Graphs and Combinatorics 5, 315-325 (1989)
Graphs and
Combinatorics

© Springer-Veriag 1989

Gray Codes for Reflection Groups

JH. Conway!, N.J.A. Sloane? and Allan R. Wilks?

! Mathematics Department, Princeton University, Princeton, NJ 08540, USA
2 Mathematical Sciences Research Center, AT&T Bell Laboratories, Murray Hill, NJ 07974,
USA

Abstract. Let G be a finite group generated by reflections. It is shown that the elements of G can
be arranged in a cycle (a “Gray code”) such that each element is obtained from the previous one
by applying one of the generators. The case G = &7 yields a conventional binary Gray code. These
generalized Gray codes provide an efficient way to run through the elements of any finite reflection

group.

1. Introduction

The classical version of a Gray code is a Hamiltonian circuit through the 2" vertices
of the n-cube, or equivalently an ordering of the 2" binary vectors of length # such
that each pair of adjacent vectors {including the first and last) differ in a single
position. For the extensive literature see the bibliography. The first appearance of
the “Gray code” that we have located is in 1872 [29].

As we will show, the classical version is the special case G = &7 of the following.

Theorem. Let G be a finite group generated by reflections Ry, ..., R,,. Then there is
a Hamiltonian circuit in the Cayley diagram for G corresponding to these generators.
In other words the g = |G| elements of G can be arranged in order

{ag,ay,...,a5-1} (1)
so that for eachi (0 <i < g — 1) there is a j so that a;,, = a,R; (where a, = a,).

We call (1) a Gray code for G.

It is well-known that any group generated by reflections can be described by a
Coxeter diagram [7, 14, 15, 31]. The finite reflection groups for which the Coxeter
diagram is a connected graph are ([7], p. 193, Theorem 1) the groups 7, (n > 1),
B, (n22), D, (n=4), &, &, b, Z#,, %, #3, #, and FH(m), (m =5 or m > 7).*
These are the irreducible reflection groups. Figure 1 shows their Coxeter diagrams,

*  We follow Grove and Benson [31] in using script letters for these groups, to distinguish them
from the Lie groups and Euclidean lattices with similar names.
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Fig. 1. Coxeter diagrams for the irreducible finite reflection groups, with nodes labeled by generating
reflections (+ stands for +1, — for —1}. For &,, omit the node labeled Rg from &; for &, omit
nodes R, and R;.
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Fig. 2. Orders of irreducible reflection groups.

labeled with the generating reflection R;. (The notation is explained in §3.) The
orders of these groups are given in Fig. 2. An arbitrary finite reflection group is then
a direct product of irreducible ones.

The group «Z,_, is isomorphic to the symmetric group S, (see §3). Thus a Gray
code for «7,_, is an ordering of the n! permutations of n letters such that (if we use
the generators indicated in Fig. 1) each permutation is obtained from the previous
one by following it by one of the transpositions
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(1,2),(2,3)...,(n — 1,n) )

Such arrangements of permutations were given by Johnson [32] and Trotter [ 53]
in the early 1960’s. Other Hamiltonian circuits through all n! permutations (satisfy-
ing different constraints) arise in bell-ringing [49, 57-60]. Although several other
generalizations of Gray codes have appeared [3, 22, 33-37, 42, 48, 527, we believe
our version is new.

The theorem is proved in §2, and §3 gives some examples. In particular we
give specific Gray codes for all the examples (o, ,, o5, B,, B3, %, #3, I5(m))
in dimensions n <-3.

It is worth remarking that not all Cayley diagrams for groups contain Hamil-
tonian circuits. Rankin [49] (see also [60]) gives a necessary condition that a certain
class of groups must satisfy, and uses it to deduce for example that the Cayley
diagram for the alternating group 4 with generators (2,4,6,5,3) and (1,6, 3)(2,4, 5)
does not contain a Hamiltonian circuit.

The problem of finding Gray codes for reflection groups arose in the following
context (see Dobkin et al. [20] and Levy and Wilks [39]). Suppose Euclidean
n-space R" is tesselated by simplices, and suppose that f: R” — R""! is affine (linear)
on each simplex. The O-contour of f, f 7*(0), is generically a piecewise-linear curve
in R™. An effective method for finding this contour is to follow it as it passes through
successive simplices in the tesselation.

Normally the contour passes into and out of simplices through their facets — their
(n — 1)-faces. It can happen, though, that the contour passes out of a simplex
through a face of lower dimension. When this happens, it is not clear which simplex
the contour enters next, and a search must be made among adjacent simplices
sharing the exiting face.

