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In the face-centered cubic lattice each sphere is surrounded by a shell of 12 spheres, then shells of 6
and 24, the whole configuration forming a spherical cluster of 43 spheres. This paper presents a
mathematical investigation into the possible numbers of spheres in such spherical clusters in the
square and hexagonal lattices in two dimensions and the simple, face-centered and body-centered
cubic lattices and the hexagonal close packing in three dimensions, for various choices for the
center of the cluster. The theta series of these clusters are calculated and the resulting nuclearities
{or magic numbers) are tabulated. Applications to cluster chemistry and physics, communication
theory, and other fields are highlighted. In particular, the application of the present atom
counting results to electron counting of close-packed high nuclearity metal clusters is illustrated

with examples.

I. INTRODUCTION

In an earlier paper' we investigated the possible values
for the nuclearity of close-packed polygonal clusters (in two
dimensions) and polyhedral clusters {in three dimensions).
Since the majority of the known high nuclearity metal clus-
ters are more or less close packed and either circular or
spherical in nature, we decided to explore the size and shape
of possible circular and spherical clusters derivable from the
common close-packed lattices. In two dimensions (2D) we
consider the square and the hexagonal lattices. In three di-
mensions (3D) we consider the simple cubic, face-centered
cubic, body-centered cubic, and hexagonal close-packed lat-
tices. (Although mathematically speaking the hexagonal
close packing is not a lattice, it often simplifies the discussion
to refer to it as if it were a lattice.) For 2D lattices, we pick an
origin (which may be a lattice point, the midpoint of an edge,
or the center of a square or triangle) and draw circles of in-
creasing radius which pass through lattice points. For 3D
lattices, the origin may also be at the center of a tetrahedral
or an octahedral hole (a hole? is a point within the lattice
most distant from the adjacent lattice points}, and, instead of
drawing circles, we draw spheres passing through the lattice
points. We are interested in the number and arrangement
(i.e., coordinates) of lattice points or atoms in each shell. Giv-
en these coordinates, the size and shape of the clusters can
easily be determined.

In this paper we give a mathematical analysis of these
clusters and their theta series, and present tables of their
nuclearities (the magic numbers). In a related paper” we give
tables of the actual coordinates of these clusters and figures
illustrating them, as well as a number of representative ex-
amples from metal cluster chemistry. It is hoped that the
present work will not only serve as a guide to close-packed
cluster architecture but also stimulate further research in
cluster chemistry and physics. The application of the present
atom counting scheme to electron counting of close-packed
high nuclearity metal clusters is demonstrated with exam-
ples. For further background and motivation the reader is
referred to Ref. 1. However the present work is of wider
applicability than Ref. 1; some applications to areas outside
cluster chemistry are mentioned below.
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A. Statement of problem

The precise question considered here is the following.
Let A be a close packing in two or three dimensions, i.e., one
of the following six packings: the square (Z?) or hexagonal
(4,) lattice in 2D, the simple cubic (Z>), face-centered cubic
(fec), or body-centered cubic (bec) lattice, or the hexagonal
close packing (hcp) in 3D.

We shall refer to the elements of A as atoms, although in
other applications they may also represent optical fibers,*
digital signals,® eggs in the oogonium of a fungus,® or simply
hard spheres.” Place the origin of coordinates at some point
of the space (but not necessarily at the center of an atom).
The atoms can now be classified according to their distance
from the origin, and we let S, denote the number of atoms at

distance {/n from the origin. These S, atoms form a “shell”

of radius /. Then the set of all atoms inside or on this shell
forms a close-packed circular (2D) or spherical (3D) cluster,
centered at the origin, containing a total of

G, =38, (1)

mgn

atoms (the nuclearity or magic number or the cluster). The
most interesting clusters are those that possess nontrivial
symmetries, and we shall therefore only consider clusters
centered at points such as: a lattice point (i.e., the center of an
atom); a point midway between two adjacent atoms (if adja-
cent atoms are joined by edges, this is the midpoint of an
edge); a point equidistant from three or four mutually adja-
cent atoms, if such a point exists (i.e., the center of a triangle
or square); or a hole* (i.e., a point maximally distant from the
adjacent atoms).

For each of the close packings mentioned, and for var-
ious choices for the origin, we shall determine the number of
atoms (S, } in each shell and the total number of atoms (G, ) in
the cluster. For each type of cluster we also determine its
symmetry group, and give formulas for the coordinates of
the atoms in the cluster (for explicit coordinates for the first
12 shells, see Ref. 3).

The numbers S, and G, may be found analytically from
the theta series of the packing. This and other terms are de-
fined in Sec. II. Sections ITI-VIII then treat the six different
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close packings. In view of the fact that the numbers S, and
G, are of wide applicability, are not easy to compute, and are
not tabulated elsewhere in the literature,® we have thought it
worthwhile giving fairly extensive tables, including the first
80 or so layers of each type of cluster (Tables 1-27). Section
IXillustrates the way in which the theta series of the clusters
are derived, and Sec. X gives a brief summary.

Besides the applications to cluster chemistry and phys-
ics, these circular and spherical configurations of points
arisein several other areas of science, including: the design of
signal sets (or codes) for a continuous channel®”?; designing
vector quantizers (or analog-to-digital convertors) for data

compression”'?; antenna design'’; choosing directions for x-

ray tomography'?; in various biological problems®*3; in per-
forming statistical analysis on spheres'*; in the numerical
evaluation of integrals on spheres!®; in the solution of dio-
phantine equations™$; and of course as a purely geometrical

packing problem.”!”

Il. THETA SERIES

As in Sec. I, A is a close packing, S, is the number of
atoms at distance n from a particular choice of origin, and
G, , defined by (1), is the total number of atoms in the cluster.
The norm of a vector x is its squared length:

Nix)=x-x. (2)

Then the theta series of A (with respect to this choice of
originj is

T =357 (3)
For our purpose it is enough to regard (3) as a power series in
the variable g [although in order to study some properties of
A it is better to write ¢ = ™, where z is a complex number
with positive imaginary part, in which case Eq. (3) becomes a
holomorphic function of z].8

The theta series of many of our clusters can be expressed
in terms of the following three special Jacobi theta series'®:

blg)= 3 gtV

— quld(l + q2 + q6 4o qn(n+ 1) + _“), (4)
0s(g) = 2 g~
=1+29+2¢"+2¢° +2¢'° + -, (5)
049) = 65(—9q)
=1-2q+24"—2¢° +2' — . (6)
But for some clusters we also need the series
lg)= Y gm+V, 7

where k is a nonzero real number. Numerous examples will
be found in later sections and elsewhere.? The derivation of
these theta series is given in Sec. IX. The Jacobi theta series
{4)~(6) satisfy a large number of identities,'®'® which are
helpful in simplying these formulas. The following are the
most useful.

6,(q)* = 26,(¢°)05(q"), (8)
6(9)° = 0:Ag°F + 65(¢°)%, )
1 60:(9)6,(¢°) = 6,(g")05(g"*) + 65(g") + 6,(¢™), (10)
6(a*) + 6.(¢*) = 65(9), (11)
65(¢") — 02q*) = O.4(a), (12)
63(g) + 64(q) = 265(¢"), (13)
63(q) — 64(g) = 26,(¢"), (14)
63(9)04(9) = 64(g°, (15)
6(a)” + 6.(9)° = 265(¢°)%, (16)
6(a)* — O4(q)* = 26,(¢°), (17)
0,(9)* + 64(g)* = (g)". (18)
Some identities for ¥ (g) follow directly from Egs. (4){7):
1ilq) = 65(q), ¥.lq) = 6,(q), (19)
¥slg) = 4 [65(g"°) — 64(g)], (20)
Yalg) = 4 6:g"), (21)
Yela) = } [6:g'°) — 6,(g)]. (22)

Note that while the theta series is determined by the
packing [via Eq. (3)], it is easy to find examples showing that
the packing is not uniquely determined by the theta series.

The following sections deal with circular and spherical
clusters in the six close packings with respect to various
choices for the origin. For each type of cluster the section
begins with a definition of the packing with respect to that
coordinate system. We also give the minimal norm of the
packing,

min N(x —y),xe A, ye A, x#y

(which is independent of the choice of origin). This is the
square of the distance between two closest atoms. If the mini-
mal norm is M, circles or spheres of radius M /2 can be
drawn around the points of A without overlapping. We then
give the theta series of the packing, and a table of the first 80
or so layers, giving the numbers S, and G, as a function of
the norm n. The symmetry group of the cluster consists of all
orthogonal transformations (i.e., rotations or reflections)
that send the cluster into itself while fixing the origin. We
give the order of this group (i.e., the number of elements), and
a list of generators. (Explicit coordinates for the points in the
first 12 layers of each type of cluster are given elsewhere.?)
We also give one representative point for each equivalence
class under the action of the symmetry group. The full list of
points can then be found by letting the group act. Each sec-
tion contains an example illustrating this process.

