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A New Upper Bound on the Minimal 
Distance of Self-Dual Codes 

Abstract-It is shown that the minimal distance d of a binary 
self-dual code of length n 2 74 is at most 2[(n + 6)/10]. This bound is a 
consequence of some new conditions on the weight enumerator of a 
self-dual code obtained by considering a particular translate of the code 
called its “shadow.” These conditions also enable us to find the highest 
possible minimal distance of a self-dual code for all n 5 60; to show 
that self-dual codes with d t 6 exist precisely for n 2 22, with d 2 8 
exist precisely for n = 24, 32 and n 2 36, and with d 2 10 exist precisely 
for n 2 46; and to show that there are exactly eight self-dual codes of 
length 32 with d = 8. Several of the self-dual codes of length 34 have 
trivial group (this appears to he the smallest length where this can 
happen). 

I .  INTRODUCTION 

HE PROBLEM of classifying binary self-dual codes T has been studied by a number of authors [1]-[5], 

[381-1541, [571-[641, [661-[731, [14, Chap. 71, 131, Chap. 191. 
The main results of the present paper are contained in 
the following theorems. 

Theorem 1: The minimal distance d of a binary 
self-dual code 8 of length n ( n  # 2,8,12,22,24,32,48,72) 
satisfies 

[9]-[113, [131, [181, [201, [211, [241-[271, [301, [321-[341, 

d , 2 [ 3 .  (1) 

If 8 is of Type I (i.e., the weights are not all multiples of 
4) then the bound fails just when n (necessarily even) is 2. 
12, 22, or 32, and if 8 is of Type I1 (i.e., the weights are 
multiples of 4) the bound fails just when n (necessarily a 
multiple of 8 ) is 8, 24, 32, 48 and possibly 72. The 
greatest minimal distance for these exceptional lengths is 
2[(n + 6)/101+ 2. 

In [34] it was shown that d I 2[n/8]+2 for all n ,  and 
in [33] that d I n /4 - c, for any constant c, provided n is 
sufficiently large. The bound (1) is stronger than these, 
although asymptotically weaker than the McEliece- 
Rodemich-Rumsey-Welch bound, which for rate one-half 
codes implies d I 0.182490~ + o(n)  ([37], [361, [31, Chap. 
17]).’ For Type I1 codes it is known that 

d 1 4  - +4,  for all n ,  LI 
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TABLE I 
THE HIGHEST MINIMAL DISTANCE OF A SELF-DUAL CODE 

n dl d,, Codes n dl dll Codes 

2 2  
4 2  
6 2  
8 2  4 

10 2 
12 4 
14 4 
16 4 4 
18 4 
20 4 
22 6 
24 6 8 
26 6 
28 6 
30 6 
32 8 8 
34 6 
36 8 

i2. 38 8 

io. 42 8 
i,. 40 8 8 

i,; ex. 44 8 
i,,,; exi2. 46 10 
d :2 48 10 12 

SO 10 e:+. 
d;’;d&,ei. 52 10 
d;+,(dloe,f,)+. 54 10 
7codes[44]. 56 10or 12 12 

58 10 g,, [481. 
f 2 4 ; f i Z d  [481. 60 12 

62 10or 12 f ;3 [451. 
, f ; ( a ) , f ; ( b ) , D I .  64 12 12 
13 codes. 66 12 
3 codes; 5 codes. 68 12 
2 200 
2 2  72 12or 14 12 

70 10or 12 

2 2  
2 2; 2 100 [60], [731 
2 9  
2 14 
2 1  
2 1 ;  2 1  

21 
2 1  
2 1  
? ;  2 20 [91, [701 
2 2  
2 1  

2 1; 2 38 [71] 
2 1  
2 1  

or 16 

and d I n / 6 -  c for any constant c provided n is suffi- 
ciently large (1341, 1331, 131, Chap. 191). 

Theorem 1 is a consequence of some new restrictions 
on the weight enumerator of a Type I self-dual code, 
obtained by studying a particular translate of the code 
called its “shadow” (see Theorem 5 and Section 11). For 
small values of n we can often obtain additional informa- 
tion about the weight enumerator from its shadow, lead- 
ing to the following result. 

Theorem 2: The highest minimal distance of any self- 
dual code of length n I 60 is known. The actual values 
are as given in Table I .  

Before this, the highest minimal distance was known 
only for n _< 32 ([ 111, [45]). Table I also shows our present 
state of knowledge about codes of lengths 62 to 72. In the 
table d ,  (resp. d,,) denotes the highest minimal distance 
of any Type I (resp. Type 11) self-dual code. 

