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We study the recently defined Leech roots, which have many remarkable
properties. They are the fundamental roots for the even unimodular lattice
in Lorentzian space R?>1, and correspond one for one with the points of the
Leech lattice. The paper contains an extensive table of the Leech roots in
both Euclidean and hyperbolic coordinates. We provide the first of what
promise to be many applications by showing that the Leech roots simplify
and explain the remarkable results of Vinberg and Kaplinskaja on the
reflexion groups of unimodular Lorentzian lattices in dimensions below
20. They also enable us to make some progress on the study of these groups
in the next few dimensions.

1. INTRODUCTION

In the Lorentzian space R™! with norm defined by the quadratic form
2 4 2 2 2
X+Xi+ ..+ Ty — Xy

there is a unique type I unimodular lattice I,, , for all n, and if n = 1 (modulo 8),
there is a unique type I unimodular lattice II, ;. (These terms are defined in §2.)
The study of the automorphism groups of these lattices appears to have been
initiated by Coxeter & Whitrow (1950) (see also Coxeter & Moser 1980) who
identified that of I; ; as a hyperbolic reflexion group. More recently, Vinberg (1967,
1972a, 1972b, 1975) and Vinberg & Kaplinskaja (1978) have shown in a series of
papers that the reflexion subgroup of Aut (I, ;) has finite index exactly whenn < 19,
while the reflexion subgroup of Aut (II,, ,) has finite index just forn = 1,9 and 17.
Their papers also give Coxeter graphs for these reflexion groups. Conway (1982)
found a simple description for Aut (IL,; ,) in terms of the Leech lattice (see §3).

In the present paper we enumerate some of the fundamental roots for ITy ,,
which we call Leech roots (see §4 and tables 1 and 2). We show in §§5-7 how the
fundamental roots for I, ; (n < 19) may be easily derived from the Leech roots
(see especially theorems 1 and 2 in §6). The description in terms of Leech roots
provides a natural explanation for the striking symmetries observed in the funda-
mental regions of Aut (I, ,), ..., Aut (I 4 ;). We also give a partial description of the
fundamental roots for Iy, ..., I, ; and their relation to the Leech roots (see also
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234 J. H. Conway and N. J. A. Sloane

table 3). Figures 1a—h show (part of) the Coxeter—Vinberg graphs for Aut (I, ,),
13 < n < 20.

2. THE UNIMODULAR LORENTZIAN LATTICES

In this section we define the lattices I, ,, IT,, ; and explain our terminology. (For
further background information see Milnor & Husemoller (1973) or Serre (1970).)
Let R™! denote the real (n+ 1)-dimensional vector space of vectors x = (x,, ...,
x,_, | x,) with inner product and norm defined by

XY =2ZyYo+ ...+ 1Yn1—CpnYpn
N(x) = Xx.

A lattice A in R™1is called integral if z-y € Z (the integers) for all z,y € A4, and uni-
modular if it has determinant + 1. An integral unimodular lattice is even, or of
type IL, if N(x)e2Z for all x € A; otherwise it is odd, or of type I.

The odd Lorentzian lattice I,, ; can be taken as the set of x with all coordinates x;
in Z. For n = 1 (modulo 8) the even Lorentzian lattice II, ; can be taken as the set
of z for which all cordinates are in Z or all are in Z+ 1, and which satisfy

o+ ...+x, —x,€27.

The reflexion in the vector » in R™!is the linear transformation R, that takes 2 to
x—2x-r/rr)r,

and a vector 7 of positive norm is called a root vector for a lattice A in R™1if R, is
a symmetry of A. For a unimodular lattice the root vectors are just the vectors of
norm 1 or 2, which are called short and long roots respectively. A set of fundamental
roots consists of the root vectors corresponding to the walls of a fundamental
region for the reflexion subgroup of Aut (A4).

