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A New Upper Bound on the Minimal
Distance of Self—-Dual Codes
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Abstract —It is shown that the minimal distance d of a binary
self-dual code of length n > 74 is at most 2[(n + 6)/10]. This bound is a
consequence of some new conditions on the weight enumerator of a
self—-dual code obtained by considering a particular translate of the code
called its “shadow.” These conditions also enable us to find the highest
possible minimal distance of a self-dual code for all n < 60; to show
that self-dual codes with d > 6 exist precisely for n > 22, with d > 8
exist precisely for n = 24, 32 and n > 36, and with d > 10 exist precisely
for n > 46; and to show that there are exactly eight self-dual codes of
length 32 with d = 8. Several of the self-dual codes of length 34 have
trivial group (this appears to be the smallest length where this can
happen).

1. INTRODUCTION

HE PROBLEM of classifying binary self-dual codes
has been studied by a number of authors [1]-[5],
[91-11], [13], [18], [20], [21], [24]-[27], [30], [32}-[34],
[38]-[54], [571-164], [66]-[73], [14, Chap. 7], [31, Chap. 19].
The main results of the present paper are contained in
the following theorems.
Theorem I: The minimal distance d of a binary
self—dual code ¢ of length n (n+ 2,8,12,22,24,32,48,72)
satisfies

n+6 \
10 (1)

If ¢ is of Type I (i.e., the weights are not all multiples of
4) then the bound fails just when n (necessarily even) is 2,
12, 22, or 32, and if € is of Type II (i.e., the weights are
multiples of 4) the bound fails just when # (necessarily a
multiple of 8 ) is 8, 24, 32, 48 and possibly 72. The
greatest minimal distance for these exceptional lengths is
2[(n +6)/10]+2. -

In [34] it was shown that d < 2[#n /8]+2 for all n, and
in [33) that d < n /4— ¢, for any constant ¢, provided n is
sufficiently large. The bound (1) is stronger than these,
although asymptotically weaker than the McEliece—
Rodemich—Rumsey-Welch bound, which for rate one-half
codes implies d < 0.182490x + o(n) ([37], [36], [31, Chap.
17]).! For Type II codes it is known that

dsz[

n
ds4[—}+4, for all n, (2)
24

Manuscript received December 12, 1989; revised March 15, 1990.

J. H. Conway is with the Mathematics Department, Princeton Univer-
sity, Princeton, NJ 08540.

N. I. A. Sloane is with the Mathematical Sciences Research Center,
AT&T Bell Laboratories, Murray Hill, NJ 07974,

IEEE Log Number 9036749.

'On p. 629 of [31] this is incorrectly stated as d < 0.178n + o(n).
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TABLE 1
Tue HiGHEST MINIMAL DiSTANCE OF A SELF-DuaL Cobe

n dy dy Codes n dy dyy Codes

2 2 is. 38 8 >2

4 2 iy 40 8 8  =2; >100(60],[73]
6 2 ig 42 8 >9

8 2 4 igey 44 8 > 14

10 2 [T 46 10 >1

12 4 drz. 48 10 12 =21; >1

14 4 e2t. 50 10 >1

16 4 4 di¥idfei 5210 >1

18 4 & (dye,f)T. 54 10 > 1
20 4 7 codes [44]. 56 10or12 12 2; =20(9](70]
22 6 g4, [48]. 58 10 >2
246 8 [y 804 48] 60 12 >1
26 6 f& [45). 62 100r 12
28 6 fia). f3(b),D1. 64 12 12 =1; >38[71]
30 6 13 codes. 66 12 >1
32 8 8 3codes;5codes. 68 12 >1
34 6 > 200 70 10or12
36 8 >2 72 12o0rl14 12 orl6

and d <n /6— ¢ for any constant ¢ provided n is suffi-
ciently large ({34], [33], [31, Chap. 19]).

Theorem 1 is a consequence of some new restrictions
on the weight enumerator of a Type 1 self—dual code,
obtained by studying a particular translate of the code
called its “shadow” (see Theorem 5 and Section II). For
small values of n we can often obtain additional informa-
tion about the weight enumerator from its shadow, lead-
ing to the following result.

Theorem 2: The highest minimal distance of any self-
dual code of length n <60 is known. The actual values
are as given in Table L.

Before this, the highest minimal distance was known
only for n < 32 ([11], [45]). Table I also shows our present
state of knowledge about codes of lengths 62 to 72. In the
table d, (resp. d;;) denotes the highest minimal distance
of any Type 1 (resp. Type II) self—dual code.

The fourth column of the table gives the known codes
having the indicated minimal distance. A period indicates
that the list of codes is complete. These enumerations (for
n <30 and for Type II codes of length 32) are due to
Pless [43]-[45], Pless and Sloane [48], and Conway and
Pless [11] (but see however [13]). When » is a multiple of
8 a semicolon separates the Type I and Type 1I codes.
The codes in the fourth column are described in greater
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detail in Section III; several of them are new. In the past,
codes of length 32 have received a great deal of attention
[11], [24], [25], [45], [72]. In particular, it is known that
there are precisely five [32,16,8] Type II self-dual codes
[11] (see Seetion 1V).

Theorem 3: There are precisely three [32,16,8] Type I
self-dual codes.

We also determine all lengths for which there exist 2-,
3- and 4-error-correcting self—dual codes.
Theorem 4. Self-dual codes with minimal distance

d>6 exist precisely for n>22,

d>8 exist precisely for n=24,32,and n> 36,

d>10 exist precisely for n > 46.

For larger values of d we have less complete informa-
tion. For example, self—dual codes with:

a) d =12 exist for n =48, 56, 60, 6468, n > 72, per-
haps n =62, 70, and no other values of n;

b) d =14 exist for n =78, 80, 86, 88, n = 98 (and possi-
bly other values);

¢) d=16 exist for n=80, 88, 100-104, n > 122 (and
possibly other values).

The key idea in proving these results is to study the
“shadow” of a code. The shadow of a self—dual code ¢ is
defined as follows. (A more general definition is given in
Section IL.) Let ¥ be the subcode of € consisting of
all words whose weights are multiples of 4, and let € =
E\€. The shadow code . =.7(£) consists of all
“parity vectors” for €": those vectors u with the property
that

u-r=0, for all v € €O,

uv=1, for all v € €.

If ¢ is a Type 1I code then €@ = and .A(£) = €.

The next theorem summarizes a number of properties
of the shadow of a Type I code.

Theorem 5: Let . = ./(€) be the shadow code cor-
responding to an [n,n /2,d] Type 1 self-dual code €.
The dual ¢©* consists of the union of four cosets of
€@ say €U VU EPUED, with €= QU €2,

) S = 2O g= gy g0,

2) The sum of any two vectors in . is in <. More
precisely, if u,v€ €™ then u+ve€€: if ue
€0 e € then u+ve€?; and if u,0 € €
then u+ve £,

3) Let S(x,y)=XB,x" "y’ be the weight enumerator
of .. Then

where W(x, y) is the weight enumerator of . Also

(3)
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B,=B,_, for all r,

B, =0, unlessr=n/2(mod4), (4)
B, =0, (5)
B, <1, for r<d /2, (6)
B,,,<2n/d, (7)
B, < A(n,d,r),> forallr, and (8)

at most one B, is nonzero for r < (d +4) /2. (9)

4) If we write
Ln /8] n/2—4j 2/
Wix,y)= 3 a(x?+y?)" " a2y (x2 - y2)7)
=0
(10)
using Gleason’s theorem ([2], [14, p. 186], [18], [30],
[31, p. 602], [51]-[54]), for suitable integers a,, then
[n /8] _
S(xy)= ¥ (~1)a 2020
=0 '
_(xy)n/Z-Aj(x4 _ y4)21.
In particular, a; is divisible by 2"/2~% for all j. '
5) Let WYx,y) be the weight enumerator of €
(O<j<3),sothat W=WD+Ww? §=Wwh 4 W,
Then WO —Ww® js.