Finally, the first time each close packing is mentioned,
we give coordinates for all the points (the midpoint of an
edge, the center of a tetrahedral hole, etc) that we use as the
center of a cluster.

lll. SQUARE LATTICE (22)
A. Z2 with respect to lattice point

Definition. With the origin at a lattice point, the square
lattice (Z?) consists of the points

{1,J) 1 i,j integers. (23)
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Table 1. Z? with respect to lattice point.

n Sn G, n S G, n Sn G
0 1 1 58 8 185 128 4 405
1 4 5 61 8 193 130 16 421
2 4 9 64 4 197 136 8 429
4 4 13 65 16 213 137 8 437
5 8 21 68 8 221 144 4 441
8 4 25 72 4 225 145 16 457
9 4 29 73 8 233 146 8 465

10 8 37 74 8 241 148 8 473

13 8 45 80 8 249 149 8 481

16 4 49 81 4 253 153 8 489

17 8 57 82 8 261 157 8 497

18 4 61 85 16 277 160 8 505

20 8 69 89 8 285 162 4 509

25 12 81 90 8 293 164 8 517

26 8 89 97 8 301 169 12 529

29 8 97 98 4 305 170 16 545

32 4 101 100 12 317 173 8 553

34 8 109 101 8 325 178 8 561

36 4 113 104 8 333 180 8 569

37 8 121 106 8 341 181 8 577

40 8 129 109 8 349 185 16 593

41 8 137 113 8 357 193 8 601

45 8 145 116 8 365 194 8 609

49 4 149 117 8 373 196 4 613

50 12 161 121 4 377 197 8 621

52 8 169 122 8 385 200 12 633

53 8 177 125 16 401

In these definitions the symbols i, , &, /, ... will always repre-
sent integers. The minimal norm is 1. The theta series (see
Table 1) is

Ogf =1+4g+4¢" + 44" + -, (24)
and the coefficient of ¢" , S, , is the number of ways of writing
n as the sum of two squares.”® (The initial layers are shown in
Fig. 1.) The symmetry group has order 8 and contains all
permutations and sign changes. For example, coordinate 21
represents eight symmetry-equivalent points (42, £+ 1)
and (4 1, 4+ 2) shown in Fig. 1. We take (4,0) as a typical
midpoint of an edge, and (1,3) as the center of a square. We
now move the origin to the point (1,0), the midpoint of an
edge.

FIG. 1. Square lattice Z  centered at a lattice point: coordinates for the first
few shells. Bars indicate negative numbers.

Table 2. Z? with respect to mid-point of edge,
and with respect to center of square (for the
latter, double n, S, and G,).

n=v% Sy Gy {n-w S, G, |n-w S, G,
0 2 2 37 4 120 81 12 262
1 4 6 38 4 124 83 4 266
2 2 8 39 4 128 84 4 270
3 4 12 42 6 134 87 4 274
4 4 16 43 4 138 88 4 278
6 6 22 45 4 142 90 2 280
7 4 26 46 8 150 91 8 288
9 4 30 48 4 154 92 4 292

10 4 34 49 4 158 93 4 296
11 4 38 51 8 166 94 8 304
12 2 40 55 8 174 97 4 308
13 4 44 56 6 180 99 4 312
15 4 48 57 4 184 | 100 4 316
16 8 56 58 4 188 101 4 320
18 4 60 60 4 192 | 102 4 324
20 2 62 61 4 196 105 4 328
21 8 70 64 4 200 | 106 12 340
22 4 74 65 4 204 | 108 4 34
24 4 78 66 8§ 2124 110 2 346
25 4 82 67 4 216 111 8 354
27 4 86 69 4 220 | 112 4 358
28 4 90 70 4 224 114 4 362
29 4 94 72 6 230 115 4 366
30 2 96 73 4 234 119 4 370
31 8 104 76 8 242 120 8 378
34 4 108 78 4 246 121 8 386
36 8 116 79 4 250 123 8 394

B. Z2 with respect to midpoint of edge

Definition. With the origin at the midpoint of an edge,
Z? consists of the points

i, ): i odd,j even. (25)
Theta series (Table 2):

0:9)05(q) = } ,VqP = 2¢""* + 4¢°"* 4 2¢°/* + - .(26)
Group: order 4-all sign changes. Example: there are four

symmetry-equivalent points ( + 4, + 1) as shown in Fig. 2.
Next we move the origin to the center of a square.

FIG. 2. Square lattice Z 2 centered at mid point of an edge: coordinates for
the first few shells.
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Table 3.

s | G

Double all entries in Table 2

C. 22 with respect to center of square

Definition. With the origin at the center of a square, Z>
consists of the points

Mi,j) : 4, odd. (27)
Theta series (Table 3):
gz(q)z — 4ql/2 + 8q5/2 + 4q9/2 4 o (28)

—simply double the entries in Table 2. Group: order 8-all
permutations and sign changes. Example: there are eight
symmetry-equivalent points ( +3, 1), (+3, +3)

IV. HEXAGONAL LATTICE (A2)
A. A; with respect to lattice point

Definition. With the origin at a lattice point, the two-
dimensional hexagonal lattice (A,) consists of the points

i+j+k=0. (29)
Using three coordinates to specify this lattice yields a much
more symmetrical definition than the usual two-dimensional

coordinates, and simplifies the description of the hcp in Sec.
VII. To recover two-dimensional coordinates, multiply

(i,4, k) : i, J, k integers,

Table 4. A, with respect to lattice point.

n S» G, n S, G, n S, G,
0 1 1146 12 265 | 314 12 583
2 6 7| 150 6 271 | 326 12 595
6 6 13 ] 152 12 283 338 18 613
8 6 19 [ 158 12 295 | 342 12 625

14 12 31 | 162 6 301 | 344 12 637

18 6 37 | 168 12 313 ]| 350 12 649

24 6 43 | 182 24 337 | 362 12 661

26 12 55118 12 349 | 366 12 673

32 6 61 194 12 361 | 378 12 685

73 | 200 6 367 | 384 6 691
206 12 379 | 386 12 703
91 | 216 6 385|392 18 721
97 | 218 12 397 | 398 12 733
56 12 109 [ 222 12 409 | 402 12 745
62 12 121 | 224 12 421 | 416 12 757
72 6 127 | 234 12 433 | 422 12 769
74 12 139 | 242 6 439 434 24 793
78 12 151 | 248 12 451 | 438 12 805
86 12 163 | 254 12 463 j 466 12 817
96 6 169 | 258 12 475 | 450 6 823
98 18 187 | 266 24 499 | 456 12 835
104 12 199 | 278 12 511 | 458 12 847
114 12 211 | 288 6 517 | 474 12 859
122 12 223 | 294 18 535 | 482 12 871
126 12 235 | 296 12 547 | 486 6 877
128 6 241 | 302 12 559 | 488 12 889
134 12 253 | 312 12 571 | 494 24 913

&
L]
——
AN
o0
wn

(i, j, k) by the matrix
1 0
0 0
L —al (30
2 2

The minimal norm using definition (29) is 2. The theta series
(Table 4) is*!

62(¢°)02(q°) + 65(q”)65(¢°)

=1+ 6¢"+ 6¢° + 6¢° + - . (31)
The symmetry group has order 12 and contains all permuta-
tions, and negation of a vector. For example,?* 321 repre-
sents the 12 points consisting of all permutations of { — 3,2,1)
and (3, — 2, — 1). As examples of the midpoint of an edge
and the center of a triangle we may take (4, — 1,0} and
(3, — 4, — 1), respectively.

B. A, with respect to midpoint of edge

Definition. With the origin at the midpoint of an edge,
A, consists of the points

Ai,j, k):i,j odd, k even,i+j+k=0. (32)
Theta series (Table 5):
1 0,V9)6,(¢>*) = 24" + 2¢°/* + 4¢7* + .. (33)

Group: order 4-swap / and j; negate whole vector. Example:
312 represents the four points + ( — 3,1,2), + (1, — 3,2).

Table 5. 4, with respect to mid-point of edge.

2n S, G, 2n S, G, 2n S, G,
1 2 2 (11 4 1049241 4 220

3 2 4 1117 4 108 | 243 2 222

7 4 8§ 121 2 110 247 8 230

9 2 10 [ 127 4 114|259 8 238
13 4 141129 4 118 [ 271 4 242
19 4 18 | 133 8 126 | 273 8 250
21 4 22 (139 4 130 | 277 4 254
25 2 24 | 147 6 136 | 279 4 258
27 2 26 | 151 4 140 | 283 4 262
31 4 30 | 157 4 144 | 289 2 264
37 4 34 | 163 4 148 | 291 4 268
39 4 38 1169 6 154 | 301 8 276
43 4 42 (171 4 158 [ 307 4 280
49 6 48 [ 175 4 162 | 309 4 284
57 4 52 | 181 4 166 | 313 4 288
61 4 56 | 183 4 170 | 325 4 292
63 4 60 | 189 4 174 [ 327 4 296
67 4 64 | 193 4 178 [ 331 4 300
73 4 68 [ 199 4 182 | 333 4 304
5 2 70 1 200 4 186 | 337 4 308
9 4 74 | 211 4 190 | 343 8 316
81 2 76 | 217 8 198 )1 349 4 320
91 8 84 (219 4 202|351 4 324
93 4 88 | 223 4 206 [ 361 6 330
97 4 92 | 225 2 208 | 363 2 332
103 4 96 | 229 4 212 | 367 4 336
109 4 100 | 237 4 216 [ 373 4 340