3. THE LEECH R0OTS AND Aut (I, ;)

The lattice I, , is especially interesting. The Leech roots are the vectors r € I1,; ,
for which

where w (the Weyl vectort) is the particular vector

w=(0,1,2,...,23,24 | 70).
The affine hyperplane
T, ={xeR®»l:z-w= —1}

is of course a 25-dimensional subspace of R?*>!. Let x,ye7}. Then w-w=0=
w-(x—y), and so, since two timelike vectors in a Lorentzian space cannot be

1 It would perhaps be more conventional to call —w the Weyl vector (compare Bourbaki
1968), but our choice is better in a hyperbolic space.
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orthogonal, we must have N(x —y) > 0. We can also see from these equations that
N(z—y) is unaffected when a real scalar multiple of w is added to x or y. Modulo w,
therefore, we may regard 7} as a real 24-dimensional Euclidean space, in which it is
shown by Conway & Sloane (1982a) that the Leech roots form a (nonlinear) set
isometric to the Leech lattice. Although distances in 7} are correctly computed by
using

d(z, y) = N(x_y)%’

the reader should note that norms and inner products of individual vectors in 7}
are not invariant under the addition of w. If 7, s are distinct Leech roots then, since
N(r—s) > 4, we have r-s < 0.

The main result of Conway (1982) is that the reflexion subgroup of Aut (Il,; ,) is
generated by the reflexions in the Leech roots. Abstractly, this reflexion group is the
Coxeter group with a generator R, for each Leech lattice vector » and having the
presentation

(R)? =1,
(R.R,)? = if N(r—s)=4,
(R.R)3=1 if N(r—s)=6
(and no other relations).

The Coxeter graph for this group (with Vinberg’s conventions) has a node for each
Leech lattice vector r, and between the nodes » and s there is

no line if N(r—s) = (i.e. r-s = 0),
a single line if N(r—s)=6 (r-s= —1),
a heavy line if N(r—s)=8 (r-s= —2),
a broken line if N(r—s) > 10 (r-s < —3).

Then the group of all autochronous automorphisms of T, , is this Coxeter group
extended by the group -co of its graph automorphisms (there being one graph
automorphism for each symmetry of the Leech lattice, including translations). For
any n, the set of all timelike vectors of R™1! (those z with N(z) < 0) has two com-
ponents, and the autochronous automorphisms are those that do not interchange
these components. The full group Aut (I, ;) or Aut (II, ;) of automorphisms is the
direct product of the autochronous subgroup Autoc (I, ) or Autoc (IT,, ;) with the
subgroup of order 2 generated by negation.

4. ENUMERATION OF THE LEECH ROOTS
We discovered the relation between the groups Aut (I, ;) and the Leech lattice on
examining an extensive list of Leech roots. Since these roots promise to have many
other applications (see for example Borcherds et al. 1982), we have thought it
desirable to provide a substantial tabulation. In table 1 the roots are labelled (in the
9-2
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TABLE 1. LEECH ROOTS 7; IN HYPERBOLIC COORDINATES (%, £y, ..., Zaq | La5)

5
2

(The 27 columns of the table give the index ¢ and then z,, ..., 2,;, except that the roots with ¢ < 0 are fractional and have been multiplied by 2.
For example r_; = (—4, %, ..., 4, 3|

). The table contains all roots with z,; < 25.)
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TABLE 1 (cont.)
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left-hand column) by non-negative or negative integers according to whether their
coordinates are integral or fractional. The ordering is otherwise lexicographic, first
by the value of the timelike coordinate ¢ = x,;, then by |2y,], [Ty, ... .

It is in fact true that every Leech root has ¢ > 0, and since this is not entirely
obvious we provide a proof. Let z denote the vector

z = #5(0%] 1),

where the notation indicates that the first 25 coordinates are zero. Since z-w = —1
(i.e. ze T}), z can be regarded as a point in the real 24-space containing the Leech
lattice. If x = (x,, ..., %54 | t) is another point of 7} we have

N(z—2z) = 2+1/35—1/4900,

showing that ¢ increases linearly with the squared distance from « to 2. If x is one of
the particular Leech roots 7, ...,7,, (see table 1), we have ¢ = 0, and so

N(@x—z) = 2—1/4900.

The coordinates of 7, ..., 7o, show that they do not lie in a 23-space and thus form a
simplex whose circumcentre is z. In the language of Conway et al. (1982) these
points form an ordinary Dynkin diagram d,;, and are all the vertices of a shallow

hole, of radius
(2—1/4900)3,

centred at z. Other Leech roots r must therefore give strictly larger values of
N(r—z), and so have strictly positive values of ¢.

The Leech roots (r;) in table 1 include all those with ¢ < 25, and were found by a
backtracking program. We shall refer to the entries in table 1 as the hyperbolic
coordinates for the roots. In table 2 we give Euclidean coordinates for these roots.
(The blocks of four numbers correspond to columns in the MoG or Miracle Octad
Generator, arrangement of coordinates (see Curtis 19776 or Conway ef al. 1982).)