(11)

(a) a polynomial in fy=x®+14x*y*+ y® and f,,
=x*yHx* = yH, if n=0 (mod?8),

(b) fis times a polynomial in f, and f,,, if n=2
(mod 8), where

fis= x7y —34)cl3y5 +34x%y13 — xyl7
=xy(x® = y¥)(x® =34xtyt + y4)
= xy(x8—y8)(x2—2xy — y?)
(x4 2xy —y)(x*+6x2y2 +yY), (12)

(c) f,, times a polynomial in f, and f,,, if n=4
(mod 8), where

fio= x10y2 —2x6y(’ + xzylo
=2y x =y = i (13)

(d) f3 = f1,f15 times a polynomial in f, and f,,, if
n=6(mod8§).

Remark: a) Part 4) is due to Ward [64], who investi-
gated the weight enumerator of ./ (without however
considering ./ as a code in its own right).

b) One of the differences between Type I and Type 11
codes is that the weight enumerator W(x,y) of a Type 1
code is invariant under a group of order 16, whereas for a
Type II code W(x, y) is invariant under a group of order
192 ([31, Chap. 19], [51]-[54]). Thus W(x,y) is more
strongly constrained for Type II codes. As we shall see in
Section II, part 5) of the theorem restores the balance to
a certain extent by requiring W — W® to be a relative

*A(n,d,w) denotes the maximal possible number of binary vectors of
length 7, weight w and Hamming distance at least d apart [7], [31].
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invariant (with respect to a certain character) for the
group of order 192.

In Section II we give a more general definition of the
shadow code and establish some of its properties, includ-
ing those' stated in Theorem 5.

In Section III we study self—dual codes of length n < 72,
where considerable information about the best codes can
be obtained by considering their shadows, and in particu-
lar establish Theorem 2. Often we can restrict the weight
enumerator of the code and its shadow to one of a small
number of possibilities.

This approach enables us to give analytical proofs of
various results that were previously known only from the
complete enumerations previously mentioned. Typical re-
sults are that there are only two possible weight enumera-
tors for an [18,9,4] Type I code and only one for a
[24,12,6] Type 1 code. (Gleason’s theorem alone does not
imply these resuits.) It also follows immediately that there
do not exist linear codes with the same weight enumera-
tors as the “formally self—dual”” nonlinear codes of lengths
8 ([31, p. 140, Fig. 5.1), and 16 (the Nordstrom-Robinson
code), etc.

Consideration of the shadow code has also revealed
some errors in the literature. At length 28, minimal dis-
tance 6, there are two possible weight enumerators (see
Section III). Reference [45] does give two codes, but only
one of them (2f,,(I)) corresponds to one of our weight
enumerators. The other code (2 f,,(II)) in [45] has nonin-
tegral coefficients in the weight enumerator of its shadow,
and in fact is not a self—dual code. The coefficients in the
second of our weight enumerators suggest that a code
might exist which is invariant under a permutation of
order 13, and indeed such a code exists. It is a child
(omitted from [45]) of the length 32 code d, f3. There are
in fact three [28,15,6] Type I codes—see Section III.
Reference [13] contains the corrections to [45].

At length 58 our results show that the highest possible
minimal distance is 10. On the other hand, [3] claims to
present a [58,29,12] self-dual code. However, the weight
enumerator of the shadow of that code (found for exam-
ple from (3)) begins

29 19285
g192” " agos ¥ T
which is impossible.® A code (D12) with d = 10 does exist
—see Table II next.
Theorems 3 and 4 are proved (using the results of

Section III) in Section IV. The final section contains the
proof of Theorem 1.

Codes with Trivial Group

There has been interest recently in self-dual codes
with trivial automorphism group [37b], [60]. We have
found numerous [34,17,6] self-dual codes with trivial

Blndeed, the code described in [3] has generator matrix of the form
given in (41), where the first row of R is 19E89179 in hexadecimal, and
is not self—dual.

group, for example the code RO in Table III. (The 22
words of weight 6 generate RO, and the program Nauty
[37a] was used to show that this 22-word constant weight
code has trivial group.) All the [34,17,6] codes with trivial
group that we found have weight enumerators of the form
W=1+(34—B)y®+(255+4pB)y®+ - -- (see Section IID)
with 8 =2 (at least three distinct codes), B =3 (at least
six distinct codes) or 8 = 4 (at least six distinct codes).

It is very likely that these length 34 Type I codes are
the shortest possible self-dual codes with trivial group.
For we know ([11], [13]) that the trivial group does not
occur for a Type I code with n <30, nor for a Type 11
code with n <32, and an extensive computer search has
failed to produce a Type I example of length 32.

Length 40 is the smallest possible length where a Type
II code with no group can exist, and Tonchev [60] gives an
example of such a code. Our computer search suggests
that in fact [40, 20, 8] Type II codes with no group are very
common (out of 50 codes chosen at random, 44 had trivial
group and were all distinct). This is not surprising, since
the total mass T|Aut(C)|~" for all Type II codes of length
40 is 17492.86 - - - .

The results of this paper were announced in [15]. Simi-
lar theorems can be proved for unimodular lattices [16],
[17].

Open questions:

1) Since there are many more Type I than Type II
codes ([48], [31, Chap. 19]), and the best bound known for
Type I codes (1) is larger than that for Type II codes (2),
it is natural to ask for the smallest length at which a Type
I code has a higher minimal distance than any Type II
code. Table I suggests this could be n=72—see the
weight enumerators in Section I11.

2) The bound of Theorem 1 can be tightened slightly
(at the cost of allowing more exceptions) by using (8) to
bound B, for r > d /2. This suggests that by following the
methods of [33] it may be possible to prove that d <
n/5—c holds for any constant ¢, provided n is suffi-
ciently large.

3) Determine precisely when self-dual codes with d =
12, 14, and 16 exist (see the remarks following Theo-
rem 4).

4) Remove some gaps in Table I and Section III by
constructing or proving nonexistence of the following
codes (see Section III, where the corresponding weight
enumerators are indicated by the symbol o); [42,21,8],
second case; [48,24, 10], Type 1, first case; [50,25,10], first
case; [52,26,10], second case; [54,26,10], second case;
[56,28,12], Type 1, two cases; [60,30,12], two of the three
cases; [64,32,12], Type I, first case, [72,36,14], Type I,
three cases; etc.

Notation: An[n,k,d]code € is a binary linear code of
length n, dimension k& and minimal distance d. W(x,y) =
A, x"77y" is its weight enumerator, where A4, is the
number of words of weight ». S(x,y)=XB,x"""y" is the
weight enumerator of the shadow code .#(€’). The dual
to ¢ is denoted by € *. A self—dual code (with € = £'*)
is of Type II (or doubly even) if the weight of every word
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is a multiple of 4; otherwise is of Type I (or singly even).
If € is of Type I, €'” denotes the doubly even subcode,
EOx = g0y gOy gDy g® g=g0y g
A(E)=6DUE€D, and Wx,y) denotes the weight
enumerator of €. We often set x =1 in weight enu-
merators and write W(y) for W(l,y), etc., f(y)=
y"f(1/y) denotes a reciprocal polynomial.

For codes of length up to 32 we sometimes use the
d,.e,, [ 8, notation of [11], [45], [48].

To save space some vectors have been written in hexa-
decimal, using 0 = 0000,- -+, 9=1001, A =1010,---, F=
1111, usually omitting leading zeros (so the vectors are
right-justified).

