∗} ) ≥ 12 5 6 5 − 6 1^5), CM(A_{n∗} ) ≥ 2n + n ≥_{n +1} CM(A_{14∗} ) ≥

14 9^5 0 − 14 5^9 CM(A_{n∗}

n D_n x_{1 n} ∈ I_n x_1 + + x_n D_1 ∼= I_1, D_2 ∼= I_2 we n ≥ R n ≤ n ≥ about D_n

P = 0^{n − r}a^r a =^1⁄2 , ≤ r ≤ n r = CM(D_n ) ≥ 2^{n − 2} (n ≥

n ≡ r =

CM(D_{4t +1} ) ≥ 1 + 2 4t +1 + 4 4t +1 + + 2t 4t +1 . (15)

When n P I_n P D_n

2 1 {ψ_3 (q)_r θ_3 (q)_{n − 4 4} (q)_r θ_4 (q)_{n − r}

where ψ_3 (q) =_mΣ^∞ q^{(m− a)2} , ψ_4 =_mΣ^∞ (−^mq^{(m− a)2} ,

θ_4 (q) =_mΣ^∞ (− q^{m2} . P r n ≤ n ≤ n ≥ 25.)

D_n

(D_n ) ≥ r

+_2 3 3 +_4 5 5 6 6 7 7 +_8 9 9 10 10 11 11 +_{12} 13 13 14 14 15 15 +_{16} 17 17 18 18 19

n ≤ 5.

D_3 , D_4 and D_5

Proof. D_3 and R =

CM(D_3 ) = 4.

For D_4 and D_5

0 ≤ x_1 + x_2 , x_1 ≤ x_2 , x_2 ≤ x_3 ,

, x_{n − 1} ≤ x_n , x_{n − 1} + x_n ≤ 1 . (17)

A_4 and A_5.

D_4 CM(D_4 ) ≤ D_4

pericenter 4 1 4 1 4 1 4 1 /4).

D_5 /4. D_n. n ∗ D_n^∗ D_3^∗ ∼= A_3^∗ and D_4^∗ ∼= D_4 n ≥

2 1 t − 1 4 1^2 0_{t − 1} ,

2 1 t 4 1 1 0^t ,

2 1 2n 4 1 1 ε 0^{2u − 1} ,

CM(D_{2t}^∗ ) ≥ 2t

CM(C_{2t +1}^∗ ) ≥_{i =0}Σ^{t − /} i t + 2^t t

CM(D_{4u +1}^∗ ) ≥ 3.2^{2u − 1}

CM(D_5^∗ ) = CM(C_6^∗ ) = 8 .

Proof. CM(A_4 ) = D_5^∗ and D_6^∗ D_6^∗

cubes. n n ∗ = E_8 D_8^1⁄2^1⁄2^1⁄2^1⁄2^1⁄2^1⁄2^1⁄2^1⁄2 + D_8 R_7

3 1^7 − 3 1

CM(E_8 ) = 9 .

Proof. 3 1^7 − 3 1_8 /2_8 /2_6 − 1/ − 1/2

CM(E_7 ) ≥ D_3

E_7 x_0 x_{1 7} ∈ E_8 Σx_i = R^2 = 3/ E_7^∗ E_7

4 3 2 − 4 1 6 , R^2 = 7/ E_7 and E_7^∗ are

1 + 126q^2 + 756q^4 + 2072q^6 +

1 + 56q^{3/2} + 126q^2 + 576q^{7/2} +

respectively.

CM(E_7 ) = CM(E_7^∗ ) = 9 .

Proof. E_{7 21} + 5 + 5 + 1 + 27 + 27 +

.._{21}

E_6. 21.

4 3 − 4 1^6 4 3

4 3 4 3 − 4 1^5 − 4 1

4 1 − 4 3^2 4 1^4 4 1

− 4 1 4 3 − 4 1^5 4 3 ..

4 1 − 4 3 4 1^5 − 4 3

− 4 1 4 3^2 − 4 1^4 − 4 1

− 4 3 − 4 3 4 1^5 4 1 ..