The fourth column of the table gives the known codes 
having the indicated minimal distance. A period indicates 
that the list of codes is complete. These enumerations (for 
n I 30 and for Type I1 codes of length 32) are due to 
Pless [43]-[45], Pless and Sloane [48], and Conway and 
Pless [ll] (but see however [131). When n is a multiple of 
8 a semicolon separates the Type I and Type 11 codes. 
The codes in the fourth column are described in greater 
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detail in Section 111; several of them are new. In the past, 
codes of length 32 have received a great deal of attention 
1111, [241, 1251, [451, [721. In particular, it is known that 

B,  = Bn-,. for all r ,  

B, = 0, unless r = n /2 (mod 4) ,  (4) 

there are precisely five [32,16,81 Type I1 self-dual codes (5) 

[ I l l  (see Section IV). B, I 1, for r < d /2 ,  (6)  

B,, = 0, 

Theorem 3: There are precisely three [32,16,8] Type I 
self-dual codes. 

We also determine all lengths for which there exist 2-, 
3- and 4-error-correcting self-dual codes. 

(7) 
B,.I A ( n , d , r ) , *  for all r ,  and (8) 

at most one B,. is nonzero for r < ( d  +4)/2.  (9) 

Theorem 4: Self-duai codes with minimal distance 4) If we write 

n / 2 - 4 j  
h / 8 1  

W ( x , y )  = a , ( x 2 + y * )  (x2y2(x2-y*)2)i d 2 6 exist precisely for n 2 22, 

d 2 8 exist precisely for 
j = O  

n = 24, 32, and n 2 36, 
( 10) 

d 2 10 exist precisely for n 2 46. 

For larger values of d we have less complete informa- 
tion. For example, self-dual codes with: 

a) d = 12 exist for n = 48, 56, 60, 64-68, n 2 72, per- 

b) d = 14 exist for n = 78, 80, 86, 88, n 2 98 (and possi- 

c) d =  16 exist for n=80 ,  88, 100-104, n 2 1 2 2  (and 

haps n = 62, 70, and no other values of n; 

bly other values); 

possibly other values). 

The key idea in proving these results is to study the 
"shadow" of a code. The shadow of a self-dual code 8 is 
defined as follows. (A more general definition is given in 
Section 11.) Let 8(", be the subcode of 8 consisting of 
all words whose weights are multiples of 4, and let 8(*) = 

8\8("). The shadow code 9 = 9(8) consists of all 
"parity vectors" for 8: those vectors U with the property 
that 

U .  c = 0, for all L' E 4"), 

U ' C  = 1, for all c E 8"). 

If 8 is a Type I1 code then 8(2) = 0 and /(&) = 8. 
The next theorem summarizes a number of properties 

of the shadow of a Type I code. 
Theorem 5: Let 9 = dT8)  be the shadow code cor- 

responding to an [n ,n /2 ,d ]  Type I self-dual code 8. 
The dual #(I)* consists of the union of four cosets of 
8("), say U 8') U 8(*) U @), with 8 = 8(", U 8(2). 

1) 9 = &Cw*\g = U 80) 
2) The sum of any two vectors in 9 is in 8. More 

precisely, if U , ( -  E & ( I )  then U + c E 8("); if U E 

& ( I ) ,  c E 8(3) then U + L' E 8(2); and if U ,  L' E 8(3) 
then U + c E &"). 

3) Let S(x, y )  = CB,xnpryr  be the weight enumerator 
of 9. Then 

using Gleason's theorem ([21, [14, p. 1861, 1181, [301, 
[31, p. 6021, [51]-[54]), for suitable integers a,, then 

[ n  /XI  

S( x, y )  = ( - l)'a,2"/2-f5' 
J = 0 

(11) . (  x y ) ' 1 / 2 - 4 J ( x 4  - y 4 ) 2 J .  

In particular, a, is divisible by 2"/2p6J for all j .  
5 )  Let W ( " ( x , y )  be the weight enumerator of 8(') 

(0 I J 5 3), so that W = W"" + W ( 2 ) ,  S = W " )  + W(').  
Then W ( ' )  - W(' )  is: 

(a> a polynomial in f x  = x8  + 14x4y4 + y x  and fz4 

(b) flx times a polynomial in f x  and f 2 4 ,  if n = 2 
= x4y4(x4 - y'))", if n = 0 (mod8), 

(mod 8), where 

f l x  = x'7y -34x"y5 +34x5y1'- xy '7  

= xy(x8 - yX)(x"34x"4 + y 4 )  

= x y (  x8  - y 8 ) (  x2 - 2xy  - y 2 )  

. ( x '  +2xy - Y * ) ( X ~ + ~ X ~ ~ '  + y 4 ) ,  (12) 
(c) f I 2  times a polynomial in f x  and fZ4, if n = 4 

(mod 81, where 

f 1 2  = x'Oy2 - 2xhyf5 + x 2 y l "  