J. Chem. Phys., Vol. 83, No. 12, 15 December 1985



6524 N. J. A. Sloane and B. K. Teo: Magic numbers for spherical clusters

Table 6. 4, with respect to center of triangle. Table 7. Z* with respect to Iattice point.
n=s Sy G, | n-w S, G, |n-¥ Si» G n S G, |n S G, | n S G,
0 3 3 84 6 156 188 6 345 0 1 1127 32 619 | 54 96 1743
2 3 6 88 12 168 192 3 348 1 6 71 28 0 619 | 55 0 1743
4 6 12 92 6 174 194 6 354 2 12 19129 72 691 | 56 48 1791
8 6 18 98 6 180 200 12 366 3 8 27 | 30 48 739 | 57 48 1839
10 3 21 100 6 186 202 6 372 4 6 33 31 0 739 | S8 24 1863
12 6 27| 104 6 192 | 204 6 378 5 24 57132 12 7515 72 1935
16 3 30 108 6 198 208 6 384 6 24 81 ( 33 48 799 | 60 0 1935
18 6 36 112 9 207 210 6 390 7 0 81 | 34 48 847 | 61 72 2007
20 6 42 114 6 213 216 6 396 8 12 93| 35 48 895 | 62 96 2103
24 6 48 | 116 6 219 | 220 6 402 9 30 12336 30 925 63 0 2103
28 6 54| 120 6 225 | 224 6 408 10 24 147 | 37 24 949 | 64 6 2109
32 9 63| 128 6 231 ] 228 12 420 11 24 171 |38 72 1021 | 65 96 2205
34 6 69 130 9 240 232 6 426 12 8 179 | 39 0 1021 | 66 96 2301
40 6 75 132 6 246 240 9 435 13 24 203 |40 24 1045 | 67 24 2325
42 3 78 138 6 252 242 12 447 14 48 251 | 41 96 1141 | 68 48 2373
44 6 84 140 6 258 244 6 453 15 0 251 | 42 48 1189 | 69 96 2469
48 6 90 144 12 270 248 6 459 16 6 257143 24 1213 | 70 48 2517
50 6 96 148 6 276 252 6 465 17 48 305 | 44 24 1237 | 71 0 2517
52 6 102 152 6 282 258 6 471 18 36 341 {45 72 1309 | 72 36 2553
60 12 114 160 6 288 264 6 477 19 24 365 46 48 1357 |1 73 48 2601
64 6 120 162 6 294 266 3 480 20 24 389 | 47 0 1357 | 74 120 2721
66 3 123 164 12 306 268 12 492 21 48 437 | 48 8 1365 75 56 2777
68 6 129 | 170 3309 | 272 6 498 22 24 461 | 49 54 1419 | 76 24 2801
72 6 135 172 12 321 | 274 6 504 23 0 461 | 50 84 1503 | 77 96 2897
74 6 141 | 178 6 327 | 280 6 510 24 24 485 |51 48 1551 | 718 48 2945
80 3 144 | 180 6 333 | 284 12 522 25 30 515 |52 24 1575 | 719 0 2945
82 6 150 | 184 6 339 | 288 6 528 26 72 587 |53 72 1647 | 80 24 2969
C. A, with respect to center of triangle B. Z3 with respect to midpoint of edge
Definition. With the origin at the center of a triangle, 4, Definition, With the origin at the midpoint of an edge,
consists of the points?? Z: consists of the points
Yi,j k) :i,j, k=1 (mod 3),i +j+ k =0. (34)
Table 8. Z* with respect to mid-point of edge.
Theta series (Table 6):
0P 0ela®) + 5P 05(a") nt Sy Gy | a=t Sy Goo|n= S G
=3¢%" + 3¢*° + 6¢'/° + .. (35) 2 2] 27 24 610 54 32 1686

8 10 28 32 642 55 64 1750
10 20 29 40 682 56 50 1800
8 28 30 26 708 57 40 1840
16 44 31 48 756 58 48 1888
804 59 48 1936
10 70 33 16 820 60 48 1984

V. CUBIC LATTICE (23) 24 94| 34 32 852 61 56 2040
16 110 | 35 32 84| 62 48 2088

3
A. 22 with respect to lattice point 8 18| 3 32 o | 6 16 210

Definition. With the origin at a lattice point, the simple 10 32 150 | 37 56 972 | 64 64 2168

; o (73 ; : 11 24 174 | 38 48 1020 | 65 72 2240
cubic lattice (Z°) consists of the points 12 18 192 | 39 24 1044 | 68 32 2972

(36) 13 24 216 40 64 1108 67 88 2360

i4 16 232 41 32 1140 68 32 2392
15 24 256 42 26 1166 69 24 2416
16 32 288 43 56 1222 70 80 2496

Group: order 6-all permutations. Example: there are six per-
mutations of ( — 3, %, §).

O DR W —O
o
o
N
«
w
%3
N
o0

{6,j, k) :i,J, k integers.

The minimal norm is 1. The theta series {see Table 7) is

3 _ 2 3, 17 32 320 44 16 1238 71 64 2560

Oi(q) =1+ 6q + 12" + 8¢” + -, (37) 18 16 336 | 45 40 1278 | 72 34 2594

and the coefficients .S, give the numbers of ways of writing n 19 32 368 ) 46 64 1342 | 73 72 2666
£ thr 24 Th, ¢ has ord 20 34 402 | 47 64 1406 | T4 64 2730

as a sum o t‘ ee squares.** The symmetry group has order 216 418 | 48 16 1422| 15 32 1762
48 and contains all permutations and sign changes. For ex- 22 48 466 | 49 40 1462 | 16 64 2826
ample, 210 represents the 24 points consisting of all permu- 23 16 482 | 50 48 1510 | 77 48 2874
tations of ( 4 2, + 1,0). As examples of the midpoint of an 24 16 498 | 51 32 1542 78 32 2906
edge, th ter of a square and the center of a cube we ma 2556 554 52 80 1622 19 40 2946
8¢, Lhe center ok a sq y 26 32 58 | 53 32 1654 | 80 80 3026

take (3,0,0), (1,4,0) and (3,1,3), respectively.
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Y4,), k)i odd, k even. (38)
Theta series (Table 8):
0:(q)05(a)* = 24" + 8¢°'* + 10g°"% 4 . (39)

Group: order 16-swap j and k; all sign changes. Example:
(3,2,1) represents the 16 points (+4,+2,+1)
(x4 £ 1L 1+2)

C. Z3 with respect to center of square face

Definition. With the origin at the center of a square face,
Z3 consists of the points

i,/ k):4,j odd, k even. {40)
Theta series (Table 9):
0:(q)65lg) = 44" + 877 + 8¢°7 + . (41)

Group: order 8-swap / and j; all sign changes. Example:
33 1) represents the 16 points (3 %3 +1)
(L3 1)

D. Z3 with respect to center of cube

Definition. With the origin at the center of a cube (i.e., at
a deep hole), Z* consists of the points

3ij, k) :ij, k odd. (42)
Theta series (Table 10):
92(q)3 — 8q3/4 + 24q11/4 + 24ql9/4 4 oo (43)

Group: order 48-all permutations and sign changes. Exam-
ple: (3, 3, }) represents the 48 points consisting of all permuta-
tions of { + 24, + 14, + 4).

Table 9. Z° with respect to center of square face.

n=2 Sy, Gy | n—"2 S, G, n=tY2 S, Ga

] 4 4 27 48 624 54 40 1692
i 8 12 28 32 656 55 48 1740
2 8 20 29 24 680 56 32 1772
3 16 36 30 40 720 57 80 1852
4 12 48 31 48 768 58 72 1924
5 8 56 32 16 784 59 32 1956
6 24 80 33 56 840 60 44 2000
7 16 96 34 32 872 61 48 2048
8 16 112 35 16 888 62 48 2096
9 24 136 36 64 952 63 64 2160

10 16 152 37 40 992 64 32 2192
11 16 168 38 32 104 65 24 2216
12 28 196 39 32 1056 66 80 2296
13 32 228 40 36 1092 67 64 2360
14 8 236 41 40 1132 68 48 2408
48 1180 69 56 2464
16 32 300 43 48 1228 70 32 2496
17 16 316 44 32 1260 71 48 2544
18 40 356 45 48 1308 72 80 2624
19 16 372 46 48 1356 73 56 2680
388 47 16 1372 74 24 2704
21 40 428 48 80 1452 75 48 2752
22 40 468 49 40 1492 76 80 2832
23 32 500 50 24 1516 77 32 2864
24 36 536 51 80 1596 78 104 2968
25 16 552 52 32 1628 79 48 3016
26 24 576 53 24 1652 80 32 3048

Table 10. Z> with respect to center of cube.