5. THE LATTICES I, ; FOR 7 < 19

Examination of the coordinates given by Vinberg (1972) reveals that the funda-
mental roots v = (v, ..., v,_; | v,) for I, ;, n < 17, can be arranged in the following
two ‘batches’:

(@) the vectors v (of norm 2) for which

vt =(0,...,0,0,v,...,0,_ 4| v,)
is a Leech root, and
(b) the vectors v (of norm 1) for which

vt = (05 "-90’ 13”0?""'0”—1,’07")

is a Leech root. Similarly the partial lists of coordinates given by Vinberg &
Kaplinskaja (1978) suggest that for I, ; the fundamental roots are (a) and (b), and
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THE SAME LEECH ROOTS 7; OF TABLE 1

TABLE 2. EUCLIDEAN COORDINATES (¥,

.o» Ya3- The roots r_, have not been multiplied by 2.

Here + =41, —

(The columns give 2, y,, .

—4.)

—-1,b= -2,d

0000
0000

0000
0000

0000
0000

d000

0000

4000
0000

+o +@
+o +o
+o 4+
+o | <
+o 4+
4+ +<
4+ 4+
4+ |+
+o 4+
+<o +<
4+ + <
4+ | <
| © 4+ <
| © +©
| @+
| ¥ | @
+o 4+
+o +©
+o 4+
+o | o
(IS
(IS
e | <
| o+
NN N H 10

+ o
+ o
+o
+ o

Nl o

+o
+o
+o
+o

+o
+o

+o
+ o

+o
+o

4+ o

+o
+o
| ©
+o

+o
| ©

+o
+o
| ©
+o

+o
+o
+o
+o

+o
+o
+o
+o

-+ -+
0040

+——+

12
13

0000

+ o
+ o
+ o
+ o

+ o
+o
+o
+ o

+ o
|
+o
+ o

+ o
| ©
+o
+o

+o
| ©
+o
+o

+ o
| ©
+o
+ o

+o
+o
+o
+o

++ -

18
19
20
21

000
+-—+

+o | o
+o +0o
+o +0o
+o +0

| <
+o 4o
+o +o
+o 4o

| ©
+o 4o
+o 4+

| © +©

+o | o
| o 4+
| © +©
+o 4+

0000

00doO 0000 0000 0000 0000 0000
-—++
0000

26
27

+ <
+ <
+ <o
+

+-—+
0000

0000

28

+o | @
+o +0
+o 4+
+o 4+

+o +o
+ o + =
| ©
| o +

+ 4+ +
+—++
+ 4+ +

+4+ -+
+-—+

+ 4+ +

+++ -
++++

+-—+

+___

—+—+
-+ ++
—+—+
0000
-+ ++
~+++
0000

+4+—-
+4+ -
+4+— -

33
34

35

0000
+ 4+ -

0000

0000
—+++
~+++

0000
_+__

000d
+-++
+____

36

G+ - ——

— 4+ +
0000

++—+

+ - — -

37
38

4000

0000

0000

0000

39

++++++o
l +++++o
+1l++++o
++1 111
I ++++o
++ 1+ 1+
+++ 1 ++0o
+++++ 1o
+++1 11
++++1 1o
I+ 1 ++ 1
+l4++1+°
L+
I+ 1 4++ 1
L1111 +1e
+1 11 ++0
++++++o
++++++0o
+t+++++0o
LT e
t++++ 1o
+11+11e
l++ 1+ 10
++++++o
S = N M IO ©
H < H H H HH

—+4+—- +H+++ A+t A=+ =+

+——+

47
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48
49
50
51
52
53
54
55
56
57
58
59

60
61
62
63
64
65
66
67
68
69
70
71

72
73
74
75
76
77
78
79
80
81
82
83

84
85
86
87
88
89
90
91
92
93
94
95

J. H. Conway and N. J. A. Sloane

t——= —4—-
0000 0000
+——+  —t+-
+——+  —+-—+
-t = =t
+——+ ——++
+——+  —+-—+
+++—- -+ ++
+—++  —+++
+4+—+  ———+
0000 0000
+—+—  ——++
e
+-—= —+++
+++— —+++
+t——= —+++
+——=  ——+-
+4+-—— -4+
+—+— ——++
0000 0000
+4+—= —++-
+——+ -4+
+4++- —+++
t4+-——  ——++
+—++  ——t-
++-—=— —++-
+-—— ——4-
++—-+  —+++
+++- -4 --
+—++  —+++
++—+  —+++
———+ +-—++
0000 0000
t-—=  ———+
+——+  ——++
== ——t-
t——— —+++
2000 b 202
++—— —+—+
+——= —+++
+——= ==+
+—+— -4+
++—+ -4+t
+——+  ——++
++-—— -4+
0000 0000
+++— =4+t
+4+-—— —4—+

TABLE 2 (cont.)