= x 2 y ' (  x 4  - y 4 ) *  = fdl', (13) 
(d) f? , ,  = f l Z f l x  times a polynomial in f x  and f24, if 

Remark: a) Part 4) is due to Ward [64], who investi- 
gated the weight enumerator of (without however 
considering as a code in its own right). 

b) One of the differences between Type I and Type I1 
codes is that the weight enumerator W ( x , y )  of a Type I 
code is invariant under a group of order 16, whereas for a 
Type I1 code W ( x ,  y )  is invariant under a group of order 
192 (131, Chap. 191, [511-[541). Thus W ( x , y >  is more 
strongly constrained for Type I1 codes. As we shall see in 
Section 11, part 5 )  of the theorem restores the balance to 
a certain extent by requiring W ( ' )  - W(' )  to be a relative 

n = 6 (mod8). 

2 A ( n , d . w )  denotes the maximal possible number of binary vectors of 
where W ( x ,  Y )  is the weight enumerator of 8. Also length n, weight w and Hamming distance at least d apart [7], [31]. 
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invariant (with respect to a certain character) for the 
group of order 192. 

In Section I1 we give a more general definition of the 
shadow code and establish some of its properties, includ- 
ing those' stated in Theorem 5. 

In Section 111 we study self-dual codes of length n I 72, 
where considerable information about the best codes can 
be obtained by considering their shadows, and in particu- 
lar establish Theorem 2. Often we can restrict the weight 
enumerator of the code and its shadow to one of a small 
number of possibilities. 

This approach enables us to give analytical proofs of 
various results that were previously known only from the 
complete enumerations previously mentioned. Typical re- 
sults are that there are only two possible weight enumera- 
tors for an [18,9,4] Type I code and only one for a 
[24,12,6] Type I code. (Gleason's theorem alone does not 
imply these results.) It also follows immediately that there 
do not exist linear codes with the same weight enumera- 
tors as the "formally self-dual" nonlinear codes of lengths 
8 ([31, p. 140, Fig. 5.11, and 16 (the Nordstrom-Robinson 
code), etc. 

Consideration of the shadow code has also revealed 
some errors in the literature. At length 28, minimal dis- 
tance 6, there are two possible weight enumerators (see 
Section 111). Reference [451 does give two codes, but only 
one of them (2fI4(1)) corresponds to one of our weight 
enumerators. The other code (2f,4(11)) in 1451 has nonin- 
tegral coefficients in the weight enumerator of its shadow, 
and in fact is not a self-dual code. The coefficients in the 
second of our weight enumerators suggest that a code 
might exist which is invariant under a permutation of 
order 13, and indeed such a code exists. It is a child 
(omitted from [45]) of the length 32 code d6ff3. There are 
in fact three [28,15,6] Type I codes-see Section 111. 
Reference [ 131 contains the corrections to [451. 

At length 58 our results show that the highest possible 
minimal distance is 10. On the other hand, [3] claims to 
present a [58,29,12] self-dual code. However, the weight 
enumerator of the shadow of that code (found for exam- 
ple from (3)) begins 

y 5 +  . . .  29 19285 
- y  + - 
8192 4096 7 

which is impossible.3 A code (D12) with d = 10 does exist 
-see Table I1 next. 

Theorems 3 and 4 are proved (using the results of 
Section 111) in Section IV. The final section contains the 
proof of Theorem 1. 

Codes with Triciul Group 

There has been interest recently in self-dual codes 
with trivial automorphism group [37b], [60]. We have 
found numerous [34,17,61 self-dual codes with trivial 

'Indeed, the code described in [3] has generator matrix of the form 
given in (41), where the first row of R is 19E89179 in hexadecimal, and 
is not self-dual. 

group, for example the code RO in Table 111. (The 22 
words of weight 6 generate RO, and the program Nauty 
[37a] was used to show that this 22-word constant weight 
code has trivial group.) All the [34,17,61 codes with trivial 
group that we found have weight enumerators of the form 
W = 1 + (34 - p ) y 6  + (255 + 4p)yx + * . . (see Section 111) 
with p = 2 (at least three distinct codes), p = 3 (at least 
six distinct codes) or p = 4 (at least six distinct codes). 

It is very likely that these length 34 Type I codes are 
the shortest possible self-dual codes with trivial group. 
For we know ([11], [13]) that the trivial group does not 
occur for a Type I code with n r 3 0 ,  nor for a Type I1 
code with n 5 32, and an extensive computer search has 
failed to produce a Type I example of length 32. 

Length 40 is the smallest possible length where a Type 
I1 code with no group can exist, and Tonchev [601 gives an 
example of such a code. Our computer search suggests 
that in fact [40,20,8] Type I1 codes with no group are very 
common (out of 50 codes chosen at random, 44 had trivial 
group and were all distinct). This is not surprising, since 
the total mass CIAut(C)I-' for all Type I1 codes of length 
40 is 17492.86. . . . 