II. Suapow CobpEs

We give a general definition of the shadow of a code,
which reduces to that of Section 1 when the code is
self-dual. Let € be a binary linear [n,k,d] code that
contains its dual €* = 4 (say). Let Z© be the subcode
of # consisting of all words with weights divisible by 4
(the weights in & are necessarily even). The shadow code
= A(£) consists of all “parity vectors” for €*: all
vectors u such that u-v =0 for all ve ZO, y-v=1 for
all v e B\ B,

We give four examples; others will be found in Section
IIL. 1) If £ consists of all even weight vectors of even
length n, then .=+¢ if n is a multiple of 4, and
otherwise . consists of all odd weight vectors. 2) If € is
the self-dual code

fyy=1,®0,® &,

i,=(00,11},  (14)

consisting of all vectors u=uwu,u, - u,, with u,=u,,

uy=uy, ", then ~ is the translate of € by the vector
101010 - - -, and consists of all vectors u with u, # u,,
us#uy, - . 3) If € is the self-dual code (d,4e,f,)* of

[44], [48], with generator matrix

1111
1111
1111
1111
1111 (13)
1111
1 1 1 1
1 1 1 1 1 1
1111111111

then ./ is the translate of € by the vector 0'71. 4) Let
€ = g,,, the [22,11,6] “shorter Golay code” [4], formed
by subtracting (see [12]) i, from the [24,12,8] Golay code
8,4- Thus g,, consists of all words of g,, that begin 00 or
11, with these two coordinates deleted. Then .~ consists
of the remaining words of g,, with the same two coordi-
nates deleted.
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Theorem 6: Let € be an [n, k,d] code such that € 2
€*, and let . = .~(€) be its shadow. If all weights in
€* are multiples of 4 then .= #. If not then:

a) . is a nonlinear code, a translate of <, given by

= BON £ (16)

b) if u,v € then u+rve<¢;
¢) let S(x,y)=XB, x"""y" be the weight enumerator
of .. Then the B, are nonnegative integers satisfy-

ing B,=B,_,, for all r,
B,=0, (17)
B, <1, for r<d /2, (18)
By,,<2n/4d, (19)
B, < A(n,d,r), forallr, and (20)

at most one B, is nonzero for r < (d +1) /2; (21)

d) if W(x,y)and W*(x, y) are the weight enumerators
of € and € * respectively then

(I+Dx+(1—1i)y

S(x,y)=W 5 )
(1-Dx+(1+i)y (22)
2
and
1
S(x,y) =W (x+y,i(x—y)). (23)

2n—k

Remark: For comparison, note that the MacWilliams
identity [31, Chap. 5] states that

W(x,y)= WH(x+y,x—y). (24)

yn—k

Proof. 1f all weights in €"* are multiples of 4 then
#BO = and ./ = €. Otherwise £ is a subcode of &
of index 2, and Z™* = ¢ U(a + €¢) for some a & <. We
will show that . =a + €. It follows immediately from
the definition that . € Z@*\ €. On the other hand, if
ue B9\ € then for some v € #\ B we have u-v=
1. Any v'€ B\ %" can be written as v'=v+w, we
A0, and u-r'=u-v+uw=1. Thus .~ =BON\C,
which proves a). Part b) follows immediately from a). ¢) €
must contain the all-ones vector, so W(y,x)=W(x,y).
This implies S(y,x)= S(x,y) from (22) (proved next),
hence B, = B, _, for all r. Equation (17) holds because 0
is not a parity vector, and (18),(20),(21) all follow from b).
Equation (19) is a special case of (20). To prove d) we
compute the following weight enumerators, using the
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MacWilliams identity [31, Chap. 5].

1
B =€ ?W(x+y,x—y),
1
BO: 2—k+—1{W(x+y,x—y)+W(x+iy,x—iy)},

BO*: %{W(Zx,Zy)%—W((l-i—i)x +(1-1)y),

(1-i)x+(1-i)y)},
(1+)x+(1-i)y
2 ,
(1-Dx+(1+i)y
2

= BONE: W

(To obtain the final expression we use the fact that
W(x,y) is homogeneous of degree n.) Equation (23)
follows similarly.

Proof of Theorem 5: Suppose ¢ is an [n,n/2,d]
Type I code. 1) Then B = ¢, BV =, Z0* =20y
€OV EPULD where €=€PU€P. Then /=
DU ED from (16). 2) Follows because €% /€O is
a 4-group. (It is a group of order 4 and is not cyclic since
it is the quotient of a vector space over GF(2).)

3), 4) Equation (3) follows from (23) (since now W* =
W), and (5)-(9) from (17)-(21). Equation (11) follows
from (3) and (10), and (4) from (11).

5) We begin by showing that €YU ¢ and €U
£ are both self-dual if n = 0 (mod 4), while €@ U €V
and €@ U € are dual to each other if n =2 (mod4).

Proof: The dual of €® U £ contains €® and is
contained in €PU€PUECPUED. If n=0 (mod4)
and w,r €€V we read wr(u+ v)=wt(u)+ wt(v)—
2wet(u N ) modulo 4 and (using (4)) deduce that wt(y N v)
is even. Hence €@ U €V is self-dual. A similar argu-
ment applies if # =2 (mod4).

For a matrix A 2(‘; Z) we write Ao f(x,y)= f(ax +
b,cx + d). From the previous paragraph (and the
MacWilliams identity), if n =0 (mod4) we have

Mo ( | A W(l)) =W 4 W(l),

Mo (W(U) + W(3)) — W(U) + W(3)’

M O(W“) _ W(3)) =W W(3),
where

1
o
M=% (1 —1)'
Therefore W — W satisfies
Mo(WO—w®) = (=1)"" (WD -w),

Jo(WO— W) =i/ 2 (WO - ), (25)

0 i
The matrices M,J generate a unitary reflection group

& of order 192 [31, Chap. 19], [51]~[54], and (25) implies

where J = (1 0), using (4).

that WO — W ® is a relative invariant for . with respect
to the character defined by y(M)=(—1)""2 x(J)=i"/2.
If n =0 (mod8) then y is identically 1 and WP —Ww® js
an absolute invariant for ¢, hence a polynomial in fy
and f,, [31, p. 602].

If n#0 (mod8) then W —W® s a relative but not
absolute invariant for .#. In this situation there is a
particular polynomial f (depending on x) such that
WO — WS can be written uniquely as f times an abso-
lute invariant for ¢ (see for example [55], [56]). To find

the degree of f we compute the Molien series
1 x(A)

D (A)=— _— 26

(A) |Z S pdet(1—2rA) (26)

where the bar denotes complex conjugation. This is easily
computed if we observe that % has a subgroup # of
order 24 generated by

Loy
U=RMJMJZM=—( )

V2 i 1
where
_ (0 1
R=MJI*M (1 O)'
Then
5
f=UCj%”,
ji=0

where C;=T7, C;,,= RT* (0<j<3), and T = MR. Us-
ing this in (26) we find that ® (1) is

Alx

—(1_—/\3)—(—1-_)\7), if n=2(mod8),
AIZ

m, if n=4 (mod8),
)\30

—— i ifn=6 d8).
(= a1y fn=6(mods)

On the other hand it is easy to verify that the polynomi-
als fig f12, f1sf12 (see (12),(13)), of degrees 18,12,30,
respectively, are indeed relative invariants with respect to
the appropriate y. This completes the proof of Theo-
rem 5.

IT1I. SeLr-DuaL CobEes oF LENGTH up TO 72
AND THEIR WEIGHT ENUMERATORS

In this section we attempt to determine the weight
enumerators of self-dual codes of length n <72 having
the highest minimal distance d.

Calculation of Weight Enumerators: It is convenient to
write the weight enumerator of £ as

W(y)=XA4,y"

(setting x =1 in W(x,y)), where 4, is the number of
words of weight r, so that

W(y)=1+A,y%+ . (27)
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From Gleason’s theorem (see (10)) we can write
[n /8] .
n/2-4j 2)/
W(y)= Y a;(1+y?) j{yz(l—yz) }, (28)
ji=0
where a,=1, and determine a;,"*,a,,,_, from (27).

There are [ /8] coefficients a; available, and if they are
chosen to make A,=A,= "+ = Ay, =0 then it is
known that Ay, ., #0, and so any sclf-dual code
satisfies

d< 2[%] +2 (29)
([34], (31, Chap. 19]). The corresponding W(y) is called an
extremal weight enumerator. As we shall see, usually we
cannot achieve equality in (29).
The weight enumerator of the shadow code (for any
choice of the a;’s) is given by
[n/8] ) )
S(y)= X (=1)a2n/20iyn24(1 - y*) | (30)
ji=0
(see (11)). From Theorem 5 we known that if ¢ is of
Type II then

S(y) =1+ 4,5+ - =W(y), (31)
and if & is of Type I then either
S(y) =yt By + (32)
or
S(y) =By + -+, (33)

where 0 <i,<d /2 and d'=(d +4)/2. This restriction on
S constrains the final a,’s, namely ap, 5,80, /8-1,"" "
often determining them uniquely.