+——= +—++
0000 4000
—++- +-—+
——++ 4+t
——++  ++++
—+—+ 4+t
++++  ——++
———+ =+ ++
+—++  —+++
+—++ -4+t
0d 00 0000
++++ =+
e
+4++— -+ ++
——+- 44—+
——+- =4+t
——++  +4-—-
—++- ++++
0040 0000
—+—+ ++++
++++ -+
—+-=  ++-+
++++ ++++
+4++- —+++
++++  —+-—+
+——— ++-—+
++—+  —+++
++—+ -4+t
++-+ ——-—+
++—+  —+++
+H+—+  —+++
00do0 0000
———+ —+++
———— -4+
—t+—= +++-
2000 0020
e e
+H++—- —+++
—+—+  +—+-
e o
++++ -+
++++ —++-
0400 0000
——+- +—++
++++ +——+

+4—+
0000
+4++
+ 4+ +
+4+—-
+—+ -
+4——
+—++
+4+—+
+—++
0000
+-—+

+—++
+4+—+
+—++
++—+
+—++
+ 4+ +
++++
0000
+ 4+ +
+ 4+ +
+4++ -
+4——

+++ -
e
+ 4+ -
+ 4+ -
+4+—+
+—++
-———+
+4+—+
0000
+4+—+
+4+++
+4—+

+—++
0002
++++
+—++
+4+—+
+ 4+ +
-+ ++
+ 4+ +
+ 4+ +
0000
—+++
+4+++
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TABLE 2 (cont.)

96 +—+-— —t+—  ++++ ——++  H+++ A+ —-
97  ++—-+ —+-—-—  +++—-  —+++  —+++  +++-
98  +++—  —+++  t—++ ——+= +++— —+++
9  +—+-—  —+—+  ++++  ++++  +—+—-  —+—+
100 +++- —+++ +++—  —+++  —+—= 4+
101 ++—-+ —+++  +++-  +—++ ——+- —+++
102 —+——  ++-+  +4++—  —+++  +++- —+++
103 +-—- ———4 ——4—-  +—++  +++-  —+++
104 +-——  —4+-——  —4—-= —4++  +H++- ++-—+
106 2000 b220 2000 0002 0200 0020
106 +—++ —+++ +—++ —F++ ——*+— 4+
107 +——=  —+++  ———F  ———+  +++— +++-
108 +++-  —+++  F—++  HF+—+ ———+  —F++
109 ++++ —++-  +—+—  ——++  +——+  ++++
110 ——+— +++-  +—++ —+++  F—++  —+++
1t +—+-  —4+-  ———= ——++  H+++ ——++
112 00b0 0200 2000 0002 0002 0222
13 +-——  —4+-=  ———4  ++—-+  +—++  —+++
114 +4+—-—  —4+-  ———= -4 —+  —F—+  ++++
115 4+-———  ——+4-  +—F+ ———=+  H++—+  —+++
116  +-——+ —4+—+ ——== ——4+  ——++  ++++
117 0000 0000 0000 do00O 0000 0000
118 +-—— —4+-=  +4++-  ——+=  +—++ —+++
119 0500 0222 2000 0200 0002 0020
120 +-———  —++4+ ———+  +4++—-  ———+  +++-
121 +———=  —+44+  ++—+ ——+= A+ +—+ ——4-
122 +-—-—  —4++ +—-++ —F+-= -+ + —F-—-
128 +-——  —+++ +++—- ———+ ———+  +++-
124 +—-++ —4++ ———+  +4+—-+ —+++  +—++
125 0000 0000 0004 0000 0000 0000
126 ++—-+ —+++  +—++ ———+  —+++  ++—F
127 +—+—-  —4+-  ++++  ++—-=  ++++ ——++
1288 +4+—-—  —4+-—  ++++ +—t+—  —+—+  ++++
120 +—++ —+++  +++—  ——F+=  —+++  +—++
130 +-——+ —+—-+  +4+++ ++—-=  ——++  ++++
181 ————= +4+++  ++++ ———=  ++++  ++++
132 4++—-+  —+++  +—++ At +—-  —F++ =+
133 +—+—  —+—+  ++++ A+ + -+ -+
134 +-++ —4++ +++-  ++—-+ —+++ —F-—-
135 ++-—- ——++4+  ++++ ++++ ——++  ++--
136 +4+—-+ —+4+++ +++—  +—++ A+ —-+ +-——=
137 ———— 44 ++  ++++ A+ ++ A+t ==
138 +—++ —+++  ++—+ A+ +—  —t+—= —+++
139 2000 b 022 2000 0200 0020 0002
140 ++—-+ —+++ -4+  FH++—  +——= ++—+
141 00b0 0222 2000 0020 0200 0002
142 +-——  —4++ ———+  +H++-  HH++-  ———+