n=e Sy, G, | n= S, G, | n- S, G

Y 8 8 54 96 1736 | 108 96 4776

2 24 32 56 120 1856 | 110 120 4896

4 24 56 58 48 1904 | 112 144 5040

6 32 88 60 104 2008 | 114 192 5232

8 48 136 62 168 2176 | 116 168 5400
10 24 160 64 9 2272 | 118 120 5520
12 48 208 66 48 2320 | 120 96 5616
14 72 280 68 120 2440 | 122 216 5832
16 24 304 70 72 2512 124 72 5904
18 56 360 72 96 2608 | 126 104 6008
20 72 432 74 192 2800 | 128 144 6152
22 48 480 76 72 2872 | 130 120 6272
24 72 552 78 144 3016 | 132 216 6488
26 72 624 80 9 3112 | 134 216 6704
28 48 672 82 72 3184 | 136 72 6776
30 48 720 84 144 3328 | 138 96 6872
32 120 840 86 120 3448 | 140 216 7088
34 72 912 88 96 3544 | 142 120 7208
36 56 968 90 104 3648 | 144 192 7400
38 96 1064 92 192 3840 | 146 168 7568
40 24 1088 94 72 3912 | 148 96 7664
42 120 1208 96 120 4032 | 150 120 7784
44 120 1328 98 192 4224 | 152 240 8024
46 48 1376 | 100 48 4272 | 154 120 8144
48 96 1472 | 102 144 4416 | 156 96 8240
50 96 1568 | 104 216 4632 | 158 240 8480
52 72 1640 | 106 48 4680 | 160 72 8552

VI. FACE-CENTERED CUBIC LATTICE (fcc)
A. fcc with respect to lattice point

Definition. With the origin at a lattice point, the face-
centered cubic lattice (fcc) consists of the points

(i,jsk):i+Jj+k even. (44)

Table 11. FCC with respect to lattice point.

n S, G, n S, G, n Sh G,

0 I 1 54 96 887 | 108 32 2347

2 12 13 56 48 935 | 110 144 2491

4 6 19 58 24 959 | 112 0 2491

6 24 43 60 0 959 | 114 96 2587

8§ 12 55 62 96 1055 | 116 72 2659
10 24 79 64 6 1061 | 118 72 2731
12 8 87 66 96 1157 | 120 48 2779
14 48 135 68 48 1205 | 122 120 2899
16 6 141 70 48 1253 | 124 0 2899
18 36 177 72 36 1289 | 126 144 3043
20 24 201 74 120 1409 | 128 12 3055
22 24 225 76 24 1433 | 130 48 3103
24 24 249 78 48 1481 | 132 48 3151
26 72 321 80 24 1505 | 134 168 3319
28 0 321 82 48 1553 | 136 48 3367
30 48 369 84 48 1601 { 138 96 3463
32 12 381 8 120 1721 | 140 48 3511
34 48 429 88 24 1745 | 142 48 3559
36 30 459 90 120 1865 | 144 30 3589
B 72 531 92 0 1865 | 146 192 3781
40 24 555 94 96 1961 | 148 24 3805
42 48 603 96 24 1985 | 150 120 3925
44 24 627 98 108 2093 | 152 72 3997
46 48 675 | 100 30 2123 | 154 96 4093
48 8 683 | 102 48 2171 | 156 0 4093
50 84 767 | 104 72 2243 | 158 9 4189
52 24 791 | 106 72 2315 | 160 24 4213
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The minimal norm is 2. The theta series (see Table 11) is?®

§63(aP + 64af) = 1 + 124> + 64° + -, (45)

and consists of the even powers of ¢ in 6,(¢g)°. The symmetry
group has order 48 and contains all permutations and sign
changes. For example, 310 represents the 24 points consist-
ing of all permutations of { + 3, 4+ 1,0). As examples of the
midpoint of an edge, the center of a triangle, the center of a
tetrahedral (or shallow) hole, and the center of an octahedral
(or deep) hole we may take (4,1,0), 34,3}, (3.3,3), and (1,0,0)
respectively.

B. fcc with respect to midpoint of edge

Definition. With the origin at the midpoint of an edge,
the fcc consists of the points

1, j,k):4i,j odd, k even,

i+j+ k=2 (mod4). (46}
Theta series (Table 12):
16,(0)°05q) = 24" + 2¢°% + 4¢°* + .. 47)

Group: order 8-swap i and j; negate k; negate whole vector.
Example: (3, — 4,2) represents the 8 points

+ (i, - %:2): + (i’ - 5: - 2)1 + ( - 57392)9 + ( - i!%r - 2)'

C. fcc with respect to center of triangle

Definition. With the origin at the center of a triangle, the
fec consists of the points

Wi, j, k)i, j, k==1(mod 3),
i+j+ k=0{mod 6). {48)

Table 12. FCC with respect to mid-point of edge.

n-2 Sy Gy | n=2 S, G, | n~Vz S, G,

0 2 2 27 24 312 54 20 846
1 4 6 28 16 328 55 24 870
2 4 10 29 12 340 56 16 886
3 8 18 30 20 360 57 40 926
4 6 24 3 24 384 58 36 962
5 4 28 32 8 392 59 16 978
6 12 40 33 28 420 60 22 1000
7 8 48 34 16 436 61 24 1024
8 8 56 35 8 444 62 24 1048
9 12 68 36 32 476 63 32 1080
10 8 76 37 20 496 64 16 1096
11 8 84 38 16 512 65 12 1108

12 14 98 39 16 528 66 40 1148
13 16 114 40 18 546 67 32 1180
14 4 118 41 20 566 68 24 1204
15 16 134 42 24 590 69 28 1232
16 16 150 43 24 614 70 16 1248
17 8 158 44 16 630 71 24 1272
18 20 178 45 24 654 72 40 1312
19 8 186 46 24 678 73 28 1340
20 8 194 47 8 686 74 12 1352
21 20 214 48 40 726 75 24 1376
22 20 234 49 20 746 76 40 1416
23 16 250 50 12 758 77 16 1432
24 18 268 51 40 798 78 52 1484
25 8 276 52 16 814 79 24 1508
26 12 288 53 12 826 80 16 1524

Table 13. FCC with respect to center of triangle.

3n/2 S, G, |3m/2 S, G, |32 S, G,
1 3 3 28 6 167 55 12 475
2 1 4 29 18 185 56 6 481
3 3 7 30 6 191 57 18 499
4 3 10 31 18 209 58 0 499
5 6 16 32 1 210 59 24 523
6 3 19 33 12 222 60 12 535
7 6 25 34 6 228 61 18 553
8 1 26 35 12 240 62 6 3559
9 9 35 36 9 249 63 18 577

10 0 35 37 18 267 64 3 580
11 12 47 38 6 2713 65 24 604
12 3 50 39 18 291 66 6 610
13 6 56 40 0 291 67 24 634
14 6 62 41 18 309 68 6 640
15 12 74 42 0 309 69 24 664
16 3 77 43 12 321 70 12 676
17 6 83 44 12 333 71 36 712
18 3 86 45 18 351 72 3 715
19 12 98 46 12 363 73 12 727
20 6 104 47 12 375 74 0 727
21 12 116 48 3 378 75 21 748
22 6 122 49 21 399 76 12 760
23 12 134 30 7 406 7 12 772
24 3137 51 24 430 78 12 784
25 15 152 52 6 436 79 30 814
26 0 152 53 18 454 80 6 820
27 9 161 54 9 463 81 27 847

Theta series (Table 13):

0@ Weld* Wsla®) + 65(a°1la*)s(q")
= 3q2/3 +q4/3 + 3q2 + 3q8/3 4 oo (49)

Table 14. FCC with respect to center of tetrahedral hole

and BCC with respect to midpoint of edge
(for the latter, divide S, and G, by 2).

n=% S, Gy | n=¥ S, G, n=% Sy G
0 4 4 54 48 868 108 48 2388
2 12 16 56 60 928 110 60 2448
4 12 28 58 24 952 112 72 2520
6 16 44 60 52 1004 114 96 2616
8 24 68 62 84 1088 116 84 2700

10 12 80 64 48 1136 118 60 2760
12 24 104 66 24 1160 120 48 2808
14 36 140 68 60 1220 122 108 2916
16 12 152 70 36 1256 124 36 2952
18 28 180 72 48 1304 126 52 3004
20 36 216 74 96 1400 | 128 72 3076
22 24 240 76 36 1436 130 60 3136
24 36 276 78 72 1508 132 108 3244
26 36 312 80 48 1556 134 108 3352
28 24 336 82 36 1592 136 36 3388
30 24 360 84 72 1664 138 48 3436
32 60 420 86 60 1724 140 108 3544
34 36 456 88 48 1772 142 60 3604
36 28 484 90 52 1824 144 96 3700
38 48 532 92 96 1920 | 146 84 3784
40 12 544 94 36 1956 | 148 48 3832
42 60 604 96 60 2016 | 150 60 3892
44 60 664 98 96 2112 152 120 4012
46 24 688 100 24 2136 154 60 4072
48 48 736 102 72 2208 156 48 4120
50 48 784 | 104 108 2316 158 120 4240
52 36 820 106 24 2340 160 36 4276
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Group: order 6-all permutations. Example: ( — 3, — 4,1) rep-
resents the six points consisting of all permutations of

(=13 —34).

D. fcc with respect to center of tetrahedral hole

Definition. With the origin at the center of a tetrahedral
{or shallow) hole, the fcc consists of the points

Vi j, k) i), k odd,

i+j+ k=1 (mod4). (50)
Theta series (Table 14):
;92{4)3 =4q3/4 + 12q1114 + 12q19/4 e (51)

Group: order 24-all permutations, and the signs of any two
coordinates can be changed. Example: { — 1,3,}} represents
the 24 points consisting of all permutations of

(—35144), (34 — 134), 34,14, — 4, (=34, — 14, — J)

E. fcc with respect to center of octahedral hole

Definition. With the origin at the center of an octahe-
dral (or deep) hole, the fcc consists of the points

(l,j, k):i+j+k odd. (52)
Theta series (Table 15):
165(q)° — 64(q)) = 64 + 8¢” + 24¢° + -, (53)

the odd powers of g in 8,(¢g)*. Group: order 48-all permuta-
tions and sign changes. Example: 421 represents the 48
points consisting of all permutations of ( + 4, + 2, + 1).