We may then use Part 5) of Theorem 5 to determine
the weight enumerators WO, W® of cosets €1, ¢,
These satisfy

S(y)=wD(y)+WwW(y).

The weight enumerators WO, W® of cosets €0, €@
am+2

consist of the terms of W(y) of the form y*", y ,
respectively. Thus

W(y)=WO>y)+WP(y).

An Example: To illustrate we consider self-dual codes
of length n =18. From (29), d < 6. If d = 6 then from (27)

we have a, =a,=—09; and
S 9 153 1445 153 9
=——y+—y+—y' +—yP-=
WM=—gyt 5y +— v+ -y

is determined by (11). Since the coefficients are not
integers, this is impossible. Now suppose d = 4. From (27)
we have
W(y)=1+9+ay)y* +(75-3a,)y*+ - -,
a, 144 —a,
S =Sy 4+ IS
=5 >
Therefore, from Part 3) of Theorem 5, a, is 0 or 8, and so
there are just two possibilities: either
W(y)=1+9y*+75y® +171y% + - -+,
S(y)=T72y>+368y° +72y",

(34)

(35)
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or
W(y)=14+17y* +51y° +187y8+ - -+,

S(y)=y+68y°+374y° +68y2 +y!7.  (36)

We see the advantage of considering the shadow code.
From Gleason’s theorem alone we could conclude (if
d = 4) only that W(y) has the form (34) for some undeter-
mined a,.

In fact each possibility is realized by a unique code, (35)
by the code d;* and (36) by (d,ye.f))" (see (15)) [44],
[48].

We now determine the weight enumerators W of the
individual cosets € (0 < j < 3). In the case (35),

WO(y)+WO(y) =S(y) =72y° +368y° + -+, (37)

while from Theorem 5 (since n=2 mod8) W®(y)—
W(y) is a multiple of fig =y —34y° +34y'3— y17 say
cf1s- From (12),(37), ¢ =0, and WP (y)=wS(y). We
conclude that

WO(y)=14+9y* +171y% + - - -,

WO(y) =75+ -+,

WO(y)y=WO(y) =36y +184y°+ - - -
In the case (36),

(38)

WD(y)+ WO (y)=y+68y>+374y°
WOy) =W (y) =cf ¥,

and so ¢ = +1, say +1. Then

+

WO(y) =1+17y* +187y% + - -+ |
WO(y)=51y°+ -,
WD(y)y=y+17y° +187y? +51y "3,

W(y)=51y>+187y° +17yB + y'7. (39)

Weight Enumerators of Codes (or Putative Codes) with
the Highest Possible Minimal Distance: In the following
paragraphs we record the results of applying the previous
method to codes of length up to 72.

When it is possible to use Part 5) of Theorem 5 to
decompose S uniquely into W and W® we do so,
otherwise we just give S. The coefficients of W(y),S(y)
(and sometimes W M(y), W ™(y)) are palindromic, and we
give them only up to the midpoint. For codes of length
n >34 the expansions have been further truncated. We
use B and y for undetermined parameters, and f(y)=
y"f(1/y) to denote a reciprocal polynomial.

n=246 d=2 W=(01+y>)"? S§=Qy)/? wh=
W, a unique code (i, —see (14), [44]).

n=8,d=4TypeIL W=5=fy=1+14y*+ y® a unique
code (the Hamming code e;—see [44]).

n=8,d=2Type L W=(1+y)*" §=Qy)*, WO =W,
a unique code (i;;—see (14), [44]). (So there is no
self-dual code with the weight enumerator 1+7y2+
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7y® + y® of the nonlinear formally self-dual code given in
[31, p. 141, Fig. 5.11)

n=10,d=4. §=5y/2+27y°+ - - -, impossible.

n=10, d=2. W=1+(5-28)y>+ -+, S=By+(32—
2B)y>+ -, WO =W® 50 B is even and <2, hence
two possibilities: W =1+ y?+14y"+ -+, S§=2y+
28y 4+ - ;0or W=1+5y2+10y*+ ---, §=32y5 Each
is realized by a unique code (egi,; i,o—see [44]).

n=12, d=4. W=1+15y*+32y%+ -+, S=6y*+
5y6+ e W(l)=6y2+20y6+ ce W(3)=32x6’ a
unique code (d,—see [44]).

n=14, d=4. W=1+14y* +49y°+ .-+, §=14y° +
100y7+ -+, WO =W, a unique code (e2*—see [44]).
n=16, d=6. W=1+112y5+30y%+ ---, §=-3/4+

35y*+ .-+, impossible. (So there is no self-dual code
with the weight enumerator of the Nordstrom-Robinson
code.)

n=16, d =4. Either W =S= fZ, Type II, precisely two
codes (e2, diy—see [44]); or W=1+12y* +64y°®+
102y + -+, §S=32y*+192y8+ -+, WH=Ww®, a
unique code (d3*—see [44]).

n =18: discussed earlier in this section.

From now on we usually do not mention weight enu-

_merators that can be eliminated.

n=20, d=4. W=1+(5+4B)y* +(80-8B)y°* +(250—
4By +(352+16B)y 0 + - -+, S=py2+(160—-4B)y° +
(704 +6B)y'®+ - -, precisely 7 codes, corresponding to
B=0,--,4,6,10—see [44].

n=22 d=6. W=1+77y%+330y8 +616y" + ---, §=
352y +1344y" + -, WO =W® a unique code (the
“shorter Golay code” g,, defined in Section II—see [48]).
n=24,d=8, Type Il. W=8=1+759y% +2576y"> + - - -,
a unique code (the Golay code g,,—see [43], [48], [31],
[14D.

n=24, d=6, Type 1. W=1+64y°+375y% +960y'" +
12962+ - -~, S=6y*+744y® +2596y2+ ---, W=
6y*+360y* + 1316y + -+, WP =384y8+ 1280y'2 +
-+, a unique code (the “odd Golay code” f,, —see [48]).
n=26 d=6. 2 cases: either W=1+52y°+390y%+
131310+ 2340y12+ - - -, §=26y°+1560y° + 5020y +
s, WO =W, a unique code (A, = f3T—see Table
I, [13], [45D; or W=1+20y%+550y®+1025y'° +
2500y + -+, S=y +20y> +1575y° + 5000y "3 + - -,
WD =y +550y° +2500y" +1025y"7 +20y2!, WO =@
(no code exists—see [13], [45]).