143 +—-++ —+++  +++—-  +4+—+  F——= +—++
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144
145
146
147
148
149
150
151
152
153
154
155

156
157
158
159
160
161
162
163
164
165
166
167

—1
-2
-3
—4
-5
-6
-7
—8
-9
—10
—11
—12

—13
—14
—15
—16
—17
—18
—19
—20
—21
—22
—-23
—24

J. H. Conway and N. J. A. Sloane

————  +4++
+——= —+++
+——= —+++
=== —+++
+H+++ -+
2000 5000
0b00 0200
00b0 0020
+——+ —++-
e
+H+++ -+t
000%b 0002
+—+— —4—+
—+—+  ++++
++—— ——++
0000 0000
+4+-—— -4+
+——+  —++-
t——= ——+-
+——+  —++-
t——= —4--
e e
+——= —+++
+t—=+  —t+-
++++ ++++
———+ —+++
—+—= —+++
——t+ = —+++
+t——= +t+-
+——+  ++++
———+ —+++
—+—= -4+t
+——= ++-—+
+——— -+
+——— ++-—+
——+- —4++
e s o
—+++  —+++
++—— A+ttt
+—+- ++++
++—— F+++
———= ——++
+4+-—— ++++
—t+—-= —+++
———+ —+++
-+ -+  —++-

TABLE 2 (cont.)

+++—
++ -+

ol + 1 ool
+ 1l +toco+
++ + oo+
+++ oot
++ + oo+
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—26
—27
—28
—29
—30
-31
—-32
—33
—34
—-35
—36

-37
—38
-39
—40
—41
—42
—43
—44
—45
—46
—47
—48

—49
—50
—51
—52
—53
—54
—55
— 56
—57
— 58
—59
—60

—61
— 62
—63
— 64
—65
— 66
— 67
— 68
—69
—-170
-7
—72

+—++

20b 0

0000
++ -+
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+ 4+ -
++++
—+—+
++++
++++
+4+—+
—+—+
++++
-+ —+
+4++
-+ -+
—+++

-+ -+
+4+—+
+++ -
——++
++++
++++
++ - -
+ 4+ +
b020
+++ -

S
+—++
++++
——++
—+++
0022
—+++
- —++
——++
——++

—+++
+—++
+4+++
—+—+
——++
+——+
e
5002
+—++
+-—+
+ 4+ +
+ 4+ +

TABLE 2 (cont.)

+4+—+
+4+—-
+——+
+——+
+-—+
+___
+——+
+4+--
+4 - -
e
+—+ -
+—++
+—+ -
+4++ -
e
+—++
+—+ -
+—+-
+—+ -
+—+-
+—+ -
+-—+
0000
+_.__
+——+
+——+
.l____
——++
+——+
+___
+—+ -
0000
+___
++--
+——+
e
—+++
++—+
+—+-
+4— -
+—+-
++— -
0000
+___
+4+—-
+4 - -

+—++
—+—+
+ 4+ +
——++
+4++
—+++
——++
e
++++
++++
+++ -

+—+-
+—++
++++
+4 -+
+4+++
+ 4+ +
+-—+
+4++
——++
+ 4+ +
0202
+4+—+

+4 ++
++++
-+ ++
-+ —+
—+—+
———
+4+—-
0220
+4+ -
+ 4+ +
++++
+4— -

+ 4+ -
+ 4+ -
+4——
+4++
++ 4+
++++
+4++
0220

+++—

+4++
++++
++++

+ 4+ -

+4+—+
++++

249



250

—-73
— 74
—-175
—176
=77
—178
—-179
- 80
-81
—82
- 83
— 84

-85
— 86
—87
—88
—89
—-90
-91
—92
-93
- 94
—95
—96

—97

—-98

—-99
—100
—101
—102
—103
— 104
—105
— 106
—-107
—108

—109
—110
—111
—112
—113
—114
—115
—116
—117

J. H. Conway and N. J. A. Sloane

TABLE 2 (cont.)