An excellent choice of tesselation that facilitates these computations is a tessela-
tion by reflection. The group of isometries generated by reflections in the facets of
any given simplex of such a tesselation generates the entire, infinite symmetry group
of the tesselation. The reason computations are simpler with this class of tesselations
is that it is easy to reflect a simplex in one of its facets. Generically this is the only
step necessary in finding the contour of £, as the curve passes through facets between
adjacent simplices.

Now when the curve passes through a lower dimensional face t of a simplex ¢
it is necessary to find all simplices sharing 7. Each such simplex is the image of ¢
under some isometry of R". Together these isometries form a finite reflection group,
generated by reflections in the facets of ¢ that leave t fixed. Since these generating
reflections are computationally easy to apply, a reasonable scheme for enumerating
simplices that share 7 as a face is to begin with ¢ and apply generating reflections
repeatedly until the group is enumerated. Clearly this will happen most efficiently
if each simplex is visited only once; such a scheme is precisely a Gray code for the
finite reflection group.

2. Proof of Theorem

We begin by reducing the problem to the case when the Coxeter diagram is
connected. Suppose the Coxeter diagram for a reflection group G is the disjoint
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union of two Coxeter diagrams corresponding to reflection groups G, and G,, so
that G = G; x G,.Let|G,| =r > 2,|G,| = 5 > 2, where (see Fig. 2) r and s are even.
Let {aq,a;,...,a,-;} and {by, by, ...,b,_ } be Gray codes for G, and G, respectively.

Then
{(a0,b0), (a0,by), ...(a0,Bs—1 )
(@1,b5-1)s (a1, bs-5), ., (a1, bo),
(az,bo), (az.by), ....(a2.b,-1)
(a3,b-1 ), (@3, B 2)s ... } v 3)

(reading from left to right) is a Gray code for G; x G,.

We now suppose the Coxeter diagram for G is connected and hence is a tree
(see Fig. 1). The proof is by induction on n, the number of nodes of the Coxeter
diagram. For n = 1 and 2 the result is trivial (see §3), so we assume n > 3.

Let the nodes of the Coxeter diagram be labeled R, ..., R, (corresponding to
generating reflections), where R,, is a node of degree 1 connected only to node R,,_;.
Let H be the subgroup generated by Ry, ..., R, ;.

The Cayley diagrams for G and H will be denoted by I" and 4 respectively. I”
has a node for each element g € G, with n directed edges labeled R, ..., R, leaving
each node, the edge labeled R; being directed from g to ¢’ if gR, = g’ (see for
example [30, 56]). Since R? =1, g'R; = ¢, and so the edges occur in pairs. We
must show that the directed graph I” contains a Hamiltonian circuit.

Since G is the union of m = |G|/|H| cosets of H, the Cayley diagram I” contains
the disjoint union of m subgraphs 44, ..., 4,, (corresponding for example to the left
cosets aH) each of which is isomorphic to 4. Every node of I belongs to one of the
4,, and the edges joining the A4s all carry the label R,. By induction there is
a Hamiltonian circuit through 4, with edges labeled R,, ..., R,_,. There are
therefore Hamiltonian circuits with identical labelings through each 4;, and we use
these particular circuits in the construction below.

We construct an (undirected) graph @ from I" by contracting each 4; to a point,
discarding all edges except those labeled R,, replacing these by undirected edges
and discarding multiple edges. (The nodes of the contracted graph @ correspond to
left cosets aH, and nodes corresponding to aH and bH are joined by an edge just
when aHR, intersects bH.) Since I' is connected (all Cayley diagrams are connected
[30])so is &, and we can find a spanning tree in @. We form the Hamiltonian circuit
for I by expanding this spanning tree into a circuit.

Consider two subgraphs 4; and 4; joined by a pair of edges labeled R,, joining
Pe d;and Q € 4;, as in Fig. 3. Let ... P’PP" ... be part of the Hamiltonian circuit
for 4;, with the edges P'P, PP" labeled R,, R, respectively. We cannot have R, = Ry,
because R? = 1 and we are assuming n > 3. So at least one of R, R, is different
from R,_,, say Ry # R,_,. Then the nodes R, R, are not joined in the Coxeter
diagram for G, so Ry commutes with R,. Consider the pair of edges at P” labeled
R, (indicated by the dotted lines in Fig. 3), joining P” to Q" say. Since R, and R,
commute, there is an edge labeled R, from Q to Q”, and (by applying a suitable
element of H to the original Hamiltonian circuit for 4;) we can find a Hamiltonian
circuit for 4; containing this edge.

We can now construct a Hamiltonian circuit through the nodes of 4;U 4;: start
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Fig. 3. Construction of Hamiltonian circuit through the nodes of 4,U 4;.

at P”, follow the circuit for 4; forwards to P, go to Q, follow the circuit for 4;
backwards to Q”, and return to P”. '

By using this technique for every edge of the spanning tree joining the 4,’s, we
build up a Hamiltonian circuit for I". This completes the proof.