n=28, d=6. Either W=1+26y®+442y%+1560y'" +
365312 +5020y™ + -+, WD =y? +52y5 +1703y" +
4680y™ + -+, WP =26y°+1560y' +5020y“ + -+, a
unique code (A, = D1, omitted from [45]—see Table II,
[13]; or W =1+42y%+378y® +1624y" +3717y'% +
4680y™ + - -+, §=84y%+3248y'0 +9720y'* + - - - | pre-
cisely 2 codes (B, = f11(a), Cp5 = f11(b)—see [13], [45]).
n=30, d=6. Three cases: W =1+19y®+393y% +
1848y'0 + 519212 + 8931y + -+, WD =W =y3 4
114y7 + 3375y +9404y'> + --- | precisely 3 codes
(Asy, By, Cyy, omitted from [45]—see [13]); W=1+
27y° +369y® + 1848 !0 + 5256 1% + 8883y + ..., WD
=y +234y7 + 6735y + 18828y + -+, WO =y3 ¢
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99y7 +3402y' +9414y'> + -+ - a unique code (D,
omitted from [45]—see [13]); or W =1+35y% +345y% +
184810 +5320y12+ 8835y + -, WO=W®=120y"+
3360y!'1+9424y!5 + - - - precisely 9 codes (Es,,- - -, My,
only 8 of which are given in [45]—see [13]).
n=232, d=8. Either W=S5=1+620y%+13888y!%2+
36518y + -- -, Type 1l, precisely 5 codes (see Section
IV, [11]) or W=1+364y%+2048y'°+6720y'2+ 14336y "+
1859810+ -+ S=8y*+592y8+13944y12+ 36448y +
e, WO =8yd +336y% + 6776y + 1852810 4+ - -,
W®=256y% +7168y'? +17920y'® + ---, Type L pre-
cisely 3 codes (see Section IV).
n=234, d=6. Either W=1+(34-48)y*+(255+48)y*+
(1921 +20B)y'¢ + (8466 — 208)y'2 + -+, WO =W =
By +(816—68)y? +(14144+158)y" + - -, codes exist
corresponding to B=0 (D2),3 (R0),1,2,4,5,6,7 (not
shown); or W=1+6y°+411y%+1165y'"+ 10886y'* +
L WO =y 411y + 10886y + -, WD =6y5 +
1165y° +17556y'3 + - - -, a code exists (R1).
n=36, d=38. Either W=1+225y%+2016y'" +9555y!2
+28800y™ + -+, §=42y°%+3780y!0 +58230y" + - -
or W=1+289y% +1632y'" +10387y'2 +28288y'4 + - - -
WO = y2 4+ 34y° 4+ 21760 + 29886y + -, W =
1632y' +28288y' + .. : codes exist in both cases
(R2,D3).
n =38, d=8. Either W=1+171y%+1862y'+10374y'*+
36765y + - -, S=114y7 + 9044y + 118446y"° +
s oor W=1+203y8+1702y'0+ 10598y %+ 36925y !4+
<o, S=y3+106y7+9072y" +118390y"> + - -+, codes
exist in both cases (D4, R3).
n=40, d=8. Either W=2S=1+285y%+21280y'* +
239970y % + 525504y + - - - Type 11, at least 100 codes
—see [60], [73] (e.g., D5); or W=1+(125+16B)y" +
(1664 —64B)y'° +(10720 + 32B)y '? + (44160 + 1928)y' +
o, S =ByM+(320~8B)y" +(21120+288)y P + - -+,
Type I, codes exist corresponding to B=0 and 10
(D6,D7).
n=42, d=28. Either W=1+(84+88)y*+ (1449 -
248)y'0 +(10640—168)y'? + (50256 + 1128)y 0 + ---, S
=By’ +(896—88)y° +(48384+28B)y'* + - - -, codes ex-
ist corresponding to 8 =0 (R4),1,---,7 (not shown), and
42 (a cyclic self-dual code with generator polynomial
A+ D2+ x+ D+ x + D20+ x>+ x* + x2+1)?
[17a], [54a]); or W =1+164y%+697y'"+ 15088y +
33456y + -, WO =W =y +164y° + 15088y " +
196718317 + 512992 y?' 4 289460 y % + 334562 + 697y,
no known codes.
n=44, d=8. Either W=1+(44+48)y*+(976—-88)y '+
(12289 — 208)y'2 + (47904 + 48B)y™4 + - -+, W= y? ¢
(B —10)y° +1533y'0 + (61096 — 208)y"™ + -+, WP =
(976 —8B)y'" + (47904 +488)y' + - - -, codes exist corre-
sponding to B =14 (not shown) and 17 (D8); or
W=1+(44+4B)y® +(1232-8B)y ' + (10241 - 208)y'% +
S4560 + 48B)y!14 + -+, S = By® + (2464 — 8B)y'" +
(109120+28B)y™ + - -+, codes exist corresponding to
B =4 (R5),5,---,15 (not shown).
n=46, d=10. W=1+1012y'" +9660y'? +56925y!* +
235290y + -+ WO=WwD=3312y!" + 121440y +
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-+ -, a code exists (subtract i, from gq,).
n=48, d=12, Type 1. W=S=1+17296y'2+535095y '+

3995376y°° +7681680y>* + - - -, a code exists (g,—sece
also [20]).

n =48, d =10, Type 1. Either # W =1+704y'" + 8976y 2
+56896y'* +267575y10 + -+, S=y*+44y8 +17021y"12

+535920y'%, no known codes; or W =1+768y'" +
8592y'% + 57600y + 267831y'6 + -+, § = 54y% +
16976y "> + 536040y, - - - a code exists (N1).

n=>50, d=10. Either #W =1+ 19_6y1“ + 11368y % +
31752y' +397782y0 + - -, WD =W =y +11368y"3
+397782y"7 + - -+ +31752y% +196y*!, no known codes;
or W=1+(580-328)y" + (7400 +1608)y'? + (56200 —
160B8)y'* +(292950 - 480B8)y'° + - -+, §=By® +(250—
108)y° +(42800+458)y"> + - -+, a code exists corre-
sponding to 8 =0 (D9).

Remark: Suppose a [50,25,10] code exists correspond-
ing to the first weight enumerator, and let € be the
[49,25,9] code obtained by deleting the coordinate corre-
sponding to the y term in W, Then it can be shown [6]
that the codewords of any fixed weight in ¢ form a
2-design. In particular, the codewords of minimal weight
form a 2-design with parameters v =49, b =196, r = 36,
k=9, A=6, in which any two distinct blocks meet in
either 1 or 3 points. Conversely, if such a design exists
then so does the code.

n =52 d=10. Either W =1+250y'° +7980y'2 +
42800y + 349150y + -+, W® = y2 4 580y10 4
63600y'* + -, WP =250y 442800y + ---, a code
exists (D10); or W =1+ (442-16B)y'"" + (6188 +
648)y' + 53040y + (308958 — 3208)y'6 + .-, § =
By® + (884 — 108)y'" + (106080 + 458)y™ + .-, no
known codes.

n=>54, d=10. Either W=1+(351-88)y'""+(5031+
24B)y'2 + (48492 + 328)y'* + (315198 — 160B)y™® + - -,
S =By” +(2808 — 108)y'! + (258624 + 458)y'5 + -+, a
code exists (subtract i, from DI11); or W =
1 + (351 — 8B)y'" + (5543 + 24B)y™ + 32B)y" +
(332094 —160B)y'¢ + - -+, S=y3+(B—12)y" + (2874~
108)y'! +(258404 +458)y*> + - - -, no known codes.
n=56, d=12, Type 1I. W=S=1+8190y">+622314y'+
11699688y 2" + 64909845y 2* + - - - | at least 20 codes exist
—see [9], [70] (for example D11).

n=156, d=12, Type I Either W =1+4606y' +
45056 y'* + 30692210 + 15769608 + -+, § = 77y® +
7630y'% + 624393y'0 + -+ or W =1+4862y'2 +
43008y +313066y'® + 1570816 y'8 + --- | WM = y4 4
65y® +4368y'% + 314926y'° + -+, W® = 3328y +
3092480 + - - - ; no known codes in either case. A code
exists with d =10 (N2).

n=>58, d=10. Either %W =1+(165—2v)y!°+(5078 +
2y)y 2 +(17190+ 188)y 14 + (433323~ 18y)y'o + -+, S =
y+yy® +(23918—10y)y"* + (1471338 +458)y' "+ - - -, no
known codes; or W=1+(319-248-2y)y'" +(3132+
1528 + 2y)y'? + (36540 — 6808 + 18y)y™* + (299541 +
18328 —18y)y' + -+ | 8§ = By> + yy° + (24128 —
548 —10y)y™ + (1469952 + 3208 +45y)y "+ - -, codes
exist corresponding to B=y=0 (D12) and B =0,
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vy =58 (D12a).
n =160, d = 12. Three cases: & W =1+2555y'% + 33600y
+278865y'® + 1717760y + «- -, S =396y'0 + 63240y

+3453340y"® + - - -, no known codes; & W =1+2619y"?
+33216y" 4 279441y'° + 1718784y + ---, S =6 +
384y +63306y'* +3453120y" + - -, no known codes;
or W=1+3451y'? +24128y' +336081y'® + 1469952 y '
+ oo, WO = y2 4319910 4 39672y 4 1981309y 18
+ o, WO =24128y' 4+ 1469952y + - - - | a code exists
(D13).