+4——
+—+ -
0000
.I____
0000

0000

0000
-+ -+
+——+
0000
+___
o

+ 4+ +
+ 4+ +
0022
—+++
0202
—+++
+—++
—+++
+4—+
0022
—+++
-+ ++

+—++
-+ ++
— 4+ +
—+++
0000
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(¢) the vectors v (of norm 1) for which
ot = (+1,1,1,1,1,1, 1,0, ..., 037 | ¥35)

is a vector obtained by doubling a Leech root with fractional coordinates; and also
that for I,y ; the fundamental roots are (a) and (b), and
(¢’) the vectors v (of norm 2) for which

vttt = (+£1,1,1,1,1,1,9,, ..., 015 | v59)

is obtained by doubling a Leech root with fractional coordinates.

These observations, proved below, provide an immediate way to decide if a
specified vector v is a fundamental root for I, ; (n < 19): does the supplemented
vector r = v+ or vt satisfy r-r = 2and r-w = —1?

6. VINBERG'S ALGORITHM AND THE INITIAL BATCHES OF
FUNDAMENTAL ROOTS

Vinberg (1975) describes an algorithm for finding a set of fundamental roots for
the reflexion subgroup of any discrete hyperbolic group. For Aut(I, ;) the algo-
rithm proceeds as follows. For a suitable vector x, (which may be called the
controlling vector), we first determine the subgroup H generated by the reflexions
that fix x,. We then choose a set of fundamental roots vy, ..., v, for H. Further vectors
Vpi1> Untas o> U --- are determined inductively by the following conditions:

(i) vgel,, N(v,) = 1or2,

(ii) the v, are enumerated in increasing order of — v, 2,/N(v,)}, and

(iii) v, v; < Oforall1 <j<k.

We shall regard I,1(1 <n < 25)asembedded in I,; ; by preceding its vectors by
an initial string of 25 — n zeros. Our observations stem from the fact that w is then
a suitable choice for x,. This is equivalent to using the projection

= (25—, ..., 23,24 70)

of w into I, ;, which does not affect inner products with elements of I,, ;. It is easy
to check that w, does satisfy the conditions on z, given in Vinberg (1975).

It is convenient to group the candidate vectors veI, ; that are to be considered
by the algorithm into batches according to their norm and height h(v) : = —v-w. We
shall use ny, , to denote the set of all v, , that have norm 2 (i.e. are long roots)
and height A, and ng ; to denote the short (norm 1) roots of height .

A candidate v is accepted by the algorithm (with w as the controlling Vector) if
and only if » has non-positive inner products with the vectors of all strictly earlier
batches taken in the order ny, ;, ng 1, 7y, 9, Mg 9 Mp1,3, Mp,a5 Mg, s --- Specified by
condition (ii). Theorems 1 and 2 determine the first batches of long and short roots,
respectively, that are non-empty.
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THEOREM 1. For n > 2, the first batch of long roots is ny, 1, and consists of the vectors
v = (Vg,...,Vy_y | v,) for which v+ =(0,...,0,vy,...,v,_4|v,) 98 a Leech root. All
candidates from this batch are accepted.

Proof. The smallest possible value for % is 1, and the vectors of n; , are easily
checked to be Leech roots (when extended by zeros). Since ny ; is the earliest
possible batch, no candidate is rejected. The Leech root r,, is in I, ; for n > 2 and
shows that the batch exists (i.e. is non-empty). O

Vinberg takes as his controlling vector z, the vector z = (07| 1). It is easy to see
that the algorithm with his controlling vector and initial vectors accepts sufficiently
many more vectors from our first batch to span the space R™!. It follows that the
two forms of the algorithm determine the same fundamental region.

THEOREM 2. For 1 < n < 24 the first non-empty batch of short roots is ng o5_,, and
consists of vectors v = (v, ..., V,_1 | v,) for whichvt = (0,...,0,1,9,...,0,_; | v,) 15 a
Leech root. Again all candidates from this batch are accepted.

