* by

and

ABSTRACT

B = 2^a B = 2^{2a} first

B d B d B = d =

lexicodes):

B = 2^a 4); B = 2^{2a} {^{2a} − 1}

(3.2)).

.

P_a + P_b + P_c + (1)

a, b, c,

P_h P_i + P_j < i < h < j < h, i ≠ j and i + j = h

P_i P_a + P_b + P_c + . (2)

, i, j, } with h > i > j > . P_h P_i + P_j + , i, j, } { },

{ }, { }, { }, { } ,....

G(P G-value P G (1) G(P) = mex (Q G(R } Q, R, P

G P_a + P_b + G(P_a + P_b + . = G(P_a ) ⊕ G(P_b ) ⊕ , where ⊕ i, j, k,

The G

G(n G n). n G(n

.

i =0Σ n_i P_i

( n_3 n_2 n_1

( n_3 n_2 n_1 n_0 x ⊕ x = x n_i

( ζ_3 ζ_2 ζ_1 ζ_i =

Σ^ζ i^{G(P} i^{) = 0 . (3)}

ζ_3 ζ_2 ζ_1 ζ_i =

ζ_1 G_2 G_3 G ⊕ = i.e. ζ_3 ⊕ 2ζ_{5 6} ⊕ 2ζ_8 ⊕ = 0 .

. . n, n last n coordinates. .

B B B.

N = Σ^ζ i^{2i ζ} i^=

ζ_3 ζ_2 ζ_1 N by N′ = Σ ζ ′_i 2^i provided (i) N′ < N i ζ ′_{i i}

B

, i, j, } , h > i > j > .

N = Σ^ζ i^{Bi , ζ} i^{= B−} B N = ( ζ_3 ζ_2 ζ_1 ζ_i = B− 1 . N by N′ = Σ ζ ′_i B^i where

B unrestricted) lexicode ζ_3 ζ_2 ζ_{1 i} < B

N = Σ^ζ i^{Bi .}

N′ = ( ζ ′_3 ζ ′_2 ζ ′_1 i with ζ ′_{i i} i Δ(N,N′).

.

Proof N

N N′in Δ(N,N′ N to N′ N N N to N′ N′ < N and Δ(N,N′) N N′ from N to N′ N

. B =

1103

1012

0777

0555

0222

0111

0000

⊕ 1103 =

. B d − d. . For B = d =

012301

011032

010123

003333

002222

001111

000000

nim-multiplication

⊗

⊗ = hexacode GF = { ω, ω^2 1} ω ω

.

. = 2

. . 2

Proof B = ζ_i δ_{3i +2} , δ_{3i +1} , δ_{3i} ζ_i δ_{3i +2} δ_{3i +1} δ_{3i}

T if

3 i : i ∈ T

x x

B B =

. 0202

0110

0101

0022

0011

0000

.

a ≠ a′ and b ≠ b′ then a +b ≠ a′+b or a +b′ .

a and b a ⊕ b

a ⊕ b =_{a′<a , b′<b} mex ′⊕ b , a ⊕ b′ (5)

⊗ called nim-multiplication ⊕ a ≠ a′ , b ≠ b′then (a − a′ b − b′) ≠ 0

ab ≠ a′b + ab′ − a′b′ ,

ab ≠ a′b + ab′ + a′b′ . a and b

a ⊗ b a ⊗ b =_{a′<a, b′<b} mex ′⊗ b ⊕ a ⊗ b′ ⊕ a′⊗ b′ } (6)

that ⊕ and ⊗ a 2^a GF 2^a

B = 4 = 2^{21} in

= 2^{22} are

GF

that:

for N^a N ⊕ n = N + n for n < N N ⊕ N = for N^{2a} N ⊗ n = Nn for n < N N ⊗ N = 2 3 (10)

. . 2^{2a} α 0 2^a ).

f(ζ,P G single ζ B− P:

f(ζ,P) = G( ζ f(P) = f P).

Proof G

f(ζ,P) f(P ζ,P α and P (2.2), f(ζ,P) = mex (ζ ′,P) ⊕ Σ f(η_i ,Q_i )}

0_i < B

, Q_1 , Q_2 ,... }

0 ′ , (13)

f(ζ,P) = mex { ζ ′ ⊗ f(P) ⊕ Σ η_i ⊗ f(Q_i ) (14)

f(P) = mex { ζ ′⊗ f(P) ⊕ ( ′) } (15) where ζ ′ and f(P f(P) = mex { Σ η_i ⊗ f(Q_i ) } ,

f(P Σ^η i^{⊗ f(Q}i

becomes f(P) = mex {ζ ′ ⊗ f(P)

⊕ Σ^{( ′)} i^{⊗ f(Q}i^{) (16)}

B GF(B ′

Σ^η i^{⊗ f(Q}i

B^{2a}

case B = d =

.