(This completes the proof of Theorem 2.) a

n=62,d=12.Eitherso W =1+(1860+328)y'? + (28055 —
60B)y'* +(255533 + 968)y'®+ (1718020 + 800B) y B + - - -,
= By" + (1116 — 128)y" + (171368 + 668)y"° + -+, or
e W=1+2308y'2+23767y 4+ 279405y 10+ 1622724 y '8
+-0, S=y3+1039y" +171928y"5+ ---; no known
codes in either case.
n=64, d=12, Type II. W=5=1+2976y'2+454956y'0+
1827561620 +233419584y2* + - - - : at least 38 codes exist
—see [71] (for example D14).
n=64, d=12, Type 1. Either & W=1+(1312+168)y'2+
(22016 — 64B)y"* + (239148 = 32B8)y'0 + ---, §=y* +
(B —14)y® + (3419 - 128)y™ + (451732 + 66B)y ' + - - -,
no known codes; or W =1+(1312+168)y'? + (23040 —
64B)y' +(228908 —328)y'"* + -+, S =ByS +(3328 -
128)y'? + (452096 +66B)y'® + - - -, a code exists corre-
sponding to 8 =32 (D15).
n=172,d=14, Type I. Three cases: oW =1+7616y' +
134521y + 1151040y + -+, § = y* +442y12 +
245480y'° + -~ ; MWW =1+ 8576y + 124665y'0 +
1206912y ' + -+, S = y® +532y'2 +244675y" + - - - ; or
IV =1+8640y'* +124281y'0 +1207360y" + -+, §=
546y'* +244584y'% + - .- : no known codes in any case.
Examples of Self~Dual Codes: The following codes, re-
ferred to in the preceding paragraphs, have the highest
possible minimal distance d of any self-dual code of the
given length and type. (The codes N1, N2, D1- D4, D6
D10, D12, D13, D15~ D20, R1- R5 appear to be new.)
The Neighbor Construction: If € is a self-dual code
and u & € has even weight then the neighbor 4 (1) of €
corresponding to u is generated by u and the vectors
{v €€ u-v=0}.1tis easy to show that .#(u) is self-dual
and that any self-dual code of length n can be reached
from any other by taking successive neighbors. The analo-
gous construction for lattices was used by Kneser [23].
(q4s). The [48,24,12] Type 11 quadratic residue code g, is
generated by the vectors 11 -- -1 and

1(0111101111001010111001001 101100010101 1000010000)

(with 1’s at the nonzero squares modulo 47). The paren-
theses indicate as usual that all cyclic shifts are to be used
—compare {7], [11].

(N1 If u=08050410CD00, the corresponding neighbor
A1) of quy is a [48,24,10] Type I code.

(N2) If u=BI12FC10D44D47C the corresponding neigh-
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bor .4 (u) of D11 (see Table II) is a [56,28,10] Type [
code.*

The Double Circulant Construction: Table II lists
self-dual codes having generator matrices of the form
011111
1
I 1| R (40)
1
1
or
I R | (41

where R is a circulant matrix with first row r. (40) is used
only when n =0 (mod4). These constructions have been
investigated by several authors [1], [3], [21], [22], [29], [31,
Chap. 16], [49], [62], [63], [68]-[71].

Codes with No Known Structure: The codes in Table 111
were found by constructing self-dual codes at random
until a sufficiently high minimal distance occurred. The
algorithm used was a binary version of that given in the
appendix to [28], modified as follows. After n /2—1 gen-
erators are found, instead of searching randomly for the
final generator, the program searches for an even weight
vector in #*\ &, where & is the code generated by the
first n /2—1 generators.

We describe these codes by giving the rows of A4 in
hexadecimal, where [ A] is a generator matrix.

IV. THE PrROOF OF THEOREMS 3 AND 4

It was shown in [11] that there are precisely five
[32,16,8] codes. Koch [24], [25] has given an alternative
proof of this result. These codes are

CP1 (or g4,),
CP2 (or r3y),
CP3 (or2g),
CP4 (or 8f,),
CPS5 (or 16f,).
CP1 is generated by the vectors
1(0001001000011101010001111011011)

(having 1’s at the nonresidues modulo 31), CP2 is well-
known (see for example [31]), and a generator matrix for
CP5 is given at the foot of p. 41 of [11]. Koch [24] and
Yorgov [72] have given alternative constructions for CP3
and CP4. Let e, be the particular version of the [8,4,4]
Hamming code generated by the vectors 1(1101000), let
e} be the version generated by 1(1011000), and let G,,G,
be corresponding generator matrices. Let 7 be the per-

a quadratic residue code,
a second-order Reed—Muller code,

a twisted Reed—Muller code,

“Unlike other codes in this section, this does not necessarily have the
highest possible d (cf. Table 1).
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TABLE H
DousLE CIrcuLANT CODES
Name n k d Type Form r (hexadecimal)
82 22 11 6 1 41 97
824 24 12 8 1II (40) B7
Ay=f3" 26 13 6 1 (C5Y)] 5F7
Ax=D; 28 14 6 1 (40) 8D
D2 34 17 6 1 (41) 1ECE
D3 36 18 8 1 (40) 2C6B
D4 38 19 8 1 (41) 5793
DS 40 20 8 11 41) S7EB
D6 40 20 8 1 (4D 11E35
D7 40 20 8 1 (41) B393
D8 44 22 8 1 40) SE6BS
D9 50 25 10 1 41 31C4D
D10 52 .26 10 I (40) 57F69D
D11 56 28 12 11 (40) ADFIFF
D12 58 29 10 I (41) D5A89B
D12a 58 29 10 1 (41) 2DDI1D3
D13 60 30 12 I (40) 3EF6B77
D14 64 32 12 I (40) 427BD0B
D15 64 32 12 I 41) 2EF3DD75
D16 66 33 12 1 41 B2D97D9
D17 68 34 12 1 41) 1F5C885F
D18® 72 36 12 1 (41 2BB795ES
D19 74 37 12 1 41) 1439372C7
D20 82 41 12 1 (41) A464B919B
TABLE 111

Cobgs wiTHi No KNOWN STRUCTURE

(R0 [34,17,6]: 033E3,037D8,03D05,0710E, 07COF, 08548, 08A2B,
0AC94,0B8AB, 0D09C, 107C8, 11CAE, 150A6, 186FB, 1C018,

1C693,1CBBO

(R1)[34,17,6): 04B8A,04D43,05A07,083A9,0C84E, 0CBFC, 0CD28,
0D5BD, 0D834,0EF5A, 0F5D3,0F902, 12331, 188D4, 197B3,

1DCEC, 1IEOBA

(R2) [36,18,8]: 03BB4,05FEA,07113,0C7F6, 123BA, 133C6, 13770,
19B64,1A86D, 1ICAEL, 1F3A0,260FA,2A751, 2EAEF, 31666,

32179,36502,37F59

(R3)[38,19,8]: 078F4,1499B, 15B0D, 18338, 18744,19194, 1E2FA,
2B40A, 2DF8A, 31457,35F67,3C23F, 4C3A6,4C535,530FB,
566C1,5B226,6EA18,70897

(R4)[42,21,8]: 020D3D, 02854A,039F91,061D23,06295C, 06 DAIF,
076544,086B07,0A7377,0DDY6D, 0DF2FE, 0F505E, 125583,
139C17,14AA29, 198EAA, 19D343, 1B6414, 1ICTEB2,

1D3619,1F12EB

(R5) [44,22,8]: 01597D, 03E6SE, 0684E0, 06D614,09E19E, 0A6385,
141CDB, 178090, ID71EC, 1F2F97, 1F52D3, 22F5FB, 260267,
268334,277D38,282BD9, 293F8E, 2A8D24, 33AE9F, 350159,

3528ES,3D17C0

mutation (0)(1,2,- - -,7). Then CP3 and CP4 have genera-

tor matrices

CP3:

CP4:

G,
0

0 G, 0
G, G, G
42
G, 0 G,
0 G, G,
G, G, G, (43)
G, G, 0
G, 0 G,
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An octet in one of these codes is a set eight mutually
disjoint sets of four coordinates (called tetrads) with the
property that the union of any two is the support of a
word of weight eight in the code. It is not difficult to
verify with.the assistance of a computer that the number
of octets is.as follows:

CP1:0, CP2:155, CP3:35, CP4:1, CP5: 0.