Table 15. FCC with respect to center of octahedral hole.

n S, G, | n S, G, n S, G,

1 6 6 55 0 856 | 109 72 2454

3 8 14 57 48 904 | 111 0 2454

5 24 38 59 72 976 | 113 96 2550

7 0 38 61 72 1048 | 115 48 2598

9 30 68 63 0 1048 | 117 120 2718
11 24 92 65 96 1144 | 119 0 2718
13 24 116 67 24 1168 | 121 78 2796
15 0 116 69 96 1264 | 123 48 2844
17 48 164 71 0 1264 | 125 144 2988
19 24 188 73 48 1312 | 127 0 2988
21 48 236 75 56 1368 [ 129 144 3132
23 0 236 77 96 1464 | 131 120 3252
25 30 266 79 0 1464 | 133 48 3300
27 32 298 81 102 1566 | 135 0 3300
29 72 370 83 72 1638 | 137 96 3396
31 0 370 85 48 1686 | 139 72 3468
33 48 418 87 0 1686 | 141 96 3564
35 48 466 89 144 1830 | 143 0 3564
37 24 490 91 48 1878 | 145 96 3660
39 0 490 93 48 1926 | 147 56 3716
41 96 586 95 0 1926 | 149 168 3884
43 24 610 97 48 1974 | 151 0 3884
45 72 682 99 72 2046 | 153 144 4028
47 0 682 ) 101 168 2214 | 155 96 4124
49 54 736 | 103 0 2214 | 157 72 4196
51 48 784 | 105 96 2310 | 159 0 4196
53 72 856 | 107 72 2382 | 161 192 4388
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Vil. HEXAGONAL CLOSE PACKING (hcp)
A. hcp with respect to a point of the packing

Definition. The hexagonal close packing (hcp) is not it~
self a lattice, but may be regarded as the union of a lattice L
and a translate L '. With the origin at a point of the hcp, the
lattice L consists of the points

(,j, k,2la):i +j+ k=0, (54)
where a = 2/4/3, and L' is the translate of L by the vector
(& — 4 — La) (55)

Equivalently, L ' consists of the points
( 3i—1 3—1 3k+2
37 3 73

(20 + I}a) idj+ k=0,
(56)

Remarks. (1). Weare using four coordinates to describe these

three-dimensional packings, in order to obtain a more sym-

metrical definition. To recover three-dimensional coordi-
nates, multiply the vectors (54)—{56) by the matrix

1 0 0

0 0 0

1o=d | &
2 2

0 0 1

(2} L is the direct product of the hexagonal lattice 4, de-
scribed by the first three coordinates [see Eq. (29)] and a one-
dimensional lattice with points spaced at a distance of

2a = 4/y3 apart.

Table 16. HCP with respect to point of packing.

nf2 S, G, | 3n/2 S, G, |32 8, G,

0 1 1 43 6 311 80 12 811

3 12 13 44 24 335 81 42 853

6 6 19 45 12 347 82 6 859

8 2 21 46 12 359 83 12 871

9 18 39 47 24 383 84 24 895
11 12 51 48 6 389 85 12 907
12 6 57 49 12 401 87 12 919
15 12 69 51 24 425 89 36 955
17 12 81 53 24 449 91 12 967
18 6 87 54 18 467 92 24 991
19 6 93 55 12 479 93 72 1063
20 12 105 56 12 491 94 12 1075
21 24 129 57 24 515 95 24 1099
22 6 135 59 12 527 97 12 1111
25 12 147 61 12 539 99 48 1159
27 12 159 63 36 575 101 24 1183
29 24 183 65 24 599 | 102 24 1207
30 12 195 66 12 611 105 24 1231
3 12 207 67 18 629 | 107 12 1243
32 2 209 68 12 641 108 18 1261
33 12 221 69 24 665 | 109 24 1285
34 6 227 70 12 677 | 111 72 1357
35 24 251 71 48 725 1 113 12 1369
36 6 257 72 2 727} 114 24 1393
37 12 269 75 36 763 | 115 12 1405
39 24 293 78 24 787 | 116 36 1441
41 12 305 79 12 799 | 117 36 1477
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The minimal norm of the hcp is 2. The theta series (Ta-
ble 16) is?¢

0:(¢"5"){ 0,la*Welq®) + 6:(a7)¢(a°)}
+ 65(¢'%"%){6,(¢°)6,(¢°) + 6,(g7)05(¢°)}
=1+ 124"+ 6¢* +2¢° + -, (58)

where the first expression enumerates the points in L', the
second the points in L. The symmetry group of L has order
24, and contains all permutations of the first three coordi-
nates, negation of the fourth coordinate, and negation of the
whole vector. The symmetry group of L * has order 12, and
contains all permutations of the first three coordinates, and
negation of the fourth coordinate (but not negation of the
whole vector). For example, the L-type vector 110.2a repre-
sents the 12 points

+(—1,1,0, + 4/43), +{
i (O, - 1:1, i 4/\/§)9

- 150,1: :t 4/\/5)7

while the L '-type vector (2/3, 1/3, 1/3, a)represents the six
points

&— 14— L£2/3)0(— 44— L £2/43)

(= & — 3 £ 2/3).

In the hep there are two kinds of edges, edges within a layer
(i.e., edges in L or L ') and edges between layers (i.e., edges
joining L to L'). There are three kinds of triangles: triangles
separating two tetrahedral holes, triangles separating two
octahedral holes, and triangles between a tetrahedral and an
octahedral hole (the first two types are found in both L and
L', while the third type joins L to L '). As examples of mid-
points of the two kinds of edges, the centers of the three kinds
of triangles, the center of a tetrahedral hole, and the center of
an octahedral hole we take

edges: (4 — 400} (— 4 — bhia)
triangles: (3, — 1, — 4,0), ( — %11,0)
tetrahedral hole: (3, — 4, — §, ja),
octahedral hole: ( — 3%,4,3,4a).

'y (é&&; - a;?);

B. hep with respect to midpoint of edge within a layer

Definition. If the origin is at the midpoint of an edge of
the hcp within a layer, L consists of the points

jodd, k even,i+4j+ k=0 (59)
[compare Eq. {32}], L’ consists of the points
i j k )
—,— 2l +1

( 666 A2+ 1

i, j=1 (mod 6), k = — 2 (mod 6), (60)

i+j+k=0
and the hcp is the union of these two sets. Theta series (Table
17):

N. J. A. Sloane and B. K. Teo: Magic numbers for spherical clusters

Table 17. HCP with respect to mid-point of edge within layer.

6n S, Gy 6n S, G, 6n S» G,
3 2 2 97 2 140 | 163 8 302
9 4 6 99 8 148 | 165 4 306

15 4 10 | 103 4 152 | 167 8§ 314

21 8 18 | 105 4 156 | 169 4 318

27 6 24 1 107 4 160 [ 171 8 326

33 2 26 | 109 4 164 | 175 4 330

35 4 30 | 111 8 172 | 177 6 336

39 8 38 | 113 4 176 | 179 12 348

41 4 42 | 115 4 180 | 181 4 352

45 4 46 | 117 8 188 | 183 8 360

51 4 50 | 121 6 194 | 185 8 368

53 8 58 [ 125 8 202 | 189 8 376

57 10 68 | 129 6 208 | 191 8 384

59 4 72 | 131 4 212 | 193 2 386

63 4 76 | 133 4 216 | 199 4 390

69 4 80 | 135 4 220 | 201 10 400

71 8 88 | 137 4 224 | 203 12 412

73 2 90 | 139 4 228 | 205 8 420

75 6 96 | 141 8 236 | 207 8 428

79 4 100 | 143 8 244 | 209 4 432

81 6 106 | 145 4 248 | 211 4 436

85 4 110 | 147 10 258 | 213 4 440

87 4 114 | 149 16 274 | 215 8 448

89 8 122 | 151 4 278 | 219 12 460

91 4 126 | 155 4 282 | 221 16 476

93 4 130 | 159 4 286 | 223 4 480

95 8 138 | 161 8 294 | 225 12 492

62(‘116/3){02(9'2 10:(a°) + 05(¢°)¥slg )}

+ 4 0:q)0:(g°'96s(g"")

- qul'i + 443/2 + 4qS/2 + 8q712 o (61)
Group of L: order 8-swap i and j, negate fourth coordinate,
negate whole vector. Group of L ': order 4-swap / and j, ne-
gate fourth coordinate. Example: the L '-type vector
{3 — #, — %, a) represents the four points

B—3—3+£2/8),(— 34— % £ 2/4B).