Proof. If v is in ng ;, where 1 < h < 25 —n then the vector
vt = (01, 1,0%-nh g L0, 0| 0,),

has norm 2 and height 1 and so is a Leech root. This implies that A = 25 —n, since
otherwise the inner product of v+ and the particular Leech root (0*-1,1, —1,
024-* | 0) would be positive. Thus v has the required form.

The batch ng ,5_, exists since it contains the vector (—1,0,...,0|0) of I, ;. We
have not been able to find a uniform proof that all candidates from this batch are
accepted. For n < 19 this can be read from the results of Vinberg & Kaplinskaja.
For 20 < n < 24 we observe that the corresponding set of vectors »* forms a single
orbit under the stabilizer of I ; in the automorphism group of the Leech lattice.
So if one member of this batch is accepted, all must be. But (—1,0,...,0|0) is
accepted by Vinberg’s form of the algorithm, and therefore will be accepted by
ours. O

The sizes |ny, ;| and ng 45 3| of the first non-empty batches of long and short roots
can be computed from knowledge of the stabilizer of I, in the automorphism
group of the Leech lattice, and are shown in table 3.

The first batches of long roots can be described as follows. For n» = 18 and 19,
ny, 1 is the subset of the roots called 2% by Vinberg & Kaplinskaja. In particular,
the Coxeter graph for the roots in 19y, , is the incidence graph of the Petersen graph.
The subset 20;, ; contains 30 roots forming a copy of Tutte’s 8-cage graph (see
Harary 1969, p. 174 and figure 1g below). The 42 roots in 21, ; correspond to the
points and lines of a projective plane of order 4, joined by incidence, while the
100 points of 22, ; are a copy of the Higman—Sims graph. The last finite graph in
this sequence is 23, ;, whose 4600 points may be regarded as the points of the Leech
lattice at the minimum distance from two points that are themselves at the
minimum distance. They are therefore invariant under the group -2 (see Conway
1971). The first batches of short roots could be described similarly.
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TaBLE 3. THE SIZES OF THE FIRST NON-EMPTY BATCHES OF LONG (ng, ;)
AND SHORT (ng 95_,) FUNDAMENTAL ROOTS FOR Aut (L, ;)

(The last two columns give the known values of & for which there are non-empty batches
of fundamental roots n; , and ng ;. The dots indicate arithmetic progressions.)

dimension known values of & for which:
n 72,4 75, 25n] Ny # 9 Ngn # 9O
1 0 1 none 24 only
2 1 2 1 only 23 only
3 3 1 1 only 22 only
4 4 1 1 only 21 only
5 5 1 1 only 20 only
6 6 1 1 only 19 only
7 7 1 1 only 18 only
8 8 1 1 only 17 only
9 9 1 1 only 16 only
10 10 2 1 only 15 only
11 12 1 1 only 14 only
12 13 1 1 only 13 only
13 14 1 1 only 12 only
14 15 2 1 only 11 only
15 17 1 1 only 10 only
16 18 2 1 only 9 only
17 20 2 1 only 8 only
18 22 3 1 only 7, 23 only
19 25 5 1, 17 only 6 only
20 30 12 1, 17, 49, ete. 5, 13, 37, ete.
21 42 56 1,9, 17, 25, 33, etc. 4, 8, 20, etc.
22 100 1100 1, 5,9, ..., 45, 53, etec. 3,5,7, ..., 23, 27, ete.
23 4600 953856 1, 3, 5, ..., 81, 85, ete. 2,3, 4, ..., 16, 18, etc.
24 00 00 1,4,5,6, ..., 11, 13, ete. 1,2, 3, ..., 59, 61, etc.

b b ’

7. THE LATER BATCHES OF FUNDAMENTAL ROOTS

We have much less understanding of the later batches of fundamental roots.
A computer program was prepared to run Vinberg’s algorithm (with controlling
vector x, = z rather than w) on the Cray-1 computer at Bell Laboratories. For
n = 18 and 19 the algorithm ran to completion and confirmed the results (obtained
partly by calculation and partly by analysis) of Vinberg & Kaplinskaja (1978). For

= 18 there are 12 more fundamental roots, belonging to the batch 184 ., as
described in §5. For n = 19 there are 20 more, belonging to 19; ,,. Since the
algorithm is very time-consuming, and since Vinberg & Kaplinskaja do not list all
the rootsforn = 18and 19, we have made tables 1 and 2 extensive enough to include
the corresponding Leech roots v++.