The inductive proof of the theorem also serves as a recursive algorithm for
finding a Gray code for a particular group. For a detailed example, see the construc-
tion of a Gray code for the icosahedral group 4% in the following section.

3. Examples

There are three equivalent ways to specify a Gray code for a group G: (i) as a list of
group clements {ay,...,q,-, }, as in Eq. (1); (ii} by specifying the reflection needed to .
derive each successive group element from the previous one - if a, = a,_, R; in (1)
(1 <v < g), the Gray code can be described by the command

apply successively {R;,R;,,...,R; }; (4)
or (iii) by taking a particular vector w in the appropriate space and listing its images
under the successive group elements of Eq. (1):

{wag,way,...,wa,_;}. (5)

We now discuss the individual groups, in alphabetical order. The construction
of a Gray code for the icosahedral group ##; is described in some detail, but our
treatment of the other groups is brief. Remember that the casesn = 1 and n = 2 are
special, and the inductive construction applies only for n > 3.

The Coxeter diagrams are given in Fig. 1. The n nodes are labeled by generating
reflections Ry, ..., R,. A reflection R, in the hyperplane perpendicular to a vector g,

X-a
Rix->x—2—a,
aa

is specified by giving the vector a.
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o,. The n vectors a for </, have the form (0,...,0, 1, — 1,0,...,0), with n + 1
coordinates adding to zero. The corresponding reflections are the transpositions
(1,2),(2,3), ..., (n,n + 1) of the n + 1 coordinates, and so ./, is isomorphic to the
symmetric group S,.,. Several algorithms for obtaining Gray codes are known
[18,22, 32, 53]. The following algorithm (which arises from the proof of the theorem)
seems as simple as any. It will also be used when we construct Gray codes for the
other groups.

We specify a Gray code C, for 7,_; = S, in the third form, as in Eq. (5), taking
w=(1,2,...,n). We must say how S, acts on vectors: a typical permutation

(D2 s
m,om, om,
sends a vector x = (Xy,..., X, toxm =y = (y,,...,y,), where y, =x,(v=1,...,n).

For &/, the Gray code is C, = {12,21}.

For of,, C, = {123,213,231, 321,312, 132}.

For n > 3, we observe that C, contains a pair of adjacent vectors i, ;i (both
ending in i), for all i = 1, ..., n. To obtain C,,, from C,, we append n + 1 to every
vector of C,, and then, for each i = 1, ..., n, insert between a;i(n + 1} and B;i(n + 1)
the sequence of vectors D}i, where D} is obtained from C, by starting at o;i,
proceeding backwards through the code to f;i, and then replacing each occurrence

of i by n + 1. For example, Fig. 4 shows the construction of C, from C;. The arrows
indicate where the sequences D} 1, D22 and D33 are inserted.

Dg"\
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Fig. 4. Construction of Gray code for S, from that for S;.
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We omit the straightforward derivation of this algorithm from the proof of the
theorem, and just mention that for this group the nodes of the subgraph 4; are all
vectors ending in i, and the contracted graph @ is a complete graph.

The Gray code for 7, has two elements, which could therefore be denoted by
0 and 1. Then the Gray code for /7 obtained by successive applications of Eq. (3)
is the usual binary “reflected” Gray code.

%,. The subgroup H of %, generated by Ry, ..., R,_, (see Fig. 1) consists of all
permutations of the n coordinates, while the remaining generator R, negates the last
coordinate. Thus the 2"n! elements of %, consist of all permutations and sign
changes of the n coordinates. We specify group elements g € 4, by displaying wg,
where w = (1,2, . ,n). For a typical left coset aH, the set waH is obtained from w
by changing the signs of a subset of {1,2,...,n} and then permuting the coordinates
in all possible ways. The contracted graph & is the 1-skeleton of an n-cube, and
therefore a standard binary Gray code provides a spanning tree in @. The following
are Gray codes for %, and %, (bars indicate negative numbers):

B,: {12,12,21,21,12,12,21,21},
By {123,123,132,132,123,123,132,312,

321,321,312,132,123,123,132,132,
123,123,132, 312, 321,231, 213, 213,

231,321,312, 312,321, 231,213,213,
231,231,213,213,231, 321,312,312,
321,231,213,213,231,321,312,132}

9, has order 2" 'n! and is similar to 4,, except that only evenly many minus
signs are permitted. Again H = {R,...,R,;)> = §,, but now R, interchanges and
negates the last two coordinates. The contracted graph & has 2"~ nodes, corre-
sponding to the binary n-typles with an even number of ones, two nodes being .
joined by an edge just when they are at Hamming distance 2. (@ is the 1-skeleton
of the half-cube hy, in Coxeter’s notation [14].) Taking alternate elements of
a standard binary Gray code yields a spanning tree in @. Note that &, need only
be defined for n > 4 (the analogous Coxeter diagrams for n = 1,2 and 3 define </,
7 and of;).