− 4 3 4 1^6 − 4 3

E_7^∗

4 1 − 12 1^6 4 1 / CM(E_7 ) ≥

CM(E_7 ) ≤ < 4R^2 =

x_0 ≤ x_1 , x_1 ≤ x_2 x_6 ≤ x_7 ,

x_4 + + x_7 − x_0 − − x_3 ≤ 1 . (23)

6 ≥ 29. 6_1 − 13 = 6 6_2 6 6_3 6_2 6 − 12 − 6 − 6 = 29 − 12 − 6 = x 6 , y y ∈ 6 6 /9 > 3/ y /∈ 6 then 6 28.

E_7^∗

− 4 3 − 4 3 4 1^3 4 1^3

−^2 ) − 4 5 − 4 1^4 4 3^3 − 4 7 4 1^7

−^4 3 1^3

/6 < 7/ CM(E_7^∗ ) = 9.

E_7^∗

E_7^∗

cross-join

E_6 x_0 x_{1 7} ∈ E_8 x_0 + x_7 = x_1 + + x_6 = R^2 = 4/ E_6^∗ E_6 0 − 3 2^2 3 1^4

R^2 = 2/ E_6 and E_6^∗ are

1 + 72q^2 + 270q^4 +

1 + 54q^{4/3} + 72q^2 +

respectively.

CM(E_6 ) = CM(E_6^∗ ) = 6 .

Proof. E_6

.. .. fli

− 2 1 − 6 1^5 6 5 − 2 1 . 0 − 3 2^2 3 1^4 2 1 6 5 − 6 1^5 − 2 1 ,

/4 < 4/ CM(E_6 ) ≥

< 4R^2 = 16/ E_6

x_1 ≤ x_2 , x_2 ≤ x_3 x_5 ≤ x_6 ,

x_0 − x_7 ≤ x_0 + + x_3 ≥ x_4 + + x_7 . (26) .. P x_1 + x_6 ) ≥ x_2 + x_3 + x_4 + x_5 . (27) R ≥ 4/ CM(E_7 ) ≤ < 4/3.

E_6^∗ cross-join example − 3 2 3 1 3 1

3 2 − 3 1 − 3 1 0

2 1 6 1 6 1 6 1 − 6 1 − 6 1 − 6 1 − 2 1

(3) − 2 1 6 1 6 1 6 1 − 6 1 − 6 1 − 6 1 2 1

0 − 3 1 − 3 1 − 3 1 3 1 3 1 3 1 0 (28)

0 3 1 3 1 3 1 − 3 1 − 3 1 − 3 1 0 .

CM(E_6^∗ ) ≥

6 1 − 6 1 0 /

<4R^2 = 8/ R

24 R =

CM(Λ_{24} ) = 25 .

Let h Λ_{24}, Π h v_1 Π R around h Π π v_1 of π.

Π be v_1 v_M point c h N(v_i − c) = v_i − c) . (v_j − c) = 0, − − i,j = M, i ≠ j P v_1

P − c =_{i =2}Σ^M λ_i (v_i − c λ_i ≥_{i =2}Σ^M λ_i = 1 .

Then N(P − v_1 ) = N(P − c) − P − c) . (v_1 − c) + N(v_1 − c) ≥ N(P − c) + 2 > 2.

R around v_1 v_1 P P − 25 2 − 4900 1 P h c h v_1 v_{μ 24} hole diagram P μ R v_1 v_μ N(P − v_i ) < 2, i = μ

N(P − h) < P − h) . (v_i − h) . (29)

m_1 m_{μ i =1}Σ^μ m_i (v_i − h) =

m_{i i =1}Σ^μ m_i N(P − h) < P

Acknowledgements

References

380 1988.

tze, rd

6 19

21

1972.

Mathematik, 110 13 14

E_6^∗ 48 E_7^∗ 1

ABSTRACT

Λ R R CM(Λ n n if n ≤ n I_n , A_n , D_n , E_n n that CM(I_n ) = 2^{n − 1} if n ≤ n CM(I_n ) ∼^n

____________ 8