Also all octets in any CPi are equivalent under the group
of the code. Furthermore, if t;, - -, ¢4 are the tetrads of
an octet in CPi, then for all u € CPi, either lun¢,l,---,
luNtgl are even or luNtyl,- -, lun tgl are odd.

Proof of Theorem 3: We show that any [32,16, 8] Type
I code € can be constructed in a certain way from a
unique [32,16,8] Type II code #. From Theorem 5 it
follows (see the previous section) that W =1+364y% +
2048y"0+ -+, S=8y*+592y%+ --- . If € and €
both contain vectors of weight 4 then their sum is in €@
and so has weight 6, a contradiction. Therefore we may
assume ¢ contains all 8 vectors of weight 4. These
must be disjoint, and the sum of any two is a word of
weight 8 in €.

The code & =-€DU€® is self-dual (see the proof
of Theorem 5), has minimal weight 8, and so must be one
of the CPi. By the previous paragraph &% contains an
octet. Also €@ is a translate of € by any of the eight
tetrads in the octet. Thus ¢ is obtained from &% by the
following construction.

Let & be a CPi that contains an octet, and let ¢ be any
tetrad of the octet. We form & by taking all words u € #
that meet 7 in an even number of coordinates, together
with all words u -+t where u&€ % meets ¢ in an odd
number of coordinates. It is easy to check that ¢ is linear
and self-dual, and is independent of the choice of ¢ in
the octet. Also the minimal weight in ¢ is 8, since if u
intersects # oddly then u intersects all eight tetrads oddly
and so has weight at least 8. By adding ¢ we change the
weight of u from 4m to 4m +2. We conclude that € is a
[32,16,8] Type I code. Precisely three such codes arise in
this way, from CP2, CP3 and CP4, since each of these
contains just one type of octet. This completes the proof.

Proof of Theorem 4: Let (), be the set of all distinct
(but not necessarily inequivalent) self-dual codes of length
n (of both types if n is a multiple of 8), and let

1

V()= ¥ W(y)=Suy (44
0

|Qn| £ e,

be their average weight enumerator. If ¢, + ¢, + -+ +
¥,_, <1, there must exist an [n,n /2,d] self-dual code.
We know from [48] that, if n=2m,

\I} = 2 1 1 1{2 ! 1+ 2 + 3 . VZj}.

There are similar expressions for codes of Type I and
Type 1I alone. Equation (45) implies that self-dual codes
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with
d>4
d>6
d>8
d>10
d>12
d>14
d>16

existif n>16
existif n=>34
n>50
n=>68
n>86
n>104
n=>122
d=>18 n>140
d=20 n>158.

This, coupled with codes from [31] and Section III, com-
pletes the proof of Theorem 4.

exist if
exist if
exist if
exist if
exist if
exist if
exist if

The same method can be used to obtain lower bounds
on the number of inequivalent codes. Consider Type I
codes of length 34, for example. Let N be the total
number of distinct codes, and let N, be the number that
contain precisely r words of weights 2 and 4. Then

16
N=TT(2/+1)=2.0769--- x10*,
j=1
(from [48]), and from (44),(45) the average number of
vectors of weights 2 and 4 is

46937
¢z+l/f4=?537:/\(saﬁ-
The total number of words of weight 2 and 4 is
AN=1-N,+2-N, +3-Ns+ -~
>N+ N, + Ny+ - =N—N,.

Therefore the number of codes with no vectors of weight
6 is
Nyz N(1—1)=5.8945--- xX10%,

Since each code has a symmetry group of order at most
34!, we conclude that there are at least 5.8945--- X
10%° /341 =199.65 - - - (hence 200) inequivalent [34,17,8]
Type I codes (see Table I).

V. THE PrRoOOF oF THEOREM 1

Type Il Codes: If € is of Type Il then the highest
minimal distance is known for n < 64 [14, p. 194], [31, p.
626]. For n> 64, n# 72, 2[(n +6)/10] is greater than or
equal to the Mallows—Sloane bound (2). This establishes
the result for Type II codes.

Type I Codes: Let € be a Type I code of length
n=8k +2t, 0 <t <3. The weight enumerators of € and
its shadow ./ can be written as in (28),(30), for certain
integers ay,=1,a,," - -,a,. For n <72 the theorem follows
from the results in Section IV, so we now assume n > 72.
We write n =10/ +28, —3 < 8§ <1, and suppose, contrary
to the theorem, that d >2[(n +6)/10]+2. We actually
assume d =2[(n+6)/10]+2 =2/ +2, for the same con-
tradictions apply if d is greater than this value. Then

W(y)=1+ A,y + -, (46)
We apply the method used in [34]. Equating (28) and (46)
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TABLE 1V
VaLugs oF d, J —1 aND j' As FUNCTIONS OF n
n=40a+ 0 2 4 6 8 10 12 14 16 18
k Sa Sa Sa Sa Sa+1 Sa+1 Sa+1 Sa+1 Sa+2 Sa+2
¢ 0 1 2 3 0 1 2 3 0 1
L 4a 4a 4a+1 4a+1 4a+1 4a+1 4a+1 4a+2 da+2 4a+2
I3 0 1 -3 -2 -1 0 1 -3 -2 -1
d 8a+2 8a+2 8a+4 8a+4 8a+4 8a+4 8a+4 8a+6 8a+6 8a+6
J-1 a a : a a—1 a a a a a a
J' a a a-1 a—1 a a a a—1 a a
n=40a+ 20 22 24 26 28 30 32 34 36 38
k Sa+2 Sa+2 Sa+3 S5a+3 Sa+3 Sa+3 Sa+4 S5a+4 Sa+4 S5a+4
t 2 3 0 1 2 3 0 1 2 3
i 4a+2 4a+2 4a+3 4a+3 4a+3 4a+3 4a+3 4a+4 4a+4 4a+4
§ 0 1 -3 -2 -1 0 1 -3 -2 -1
d 8a+6 8a+6 8a+8 8a+8 8a+8 8a+8 8a+8 8a+10 8a+10 8a+10
J—1 a a a+1 a a a a+1 a+1 a a
i a a a a a a a+1 a a a

and dividing by (1+ y2)"/? yields

Y(1-Y)
————— | +terms of order Y'*',
(1+Y)

/
(1+Y) =% a,{
j=0

where Y =y2 The a; for j<![ can be determined by
expanding (1+ Y)™"/? in powers of

Y(1-Y)

(1+Y)*
via thc Biirmann-Lagrange theorem ([19], [31, p. 627],

[33], [34], [65D:
1| & Yy
j_[dyj l Y)_"/z(g) }}
Y=0
_ —n/2—1-4j -2j
- Z_J.[dyjl{(1+Y) (1-Y) }]yo,
(47)

and in particular
n
a,=-—

21
-coefficient of Y/~ in (1+Y) ' ° " W1—-y)™¥

15(- o ()55 (48)

Iil( 1),+,(21+{'—1)(2’7_‘3],:’;1). (49)

On the other hand an upper bound for |a,| can be
obtained by considering S. Let

S=Y B y" (50)

From Theorem 5 we know that there is at most one
nonzero B, for r <(d+4)/2. Let B, y" be the lowest
degree mnonzero term in S. Then B, =1 if i;<d/2,
B, <2n/dif i, =d /2 (from (6),(7)). Furthermore B, =0
(5) and (4) B, = 0 unless r = ¢ {mod4). Therefore we can

rewrite (30) as
Z ( 'ak_jzn/2—6k+ﬁjzj(1_Z)Zk-Zj’
i=ly
where iy =4j,+1, Z=y*,
= B, Z’ +terms of order Z’, (51)

where J =[(d /2+1—1t)/4]. We divide this by (1 - Z)*
and use the Biirmann-Lagrange theorem to expand
Z(1— Z)" % in powers of ¢ = Z(1— Z)72 Let

Zh(1-2) " =Y a,¢’. (52)
Then a; is determined for j < J—1. We have

a7 fd YN VAY
dZi"{dZ(Z (1-2) )(5)} . (53}

=0

a;

and (comparing (51),(52)),
k_jz(—l)k‘jZ‘"/2+6k76jBi0ajs (54)

for j <J —1. To obtain a bound for a, we set j = ', where
k — j’=1. The value of j* depends on the residue class of
n modulo 40, as shown in Table IV. The table also gives d
and J—1.