C. hep with respect to midpoint of edge between layers

Definition. If the origin is at the midpoint of an edge
between layers, the hep consists of the points

6i+1 6+1 6k—2 4::-1). .
y al: k=0.
i( 6 6 6 2 Pyt

(62)
Now there is no reason to distinguish between the subsets L
and L. (Incidentally this is the simplest description of the

hexagonal close packing we have seen.) Theta series (Table
18):

0aAa* ") 6:a"W5(a°) + O5la”Wela®))
— 2q1i2 4q3/2 4q5/2 2q19i6 4 e, (63)

Group: order 4-swap i and j; negate whole vector. Example:
there are four equivalent points

:t(éﬁ_ é'— 3’1/\/5)' Zt(_ é’é’" 3’1/‘/3)

s 2
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Table 18. HCP with respect to mid-point of edge between layers.

6n S, G, 6n S, G, 6n S, G,
3 2 2 93 12 132 181 8 350
9 4 6 97 4 136 183 12 362

15 4 10 99 12 148 1387 8 370

19 2 12 105 8 156 189 12 382

21 4 16 109 8 164 193 8 390

25 4 20 111 12 176 195 8 398

27 2 22 115 4 180 199 8 406

31 4 26 117 8 188 201 12 418

33 4 30 121 4 192 205 4 422

37 4 34 123 8 200 207 8 430

39 4 38 127 4 204 211 10 440

43 2 40 129 12 216 213 8 448

45 4 44 135 12 228 217 4 452

49 4 48 139 2 230 219 16 468

51 8 56 141 16 246 223 4 472

55 4 60 145 4 250 225 12 484

57 4 64 147 10 260 229 8 492

61 4 68 151 8 268 231 16 508

63 8 76 153 8 276 235 12 520

67 6 82 157 4 280 237 4 524

69 8 90 159 12 292 241 8 532

75 6 96 163 2 294 243 10 542

79 4 100 165 8 302 247 4 546

81 8 108 169 8 310 249 20 566

85 4 112 171 12 322 253 8 574

87 4 116 175 8 330 255 8 582

91 4 120 177 12 342 259 8 590

D. hep with respect to center of triangle between
tetrahedra

Definition. If the origin is at the center of a triangle
separating two tetrahedra, L consists of the points

(i Lk ,21a): i,j, k=1 {mod 3),

3'373
i+j+k=0,

[compare Eq. (34)], L consists of the points
(hj k,2I+1)a):i+j+ k=0

[compare Eq. (29)], and the hcp is the union of these two sets.
Theta series (Table 19):

0,(9"*"*){0:(¢)6,(¢°) + 65(7)65(¢°)}
+ 65(g 16,3) { 02(q2)¢6(46) + 93(42)'/’3(46)}
= 3754 25 4 3¢9 (o4

Group of L: order 12-all permutations of i, j, k, negate fourth
coordinate. Group of L ": order 24-all permutations of 7, j, X,
negate fourth coordinate, negate whole vector. Example:
there are six equivalent L-type points

(1, — 3% — 3, £4/3), (— 414, — 3, £ 4/\3),
(= & — 314, £44f3).
E. hcp with respect to center of triangle between two

octahedra

Definition. If the origin is at the center of a triangle
separating two octahedra, L consists of the points

(31‘-1 J—1 3k+2
3 7 3 7 3

,2na):i+j+k=0,

Table 19. HCP with respect to center of triangle between tetrahedra.

3n/2 S, G, n/2 S, G, nf2 S, G,
1 3 3 39 48 304 77 24 786
2 2 S 41 24 328 79 18 804
4 3 8 43 6 334 81 54 858
5 12 20 45 36 370 83 12 870
7 6 26 48 6 376 84 24 894
9 6 32 49 9 385 85 12 906

11 12 44 50 14 399 86 36 942
12 6 50 51 24 423 87 12 954
13 6 56 52 6 429 88 6 960
14 12 68 53 12 441 89 24 984
15 12 80 54 12 453 91 24 1008
16 3 83 57 48 501 93 24 1032
18 2 85 59 36 537 95 24 1056
19 6 91 60 24 561 96 6 1062
21 24 115 61 6 567 97 12 1074
23 24 139 62 12 579 98 14 1088
24 6 145 63 12 591 99 48 1136
25 3 148 64 3 594 100 15 1151
27 24 172 65 24 618 101 12 1163
28 6 178 66 12 630 102 24 1187
29 12 190 67 6 636 103 18 1205
30 12 202 69 24 660 105 24 1229
31 6 208 71 24 684 107 36 1265
33 12 220 72 6 690 108 18 1283
36 18 238 73 12 702 109 18 1301
37 6 244 75 48 750 110 24 1325
38 12 256 76 12 762 111 48 1373

L’ consists of the points
(3i+1 J+1 3k-2

,(2n+1)a):i+j+k=0,

37 3 7 3

and the hcp is the union of these two sets. Theta series (Table

Table 20. HCP with respect to center of triangle between octabedra.

3n/2 S, G, nf2 S, G, nf2 S, G,

1 3 3 46 12 366 88 6 954
3 6 9 48 6 372 41 36 990
4 3 12 49 21 393 93 48 1038
6 6 18 51 48 441 94 12 1050
7 6 24 52 6 447 96 6 1056
9 18 42 54 18 465 97 24 1080
12 6 48 55 12 477 99 72 1152
13 6 54 57 36 513 100 15 1167
15 24 78 60 24 537 102 24 1191
16 3 81 61 18 555 103 18 1209
18 6 87 63 36 591 105 48 1257
19 12 99 64 3 594 108 18 1275
21 24 123 66 12 606 109 42 1317
22 6 129 67 24 630 111 60 1377
24 6 135 69 48 678 112 6 1383

25 15 150 70 12 690 114 24 1407
27 18 168 72 6 696 115 24 1431
28 6 174 73 12 708 117 36 1467
30 12 186 75 42 750 118 6 1473
31 18 204 76 12 762 120 12 1485
33 24 228 78 24 786 121 33 1518
34 6 234 79 30 816 123 48 1566
36 18 252 81 54 870 124 18 1584
37 18 270 82 6 876 126 36 1620
39 36 306 84 24 900 127 18 1638
43 12 318 85 24 924 129 60 1698
45 36 354 87 24 948 130 12 1710
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20):
65(¢*°){6:(a°W6la®) + 65(a7)¥5(¢%)}

=3¢°" + 6" +3¢°° + . (65)
Group: order 6-all permutations of first three coordinates;
negate fourth coordinate. Example: there are six equivalent
points

@’_ i,_ -&,j:Z/\/g),(— §,§,—- iy:tZ/\/g)’

( - i’ - iyis :I: 2/\/§)'

F. hcp with respect to center of triangle between layers

Definition. If the origin is at the center of a triangle
between two layers, i.e., a triangle separating a tetrahedron
and an octahedron, L consists of the points

%i—1 9—1 9%+2 6n—2> o
’ ’ ’ —a |l k=0,
( 9 9 9 3 i

L’ consists of the points
(91'—4 9% —4 9% +8 6n+1

» » ’

9 9 9 3

and the hep is the union of these two sets. Theta series (Table
21):

¢3(qm/3) { 62(‘12)¢18/7(q6) + 63(¢°1slg°) }

+ ¢6(q16/3){02(‘12)¢18(q6) + 63(42)!1’9/5(96)}-

— 3q2/3 + q4/3 4 3q2 J e, (66)
Group: order 2-swap first two coordinates. Example: there

a):i+j+k=0,

Table 21. HCP with respect to center of triangle between layers.

om/2 S, G, |omi2 S, G, |on s, G,
303 3| 43 3 64| 76 3 149
6 1 4| 4 1 65| 77 6 155
9 3 7| 45 6 M| 19 4 159

11 8| 41 4 75{ s 2 16l
12 2 10| 49 4 19| 8 2 163
15 4 14| 50 2 81| 8 3 166
17 2 16| st 2 8| 8 8 174
18 2 18| 52 2 8 | 8 2 176
9 2 20| 53 4 8| 8 2 1718
20 2 22| ss 2 91| 8 1 179
21 2 24| 57 5 9| 8 4 183
22 1 25| s8 2 98| 88 1 184
22 2 27| 59 2 100| 8 4 188
24 1 28| 60 2 102 9% 2 19
25 1 29| 61 4 106| 91 4 194
27 4 33| 63 2 108| 92 2 19
31 2 35| 64 1 109| 93 4 200
32 1 36| 65 4 13| 95 2 202
33 6 42| 6 3 16| 97 8 210
34 2 44| 61 5 121 98 5 215
35 4 48| 6 2 123| 99 1 216
3 1 49| 6 2 125| 100 3 219
37 2 st | 71 2 127] 100 4 223
38 1 52 72 2 129 102 2 225
39 2 54 73 9 138 103 8 233
41 s 59| 74 2 140 | 105 4 237
2 2 6| 15 6 146

are two symmetry-equivalent points
B — & — $2/3V3), (— 43 — 4.2/(33).

G. hep with respect to center of tetrahedral hole

Definition. If the origin is at the center of a tetrahedral
hole, L consists of the points

i j k
§4 b
L,jyk=1(mod3),i+j+ k=0,
where ¢ = a/4 = 1/(2y/3), L' consists of the points
) kA8l +3)):i+j+ k=0,
and the hep is the union of these two sets. Theta series (Table
22):

¥slg"**) {62 )Wla®) + 63(a7)1¥51¢%)}
+ {3 6:(¢*") — ¥5(g"*"*)} {02167)6,(6°) + 6(7)65(¢°)}
— 4q3/4 + q25/12 + 9qlll4 + . (67)

Group of L: order 6-all permutations of /, j, k. Group of L ":
order 12-all permutations of i, j, k; change ij, k to
— i, —j, — k. Example: the L -type vector (2, 1, 1, 3c) rep-
resents the six points

(21 - 11 - 1)\/§/2)’ ( - 1729 - 1’\/3/2)’

(— L —1,24/3/2), (- 2,1,14/3/2),

(1, — 2,1,y372), (1,1, — 2,/3/2).