B d d −

d B = 2^a B = 2^{2a} GF(B)

n n coordinates.

d = k B = n ≤ d ≤ d.)

B = 2^{2a} are B = 2^a sometimes B = 8, n = d = B.

.

verifications.

For d = B n zero-sum vectors (ζ_{n − 1} ζ_{n − 2} ζ_2 ζ_1 )

Σ^ζ i^=

When B = d =

length n = 2^m − B = d = n = 2^m d =

When B = d d

B = d B > 2.)

B = d = n =

434].

B = d = n =

If B = d = n =

Taking B = d = n = GF

GF

B = d = n = GF

B = 2^a

When B = 2^a function f(ζ,i G ζ B− i f(ζ,i base B. B = d = f(ζ,i

f =

0 4 2 3 0 2 0 1 0 0

x 0 y x y)

where x = y = f

f ⊕ abc = 012 ⊕ abc f ⊕ abc = 000 ⊕ abc (17)

where abc = f(y f(y f(y

G f(ζ,i xand y is xy

f = f(x = 0x f(y = 00y x = y = . d B = way.

B+ B+ d = B =^{kl}

k_R

n k_l k_R B =

B = 2^{2a}

B^{2a} G B =

= 2^{2a} = 3

n = 1+B+B^2 +...+ B^{m− 1} = B− 1

B^m − 1

B = d B = d −

B arbitrary, d = B = d = (3.2b)), B = d = B = d = 3 GF B = d =

ζ_m ζ_{m− 1} ζ_2 ζ_1 ζ_0 (for m ≥ ζ_m = ζ_i = m > i ≥ ζ_1 = ζ_0 = 1_1^2_2 +_m^2

[22]) ( f i 1^{th}

Thus G( = 1, G( = 10, G( = 100, G( =

i i

Proof

k W_0 W_{k− 1}

n = i =0Σ m 4^i δ_i (19)

W_0 W_{k− 1} W_k.

δ_i (i ≥ W_0 W_{k− 1} n as N = 2p + 3q (20) where

p = i =2Σ m 4^i α_i + 4 (α^2_1

q = i =2Σ m 4^i β_i + 4 (β^2_2

θ_1 = i =2Σ m α_i^2 + θ_2 = i =2Σ m β_i^2 +

α_i and β_i d_i α_i β_i for m ≥ i ≥ α and β 2 3_1 2α^2 + 3β^2_0 + 2θ_1 + 3θ_2 . (22) GF α and β p and q, n p and q are δ_i (i ≥ p ≠ q.

n = ap + bq n and p = i =0Σ m 4^i α_i , q = i =0Σ m 4^i β_i .

α_{m m} = , = { } a = 2, b = δ_{m− 1} δ_2 α_{m− 1 m− 1} α_{2 2}

δ_0 = i =1Σ m− 1

δ_i^2 = i =1Σ m− 1

α_i + 3β_i )^2

= 3 i =1Σ m− 1

α_i^2 + 2 i =1Σ m− 1

β_i^2

= 3 α_0 + 2 β_0 . δ_0 = 2 α_0 + 3 β_0 δ_{0 0 0} α_{1 1} p = q n = p = q n > p α_m = β_m = a = b = δ_{0 m}^2 + + (α_{1 1} )^2 = (α_m^2 +_1^2 ) +^2 +_1^2 ) = (α_0 +_0 , δ_{0 0 0}.

δ_i (i ≥ n

n = i =2Σ m 4^i δ_i + 4 δ_i = . (23)

{δ_m, δ_{m− 1} δ_2 } ζ,ξ resp. .

Let n′ = i =2Σ m 4^i δ_i . (24) n′

p = n′ + 4 ⊗ 0 + 0

q = n′ + 4 ⊗ 1 + 1 p n′ + 4 ⊗ 2 + 2 = 3p + 2q

r = n′ + 4 ⊗ 2 + s = n′ + 4 ⊗ 3 + 2 n′ n } n′ = n n n′ + 4 ⊗ 3 + 2

4 ⊗ 2 + 3

4 ⊗ 1 + 1

4 ⊗ 0 + 0

p = n′ + 4 ⊗ 0 + q = n′ + 4 ⊗ 1 + r = n′ + 4 ⊗ 2 + s = n′ + 4 ⊗ 3 + 3 .