&6, &;, 5. Gray codes for these groups can be obtained by taking w (in (5)) to
be the Weyl vector [7, 131 for the group (a vector having inner product 1 with every
node in the Coxeter diagram). The Weyl vectors corresponding to the diagrams in
Fig. 1 are:

6}6: w = (0, 1, 29 3’4, _49 ——47 —4)’
&rw=(0,1,2,3,4,5, -8}, —8%),
y:w =(0,1,2,3,4,5,6, - 23).

The contracted graphs & have |&|/|Z5s| = 27, |&5/|8| = 56 and |&]/|&;] = 240
nodes respectively. (Their nodes correspond to the minimal vectors in E4 + [1],
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E,; +[1] and Eg4 + [1] = Eg, respectively, where E, denotes the n-dimensional
lattice corresponding to &, and [i] is the ith coset representative for E, in E¥ — see
[13], Chap. 4.

%,. The subgroup H generated by R,, R,, R; is isomorphic to #;, while the
remaining generator R, sends (x;, x,, X3, X4) to the vector obtained by subtracting
3(x; + x, + x3 + x,) from each coordinate. As in the case of &,, particularly simple
coordinates for the Gray code are obtained by choosing w in (5) to be the Weyl
vector, which for %, is

w=(1,2,3,—-38)

In fact the 1152 vectors wyg, g € #,, are found by applying all permutations and sign
changes to the components of the vectors

we = (1,4,5,6), w, =(2,3,47)  and ws =(1,2,3,8). (6)

The contracted graph @ has 24 nodes, corresponding to the minimal vectors of
the lattice D, (see [13]), two nodes being joined by an edge just when the difference
of the vectors is again a minimal vector. Equivalently, @ is the 1-skeleton of the
polytope {3,4, 3} (see Fig. 8.2A, p. 149 of [14]). The 24 left cosets of H, corresponding
to the nodes of @, may be labeled H,; (6 = 6,7 or 8;ie {+1, +2,..., +8}), where
wH_; consists of the 48 vectors obtained from w, by taking the last coordinate to be
i and applying all permutations and sign changes to the other three coordinates.
A Gray code for %, could now easily be written down, using these vectors and
a spanning tree for @. We omit the details.

4, is isomorphic to the dihedral group of order 12, and Eq. (7) below (with m = 6)
gives a Gray code.

Fig. 5. Surface of 2-sphere divided into 120 spherical triangles corresponding to the elements of
the icosahedral group 4#;. The arrows show part of a Gray code for ;.
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#;. The subgroup H of #} generated by the reflections a = R; and b = R, is
a dihedral group .%,(5) of order 10, for which a Gray code is given by Eq. (7) below.
R, and R, are the reflections in the dotted and dashed lines respectively in Fig. 5,
which shows the surface of the 2-sphere tesselated into the 120 spherical triangles
corresponding to the elements of #;. The third generator ¢ = R; is the reflection
in the solid lines. The spherical triangles in the figure have been (partially) labeled
by the elements of 5.

The arrows show (part of) a Gray code for ;. This was found using the
technique used to prove the theorem. The contracted graph & has |#5|/|.%,(5)| =
120/10 = 12 nodes, and is in fact the 1-skeleton of an icosahedron. We label its
nodes 0, 1, ..., 5,0, ', ..., 5, nodes i and i’ being antipodal, and make use of
the spanning tree shown in Fig. 6. (The 12 nodes in Fig. 6 correspond to the 12
spherical pentagons bounded by solid lines in Fig. 5.) The resulting Gray code
(in the form of Eq. (4)) is

apply successively {c,b,a,b,c,(b,a)* b,c,
(b,a)*,b,¢,b,a,b,c,(b,a)?, b, c,

(b.c,b,a,b,c,(b,a)* b, c,(b,a)*, b,c)*,b}.

H#,. The subgroup H = (R4, R,, R;3) is isomorphic to s, and the contracted
graph @ has |5, |/} = 120 vertices and is isomorphic to the 1-skeleton of the
600-cell {3,3, 5} (see [14], Plate IV).

2/

Fig. 6. Contracted graph @ (the 1-skeleton of an icosahedron) and spanning tree, for icosahedral
group ;.
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#,(m) (the dihedral group of order 2m). Since (R, R,)™ = 1, a Gray code is

apply successively {Ry,R,,R,R;,...,R,} (2m elements). (7)
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