Table 22. HCP with respect to center of tetrahedral hole.

&
X
g
)

12n S, G, | 12n S, G,

4| 265
512713

6 217 | 497 6 567
6 223 | 505 6 573
14 | 281 9 232|513 27 600
20 | 289 2 244 | 521 6 606
1
6

1
29 | 297 2 265 | 529 24 630

4

1

9

6

9
81 9 38 | 305 271 | 537 27 657
89 3 41 | 313 6 277 | 553 6 663
97 6 47 | 321 15 292 | 561 6 669
105 18 65 | 329 12 304 | 569 12 681
113 3 68 | 337 30 334 | 577 18 699
121 7 75 | 345 18 352 | 585 24 723
129 3 78 | 353 3 355 ) 593 3 726
137 6 84 | 361 1 35 | 609 24 750
145 6 90 | 377 12 368 | 617 15 765
153 12 102 | 385 12 380 | 625 30 795
169 1 103 | 393 27 407 | 633 27 822
177 15 118 | 409 12 419 | 641 6 828
185 6 124 | 417 9 428 | 649 6 834
193 24 148 | 425 9 437 | 657 24 858
201 9 157 | 433 18 455 | 665 6 864
209 3 160 | 441 16 471 | 673 30 894
217 6 166 | 449 6 477 | 681 39 933
225 12 178 | 457 12 489 | 689 6 939
233 9 187 ) 465 24 513 | 697 12 951
241 12 199 | 473 15 528 | 705 6 957
249 9 208 | 481 24 552 | 713 12 969

3

211 | 489 9 561 | 721 6 975
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Table 23. HCP with respect to center of octabedral hole.

3n S, G, 3n S, G, n S, G,

6 6| 105 24 438 | 203 24 1170

6 12 | 107 30 468 [ 207 72 1242
11 6 18 ] 111 24 492 |1 209 12 1254

2 30 113 18 510 1 215 24 1278
17 6 36 | 119 12 522 | 219 48 1326
23 12 48 | 123 48 570 | 225 42 1368
27 18 66 | 129 24 594 1 227 30 1398
33 12 78 | 131 18 612 | 231 48 1446
35 12 90 | 135 36 648 | 233 30 1476
39 24 114 | 137 18 666 | 239 24 1500
41 6 120 ] 143 24 690 | 243 54 1554
47 12 132 | 147 54 744 | 249 36 1590
51 24 156 | 153 36 780 | 251 18 1608
5T 24 180 ) 155 24 804 | 255 48 1656
59 6 186 | 159 36 840 | 257 18 1674
63 36 222 | 161 12 852 ] 263 48 1722
65 12 234 | 167 24 876 | 267 72 1794
71 12 246 | 171 36 912 | 273 48 1842
75 30 276 | 177 36 948 | 275 42 1884
81 18 294|179 18 966 | 279 36 1920
83 18 312 ) 183 72 1038 | 281 18 1938
87 36 348 | 185 12 1050 | 287 36 1974
89 6 354 | 191 24 1074 | 291 48 2022
95 24 378 | 195 48 1122 | 297 36 2058
99 36 414 | 201 24 1146 | 299 24 2082

H. hep with respect to the center of octahedral hole

Definition. With the origin at the center of an octahe-
dral hole, the hcp consists of the points

i j Kk 41+1)..k=1mm,3
i(3, 31 3 3 J§ ,z,j’ - ( ),
i+j+k=0. (68)

(Now there is no reason to distinguish between the subsets L
and L '.) Theta series (Table 23):

6,(a**){6:Aa°Weld®) + 65(a”1¥54%)}

=6g+6¢ +6¢"° +12¢° + .. (69)
Group: order 12-all permutations of /, j, k; negate whole vec-
tor. Example: there are six symmetry-related points

+(— 1433 — 1/4B) +6 — U —1/43),

+ @3 — 4~ 1/43).

Vill. BODY-CENTERED CUBIC LATTICE (bcc)
A. bece with respect to lattice point
Definition. With the origin at a lattice point, the body-
centered cubic lattice (bee) consists of the points
{(i,J, k) : i, j, k all even or all odd. (70)
The minimal norm is 3. The theta series (see Table 24) is?’
6,(q"Y + O3(g*P =14-8¢° + 64 + 12¢° + . (71)
The symmetry group has order 48 and contains all permuta-

tions and sign changes. For example, 311 represents the 24

points(+3,+ L+ 1), (£ L, £3, £ 1) (£ L, + 1, £3) As
examples of the midpoint of a (short) edge (joining two points
at distance 3 apart), the midpoint of a long edge (joining two

Table 24. BCC with respect to lattice point.

n S, Gy n S» Gy n Sn G,
0 1 1 76 24 725 | 160 24 2109
3 8 9 80 24 749 | 163 24 2133
4 6 15 83 72 821 | 164 9% 2229
8 12 27 84 48 869 | 168 448 2277

11 24 51 88 24 893 | 171 120 2397

12 8 59 91 48 941 | 172 24 2421
16 6 65 96 24 965 | 176 24 2445
19 24 89 99 72 1037 | 179 120 2565
20 24 113 | 100 30 1067 | 180 72 2637
24 24 137 | 104 72 1139 | 184 48 2685
27 32 169 | 107 72 1211 | 187 48 2733
32 12 181 | 108 32 1243 | 192 8 2741
35 48 229 [ 115 48 1291 | 195 96 2837
36 30 259 § 116 72 1363 | 196 54 2891
40 24 283 | 120 48 1411 | 200 84 2975
43 24 307 | 123 48 1459 | 203 9 3071
44 24 331 | 128 12 1471 | 204 48 3119
48 8 339 | 131 120 1591 | 208 24 3143
51 48 387 | 132 48 1639 | 211 72 3215
52 24 411 | 136 48 1687 | 212 72 3287
56 48 459 | 139 72 1759 | 216 96 3383
59 72 531 | 140 48 1807 | 219 9 3479
64 6 537 | 144 30 1837 | 224 48 3527
67 24 561 | 147 56 1893 | 227 120 3647
68 48 609 | 148 24 1917 | 228 48 3695
72 36 645 | 152 72 1989 | 232 24 3719
75 56 701 | 155 96 2085 | 235 48 3767

points at distance 2), and the center of a tetrahedral (or deep)
hole, we may take (3,4,3), (0,0,1), and (0,4,1) respectively.
(There is no configuration of three short edges forming a
triangle.)

B. bee with respect to midpoint of edge

Definition. With the origin at the midpoint of a (short)
edge, the bee consists of the points

+ Y0 J, k)2 j, k=1 (mod 4). (72)
Theta series (Table 25):
sez(q)?: — 243/4 + 6qu/4 + 6419/4 i (73)

Note that this is one-half of the theta series for the fcc with
respect to the center of a tetrahedral hole [Eq. (51)], so the
coefficients can be read from Table 14. Group: order 12-all
permutations, negate whole vector. Example: there are
six symmetry-related points +(— 33.4), + (3, — 34)
+ (b — 3

C. bee with respect to midpoint of long edge

Definition. With the origin at the midpoint of a long
edge, the bee consists of the points

Table 25.

T

Divide S, and G, of Table 14 by 2

| .
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Table 26. BCC with respect to mid-point of long edge.

n S, G, n S, G, n Sh Gn

1 2 2 54 32 444 | 109 24 1186
2 4 6 57 16 460 ( 110 48 1234
5 8 14 58 8 468 | 113 32 1266
6 8 22 61 24 492 | 114 32 1298
9 10 32 62 32 524 | 117 40 1338
10 8 40 65 32 556 | 118 24 1362
13 8 48 66 32 588 ( 121 26 1388

14 16 64 69 32 620 | 122 40 1428
17 16 80 70 16 636 | 125 48 1476
18 12 92 73 16 652 | 126 48 1524
21 16 108 74 40 692 | 129 48 1572
22 8 116 77 32 724 | 130 16 1588
25 10 126 78 16 740 | 133 16 1604
26 24 150 81 34 774 | 134 56 1660
29 24 174 82 16 790 | 137 32 1692
30 16 190 85 16 806 | 138 32 1724
33 16 206 86 40 846 | 141 32 1756
34 16 222 89 48 894 | 142 16 1772
37 8§ 230 90 40 934 | 145 32 1804
16 950 | 146 64 1868
41 32 286 94 32 982 | 149 56 1924
42 16 302 97 16 998 | 150 40 1964
45 24 326 98 36 1034 { 153 48 2012
46 16 342 | 101 56 1090 | 154 32 2044
49 18 360 | 102 16 1106 [ 157 24 2068
50 28 388 ) 105 32 1138 | 158 32 2100
53 24 412 [ 106 24 1162

{i,j, k):i,j evenand k odd

or i,j oddand k even. (74)
Theta series (Table 26):
16,(9)0,(¢%) =29 + 4¢° + 8¢" + . (75)

Group: order 16-swap i and}j, all sign changes. Example: 312
represents the 16 points (+ 3, +1, +2),(+ 1, +£3, +2)

D. bec with respect to center of tetrahedral hole

Definition. With the origin at the center of a tetrahedral
(or deep) hole, the bee consists of the points

i(i,j, k) : either (i, j, k)=(2,0,1) (mod 4)

or (i, k)=(0,2, — 1) (mod 4). (76)
Theta series (Table 27):
1 6,(q)0,(g7 = 4g°* + 4g™"* + 874 4 . (77)

Group: order 8-swap i, j and simultaneously negate k; negate
i; negate j. Example: (2,1,}) represents the 8 points
(i2v:t lyi)r(:t lv:tz"_ i)

IX. DERIVATION OF THETA SERIES

We illustrate the calculation of the preceding theta se-
ries with two examples.