For n > 20, Vinberg (1975) has shown that the reflexion subgroup of Aut (I, ;)
has infinite indext and so there are infinitely many fundamental roots. Our exten-
sive but still incomplete computations show that some vectors are accepted from

t More extensive information about unimodular lattices in the Euclidean space R upon
which this theorem is based can be found in Conway & Sloane (1982bd).
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atleast the batches shown in table 3. In 20, ,; and 20 4, for example, the algorithm
appears to accept the vectors v = (v,, ..., v9 | vg) for which

’l)+++ = (i 1) 1, 1) 1’ 23 ,00) ""1)19 I ,020)

can be expressed as 2r + s, where r and s are Leech roots.
We have also shown that there are symmetries of the fundamental region for
1L, , that do not preserve the vector w. One such symmetry takes ws, to

why = (18,14, 15,..., 30, 31,48 [ 110)

and transforms the initial batches 20y, ; and 20g ; to image batches 20y, ; and 20 ;.
The two 8-cage graphs 20y, , and 207, ; intersect in 24 roots, and it seems likely that
the full set of long fundamental roots is a union of 8-cages intersecting in this way,
while the set of short roots is the union of infinitely many disjoint images of 20g ;.
It would be nice to know more !

The 100 fundamental roots in 22, ; are obtained from the Leech roots that begin
000.... The latter consist of

42 beginning 0000... (producing 21 ,),
56 beginning 0001... (producing 21g ,), and
2 beginning 0002....

All except fifteen of those roots can be found in table 1. The last fifteen occur much
further along in our ordering of Leech roots, and are given separately in table 4.

Figures 1a—h show the Coxeter-Vinberg graphs (as described in § 3) for the funda-
mental roots of I, ;, 13 < n < 20. The fundamental roots in ny, , are represented by
single circles and those in ng .5, by double circles. The remaining roots (for
n = 18-20) are not shown. The numbers attached to the roots in n, ; and ng ,5_,
give the subscripts i of the corresponding Leech roots v+ = r;, which must then be
projected onto R™! as described in §5. For example, node 9 in the graph for I 4,
(figure 1d) refers to the Leech root

re = (08, +1, — 1,015 0).

Since this node has a double circle it is a short root, so 7, must be projected onto
(—1,0%]0), which is the fundamental root for I, ; corresponding to node 9. In the
next figure node 9 carries a single circle, and we project ry onto (+ 1, —1,01%|0),
a fundamental root for I, ;.

Every pair of roots with double circles should be joined by a heavy line, although
for simplicity these lines have been omitted from the figure. The figures have been
drawn as subgraphs of the 8-cage, which (except for ten missing edges) can be seen
in fullin figure 1g. The missing edges join the diametrically opposite pairs of nodes 36
and 6, ...,29 and 28, and only their ends have been shown. The reader should note
that for each dimension greater than 13 the graph has a non-trivial symmetry.



TABLE 4. FURTHER LEECH ROOTS IN HYPERBOLIC COORDINATES

Leech roots and Vinberg groups

(This together with table 1 includes the 100 Leech.roots beginning 000. . ., and therefore includes the first two batches of fundamental

roots for I, , and the first batch of fundamental roots for I, ;.)
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(a) n=13 (b) n=14

20
0O

fc) n=15

20
o

F1cure 1(a-d). For description see opposite.

In the centre of figure 1A there is a circle of ten short roots enclosing two more. The
ten nodes around this circle should be labelled 34, 39, 40, 46, 48, 49, 58, 60, 74 and 80,
and the two in the centre should be labelled 5 and 31. The double lines from node 49
to 9, 17, 23, 26 and 36 and from 5 to 6, 29, 33, 38 and 45 have been indicated by
long double arrows. Node 31 should be joined to 15, 18, 25, 28 and 36 by double
lines, while the remaining joins from the nodes 34, 39, ... can be found by rotating
the figure.
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() n=17 (f) n=18

20
O

32 PLUS 12 MORE
POINTS

PLUS 20 MORE
32 POINTS 32

PLUS @ MORE
POINTS

Fi1aure 1. Coxeter-Vinberg graphs of Aut (1,3 ,)-Aut (I ;). The numbers attached to
the nodes indicate the corresponding Leech roots (see text for complete explanation).
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