= d = 4 = 2^m − 2 contains 4^k k = 2^m − m− 2. m = B = 2^{2a} > d = G-values f i

B = d =

A d

d unrestricted lexicodes. w distance d = 2t ≥_1 , a_2 a_w} t −

= 2t ≥ 4

d = 2. d = w.

d = 4. d = w Welter’s game d = t = 1 , a_2 a_w}

W(a_1 , a_2 a_w W(a_1 ) = a_1 W(a_1 , a_2 ) = (a_1 ⊕ a_2 ) − and W(a_1 a_{k+1} ) = W(a_2 a_k) ⊕

(W(a_1 a_k) ⊕ W(a_2 a_{k+1} − 1

. (25c) The − W

(a_1 , , a_w) with 1_1 , , a_w distance 4 W(a_1 a_w) = 0 .

function.

. . (a_1 , , a_w) = ′ ≠ a′^1 , , a′^w_1 , , a_w, a′^1 , , a′^w

W(a′^1 , a_2 a_w) = n′ , W(a_1 , a′^2 a_w) = n′ , ... W(a_1 , a_2 a′^w ) = n′ .

W(a_1 , a_2 a_w) = n 1 , , a_w,

a′^1 < a_1 , a′^2 < a_2 ,

a′^w < a_w , n′ < n

n ≠ n′ = a′^i < a_i which W(a_1 a_w) ≠ W(a_1 a_w) = follows.

diamond

D A (26a)

A ⊕ D = (B ⊕ C) − 1 . (26b) Remarks f(x,y) = xy, x + y, x ⊕ y

move a_i → a′^i decode

w = 5, a,b,c,d,e and n,n′ a′, b′, c′, d′, e′ a,b d′,e′ n, n′, n, n′ a′, b′, c′, d′, e′

a = b = c = d = e = 11, n = n′ = 0. { }to { }

.

For d = w = n = 2^m − m − d = w = n = 2^m

m w =

with d = A(n w A(n, d, w n w d d =

w = d = B = 2, d = containing w = d = 8

. = d = 8 = 24 S . w = d = w = d =

d =

. .

S

A

... ζ_3 ζ_2 ζ_1 ζ_0

iΣ^{iζ} i^{≥ s}

ζ_i w s w 2 w s ≤ 2 w .

= d = n = 12

= 21 .

S

{ }

S

A(n w)

d = s = 2 w +

When d =

A(n w A

B = d = n = s =

Acknowledgements

G(n n ≤ 10^7 n

B n d = B = B n d = 4. B n d = 6. k n,k,d] n ≤ d ≤ 10. B n (using B and length m G-values f(ζ,i B = d = G G-values f i B = 2^{2a} > 4, d = α B− d = B = 3. d = 4.

A(n w s

A ≥ 18, A ≥ A ≥ 33.]

⊕

⊗

8 11 8 14

10 2^{17} 12 2^{20} 14 2^{23} 16 2^{25}

8 11 8 14

10 2^{16} 12 2^{19} 14 2^{22} m

4 8^4 9^4 7 4 5 8^5 9^5 8 5 5^5 7^6 8^6 9^6 9 6 5^6 7^6 8^7 9^7 10 7 5^7 7^7 8^7 9^8 11 8 5^8 7^8 8^8 9^8 12 ζ

___________________________ 1 B B^2 B B^3 B^2 B^3 + B^2 B^2 + 1 B^4 B^2 B^4 + B^2 B^2 + 1 B^4 + B^3 + B^2 B^2 B^4 + 2B^3 + 4B^2 ...

A ≥ s = 59) A ≥ s = 70) A ≥ s = 92) A ≥ s = 58) A ≥ s = 54) A ≥ s = 74) A ≥ s = 75) A ≥ s = 80) A ≥ s = 54) A ≥ s = 65) A ≥ s = 82) A ≥ s = 79) A ≥ s = 96)

W(a_i ) = a_i

w =

References

, 57

IT-25 322. 116

280

IT-26 2 27

Soc., 52

codes 10 IT-11

A80

,

10

U 41 (1935-6), 438-444.

A55

A57