A. Theta series of A, with respect to lattice point

In view of Eq. (29), a typical point of 4, has coordinates
(hj» —i—Jj) and norm 7477+ (i +jf =2 +§ +7).

Table 27. BCC with respect to center of tetrahedral hole.

n=ss Sy G, | n=% S, G, n=s4 S, G,

4 4 54 32 444 108 40 1216
4 8 56 20 464 | 110 16 1232
8 16 58 24 488 112 24 1256
2 28 60 28 516 | 114 60 1316
4 32 62 8 524 | 116 32 1348
10 12 44 64 36 560 | 118 36 1384
12 12 56 66 44 604 | 120 40 1424
14 12 68 68 12 616 122 24 1448
16 16 84 70 32 648 124 32 1480
18 16 100 72 36 684 | 126 60 1540
20 8 108 74 16 700 | 128 24 1564
22 8 116 76 24 724 | 130 40 1604
24 28 144 78 20 744 132 24 1628
26 12 156 80 28 772 134 20 1648
28 20 176 82 20 792 1 136 60 1708
30 24 200 84 56 848 138 36 1744
32 8 208 8 28 876 { 140 24 1768
34 16 224 88 16 892 142 32 1800
36 28 252 90 40 932 | 144 56 1856
38 12 264 92 20 952 146 32 1888
40 16 280 94 40 992 148 24 1912
42 28 308 96 44 1036 150 52 1964
44 20 328 98 12 1048 152 20 1984
46 32 360 | 100 36 1084 154 64 2048
48 20 380 | 102 40 1124 156 72 2120
50 16 396 104 20 1144 158 28 2148
52 16 412 106 32 1176 160 32 2180

1

Therefore the theta series (2) is

N N IR N N U
2 X4 > X7 -

i= — wj= — i=—wj= —ow

The terms in which j is even, j = 2n say, contribute

S ¢ =04q%0(a")

n= -- o0

0

S

k= —
where k = i + n, using Eq. (5). Similarly the terms in whichj
is odd contribute 6,(¢*)8,(¢%), and their sum is Eq. (31).

B. Theta series of hcp with respect to midpoint of edge
within a layer

From Eq. (59), a typical point of L has coordinates
m+3 n—4 —m—n, 4//\3), where we have put
i=2m+1,j=2n—1,k= —i—j. This has norm

(m+ 32+ (n— 4>+ (m +n)* 4+ 161%/3

2 2 2
=2(m+i+i) +i(n—i) LU

2 4 2 2 3
Thus the contribution from L to the theta series is
i i i q2(m 4 n/2 + 1/4) + (3/2)(n — 1/2)* + 161%/3
m= —oon=—ol=—w

=0,(q 16/3) i i qz‘"‘ + /2 + 1/4) + (3/2)n — 172

m= —ooh= —

The terms in which 7 is even, n = 2v say, contribute

o o0
k 2 _ 2
03(q16/3) z z qZ( + 1747 + 6(v — 1/4)
k

= — V= — w®

= O,(q 16/3)¢4(q2)'/’4(q6)»
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Table 28. Summary of number of atoms in clusters
found in each close-packing

z? 1,2.4,5,6,8,9,12,13,16,21,22,24,25,26,29,30,

32,34,37,38,40,44,45,48,49,...

A, 1,2,3,4,6,7,8,10,12,13,14,18,19,21,22,24,26,

27,30,31,34,36,37,38,42,43,48,...

2 1,2,4,7,8,10,12,19,20,27,28,32,33,36,44 48,

56,57,60,70,80,81,88,93,94,96,...

FCC | 1,2,3,4,6,7,10,13,14,16,18,19,24,25,26,28,35,
38,40,43,44,47,48,50,55,56,62,68,74,76,77,19,

80,83,84,86,87,92,98,...

HCP | 1-10,12-14,16,18-22,24-30,32-36,38-42,
44,46-52,54,56-61,64-66,68,69,71,72,75,76,

78-85,87-91,93,96,98,99,...

BCC | 1,2,4,6,8,9,14-16,22,27,28,32,34,40,44,48,51,

52,56,59,64,65,68,70,76,80,84,89,90,92,...

where k = m + v, from Eq. (7),

= }16.q 1/2)02@3 /2)93(9 16/3)» (78)
using Eq. (21). A similar argument shows that the contribu-
tion from the terms in which » is odd is also given by Eq. (78).

From Eq. (60), a typical point of L’ is
1 1 1 22041
(m+6,n+6» m-—n 3’ 7 )

with norm

1)2 ( 1)2 ( _1_)2 421 + 1)
(M+6)+n+6 +m+n+3 + 3
n\? n 1Y 16 1V
A oo+ ) 2]
('"+ 2) 7t TVt
Arguing as before, we find that the terms in which n is even
contribute

93(42 )¢6(q6)92(‘1 16/3), (79)
and the terms in which » is odd contribute
60,lq*)(g%)0:(q""). (80}

Combining Eqgs. (78)(80) leads to the desired result [Eq.
(61)).

X. SUMMARY
Table 28 is a summary, giving the numbers of atoms in
the various clusters in the six packings.

XI. APPLICATION

As stated in Sec. I A, one can find numerous applica-
tions for the magic numbers presented in this paper in many
branches of science. Here we shall illustrate one such appli-

cation in metal cluster chemistry or physics.

The enumeration of the number (and arrangement ) of
atoms within a cluster can be considered as atom counting.
The resulting magic numbers (and atomic coordinates) not
only serve as a guide to large close-packed cluster architec-
tures (size and shape), but also are extremely useful in elec-
tron counting of these clusters (viz. in elucidating their stereo-
chemical and electronic requirements).

Within the context of the Topological Electron Count-
ing (TEC)*®*72 rule, a polyhedral metal cluster (not necessar-
ily close-packed) with S, vertices (cf. Tables 1-27) is required
to have a total of 7, topological electron pairs.*°

T,=6S, +8B,, (81)

where B, is related to the number of bonding cluster orbi-
tals.’® For a close-packed high nuclearity metal cluster, 7,

can be rewritten33234 a5

T, =6G, +K, (82)

where G, is the total number of atoms (cf. Tables 1-27) and
K is related to the B value of the “center” of the cluster. For
example, for clusters centered on an atom, an edge, a trian-
gle, a tetrahedral hole, or an octahedral hole,
K =1,5,6,6,7, respectively.’**! Using these K values and
Eqgs. (81) and (82), one can calculate the T, and B, values for
clusters derived from various lattices. For example, for the
hexagonal lattice (4,) centered on a triangle (cf. Table 6), T,
=24,42,78,114,.. and B, = 6,24,42,78,.... The first
two members of the series agree with the T, values of 24 and
42 observed in, e.g., Os;(CO);,>* and Cu,Fe,(CO),,,>6 re-
spectively. Similarly, for the fcc centered on an octahedral
hole (cf. Table 15), T, =43,91,235,415,.. and B,
=17, 43,91, 235,... . The T, values of 43 and 235 agree with
the observed values of 43 in Rhg(CO),¢*” and 235 + x/2 in
[Ptss(CO)y H, ]*7*
It should be noted from these examples that B, is inti-
mately related to T',. In fact, if we take the difference of Eq.
(82) and Eq. (81), we obtain

B, =6I, +K. (83)

Since G, = S, + I,,. Now if there is a smailer cluster con-
taining G, = I, atoms,

B, =6G, +K
= Tni. (84)

In other words, in order for a cluster {(denoted by n) to com-
pletely encapsulate a smaller cluster (denoted by n’),
B, =T, . For example, the S5 =24 outer atoms in the
G5 = 38 cluster mentioned above (cf. Table 15) has a B, value
of 91 which is just sufficient to host the next smaller member
of the series with G, = 14 atoms and T, = 91 electron pairs.
If we also consider the eight atoms on the hexagonal faces of
the 38 atom cluster as surface atoms, then the 32 surface
atoms of the 38 atom cluster would instead have
B =235 — 6X32 = 43 electron pairs which is just enough
to completely encapsulate an octahedral cluster with
T, = 43 electron pairs as is indeed observed.>® We note that
this inclusion principle (and the cage size concept) has been
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pointed out in Refs. 28 and 31 (though for somewhat smaller
clusters).>* For the “bulk connection” of close-packed high
nuclearity metal clusters, see Ref. 39.
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