From (23),

J . P i
a, = —? -coefficient of Z/ 7o in (1—Z)*
J

2k . k-
—j-,-coefﬁcient of Z/ =V in (1—2)” %" (55)

(56)

_ 2(kj'—2kj0+j'j0) Zk'}-,-l.o_l
J'CG'=Jo) J'=i—1 '
The magnitude of this expression is maximized by taking
Jjo = 0. Setting j, =0 in (54),(56) we obtain
2ke 2k — ' —
\a,!s—,,—Z(’/*"/z( ) J 1)’ (57)
j J-1

where ¢ is 1 unless 4j'+ ¢ = d /2, in which case ¢ = 2n /d.
This is the desired bound for a,.
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For n in the range 74 <n <500, (49) exceeds this
bound (thus proving the result), for all except the 12
values n =82, 92, 102, 112, 122, 132, 152, 162, 172, 192,
202, and 232. This may be established by direct calcula-
tion of (49).and (57). Even though there is massive can-
cellation in (49), double precision arithmetic on a
Cray X-MP computer is accurate enough to evaluate the
sum in (49) to at least 14 significant digits. For example,
when n»n =500, [ =50, from (49) we find that
as, = —3.347020 - - - X 10* (although the largest terms in
the sum are around +10%), while (57) gives
lasol <1.059833 - - - X 10°!, a contradiction.

For the 12 values 82,--+,232 we establish a contradic-
tion as follows. The coefficients a, - -, a, are calculated
from (28) and (46), and substituted in S (in (30)). Then
a,,,4;,,, " are determined by requiring that the lead-
ing coefficients {B;: i <d /2} in S shall either all be zero
or exactly one of them be 1 and the rest zero. In every
case it turns out that one of the next two coefficients in §
(By;., or By,.4.,) is negative. This is impossible, and
establishes the result. For example, when n = 82 (so that
k=38, t=1, 1=8, d=18), we have a,=1, a,=—41,
a, =615, a;=—-4182, a,=13161, a5=—18040, a,=
9512, a, = —3280, and agz= —39524. If we require that
S/y begins 0-Z+0-Z*+ -+, then ag=a,,=0 and

S/y=-308.78---Z%+6580.5Z2%+ --- .

The negative coefficient yields the desired contradiction.
(We could also deduce the contradiction from the fact
that the coefficients are not integers.) Similar contradic-
tions arise in the cases S/y=1-Z+0-Z%+ -+ and
0-Z+1-Z2%+-+-.

For n > 500 we apply the saddle-point method [8]. For
simplicity we assume that » is a multiple of 40, n = 40a
say, so that k =4a, t =0, [=4a, §=0, d=8a+2 and
j'=a. The other 19 residue classes modulo 40 can be
handled in the same way.

To further simplify the analysis® we begin by verifying
that (49) exceeds (57) for all n=40a in the range 500 <
n < 3000. This calculation can be carried out exactly (in
multiple-precision integers) using the Macsyma program
[35]. For example when n = 3000 we find from (49) that
A3 = —8.890 - -+ X10*, whereas from (57) |a;pl <
2.002 - - - X 10", a contradiction. Therefore, when apply-
ing the saddle-point method, we may assume n > 3000,
1> 300.

We first estimate b, = —2n"'la,, which from (48) is
equal to the coefficient of Y'™! in (1+Y)™'"'1-Yy)~2.
From Cauchy’s formula,

1
b,=27i/

integrated along a small circle around 0. Let Y = 27/,

(1+y) ""la-y) ™
Y1+1 dY’

*In retrospect it is clear that a much smaller value than 3000 would
suffice.
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z=60+1iy, so that

1 1
b,:f 5 — 5 yo dz
P1+ e miz e-ﬂ'rlz(l_ e 1rlz)(1__ e 77!2)

:fg(z)e(h(Z)dza
P

where P is any path {z =6 +iy: —1/2<6<1/2}, y >0,
g(z)=(1+e**)~! and

h(z) =—log{e?™*(1—e*™%)(1—e*™'?)}.

1

(58)

Then
4g2 + g -1 )
h(z)=2mi Byt q=e>"?,
4q°-3q*—79° -2q* +q—1
h'(z) =472 2q
q(1-4?)

We see that h'(z)=0 when g=gq,=(/17 —1)/8 =

0.390--- and z =z, =1y, y, = 0.14970331 - - - . Then
1 512
eh(Zo)= =
‘10(1*40)(1_%2)) 51Y17 —107
=4.95747480 - - - = ¢, (say), (59)
h'(zy) = —192.04135 - - - = — a (say). (60)

In fact h(z) has a saddle point at z,, and we choose
P={0+iy,, —1/2<8<1/2}. We divide P into three
sections: —1/2<8< —ylogl /VI, —ylogl /VI <6 <
Ylogl /vi, ylogl /VI <6 <1/2, and denote the corre-
sponding integrals in (58) by 1, , 1,,, I,, respectively. Then,
for I > 300,

iog a
IMZZg(ZO)[ l%l/\ﬁexp 1(11(20)——02—503 de,
0 2 6
where

B 6+ i 16) log 300
= cz=0+ < 1/ )
B=max{|h"(2)]|: z vy, 10l < 300

By computer we find that 8 =1503.9 - - - . Therefore
I,>07192---cl1y,,

where

I, = 2/@/‘”6—1(5133/21»[333/6)‘19.
0

We set § =t /Val, obtaining

2 Valogl 2 3
I > — e 2=y gy
M= Val [0

where y = g /(6a%/?)=0.09418 - - -

£

2 ®
:W([o ~J

The first term in (61) is

2 1 2 3
L 2 [,
Val Yy

)e*’z/z—\”v/"dz. (61)
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where ¢, =y /V300 = 0.0054 - - -,

2 1 2
z—‘/a_—lfoe Cdf, cy=1/24¢,=0.5054

T 0.123
= /_c:cgerf(\/a)zT”.

The second term in (61) is easily shown to be negligible
(less than 10~%° in fact) for / > 300. Thus

0.0885 - - - c!
> for [ > 300.

[M_—‘/l——,

In evaluating the next integral we make use of the
inequality

c
cosx <1——=x2,
2

for0<ux <a, (62)
where

sin —

We omit the easy proof.
The contribution to b, from the right-hand section of
the path is

. 4
1 12 e —21mif

Ip> — _ ‘
R 1-— qdy f@/‘/l_ q()(l_ q(]eZmB)(l_ q(]eélq—n(i)
Let

de.

D= I(l _ q()eZ‘mﬂ)(l _ qne4rri('/) |2

2|(17qoez"ie)(lfq()e“"") 2

in the range of the integral, where € = y/log!/ /VI, and so

D= (1+q} —ZQOCOSZTre)((l+q0)2*4q“cosz2176).

Regarded as a cubic polynomial in cos2re, this expres-
sion has negative slope near 1, and so we obtain a lower
bound to it (from (62)) by replacing cos2mwe by

¢, log!

2 1
where

/Tog300
V300
/log 300

/300

After some further simplifications we obtain

sin

= =0.9390 - .

70log !
D20.2670-'~(1— )
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Therefore, for [ > 300,

1 T0logly~'/?
> (1+ )
— 4y [
!
2 C
-(4.95747480 - - - )’f\l/l/o?e—w do > 1714“
v

The same bound applies to I;. These terms are negligible
compared with /,,, and we conclude that

0.0885 -+ ¢!

bz ——p——, =30, (63)
where ¢, is given by (59).
On the other hand (57) implies
Ib,| < 2_9()24a(9aa ) < = p4a+9aH1/9),
from [28, p. 309], where
H,(x)=—xlog,x —(1—x)log,(1— x),
and so
1.8806 - - - ¢l

b, < 7 , (64)

where

cg= 21+ O/DHA/O — 4 38425361 - - - .

It is easy to verify that the two bounds (63) and (64) are
incompatible for /> 300. This completes the proof of
Theorem 1.
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