The results of this paper were announced in [151. Simi- 
lar theorems can be proved for unimodular lattices [161, 
[171. 

Open questions: 
1) Since there are many more Type I than Type I1 

codes ([48], [31, Chap. 1911, and the best bound known for 
Type I codes (1) is larger than that for Type I1 codes (21, 
it is natural to ask for the smallest length at which a Type 
I code has a higher minimal distance than any Type I1 
code. Table I suggests this could be n = 72-see the 
weight enumerators in Section 111. 

2) The bound of Theorem 1 can be tightened slightly 
(at the cost of allowing more exceptions) by using (8) to 
bound B, for r > d /2. This suggests that by following the 
methods of [33] it may be possible to prove that d I 
n / 5  - c holds for any constant c, provided n is suffi- 
ciently large. 

3) Determine precisely when self-dual codes with d = 

12, 14, and 16 exist (see the remarks following Theo- 
rem 4). 

4) Remove some gaps in Table I and Section 111 by 
constructing or proving nonexistence of the following 
codes (see Section 111, where the corresponding weight 
enumerators are indicated by the symbol a); [42,21,81, 
second case; [48,24,10], Type I, first case; [50,25,10], first 
case; [52,26,10], second case; [54,26,10], second case; 
[56,28,12], Type I, two cases; [60,30,12], two of the three 
cases; [64,32,12], Type I, first case, [72,36,141, Type I, 
three cases; etc. 

Notation: An [ n ,  k ,  d] code 8 is a binary linear code of 
length n,  dimension k and minimal distance d.  W ( x ,  y) = 

CA,x"- ' y '  is its weight enumerator, where A ,  is the 
number of words of weight Y .  S(x,  y ) =  CB,xnp 'yr  is the 
weight enumerator of the shadow code /(&I. The dual 
to 8 is denoted by 8*. A self-dual code (with 8 = 8*) 
is of Type 11 (or doubly even) if the weight of every word 
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1 1 1 1  
1 1 1  1 

1 1 1 1  

I 
1 1 1 1  

1 1 1 1  
1 1 1 1  

I 1 1 1 1  

is a multiple of 4; otherwise is of Type I (or singly even). 
If 8 is of Type I, %(0) denotes the doubly even subcode, 
4 ( O ) *  = &(O)  U &(I )  U 

9(8) = % ( I )  U @), and W ( ' ) ( x ,  y )  denotes the weight 
enumerator af % ( I ) .  We often set x = 1 in weigh: enu- 
merators and write W ( y )  for W(1, y ) ,  etc., f ( y ) =  
y "f(l/ y ) denotes a reciprocal polynomial. 

For codes of length up to 32 we sometimes use the 
d,, e,, f,, g ,  notation of [111, [451, [481. 

To save space some vectors have been written in hexa- 
decimal, using 0 = 0000; * ,  9 = 1001, A = 1010; . ., F = 

1111, usually omitting leading zeros (so the vectors are 
right-justified). 

U &7(3), 4 = gm U #2), 

1 1 1 1 1  
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1 1 1 1 1 1 1 1 1  

11. SHADOW CODES 

We give a general definition of the shadow of a code, 
which reduces to that of Section I when the code is 
self-dual. Let 8 be a binary linear [ n ,  k ,  d] code that 
contains its dual 8* = @ (say). Let @(O) be the subcode 
of 99 consisting of all words with weights divisible by 4 
(the weights in @ are necessarily even). The shadow code 
9 = 9(8) consists of all "parity vectors" for %*: all 
vectors U such that U ' L '  = 0 for all 1 1  E U ' U  = 1 for 
all c E G? \ @(O). 

We give four examples; others will be found in Section 
111. 1) If 8 consists of all even weight vectors of even 
length n,  then / =  8 if n is a multiple of 4, and 
otherwise 9 consists of all odd weight vectors. 2) If % is 
the self-dual code 

i2, ,=i2@z2@ ai,, i2={OO,1l}, (14) 

consisting of all vectors U = u l u 2  . . . u , , ~  with U ,  = U , ,  

U ?  = u4;  . ., then 9 is the translate of 8 by the vector 
101010.. . , and consists of all vectors U with U ,  # U , ,  

u3 # u 4 ,  . . . . 3) If 8 is the self-dual code ( d , , e , f , ) +  of 
[44], 1481, with generator matrix 

then 9 is the translate of 8 by the vector O I 7 1 .  4) Let 
8 = g,,, the [22,11,6] "shorter Golay code" [4], formed 
by subtracting (see [12]) i, from the [24,12,8] Golay code 
gZ4. Thus g,, consists of all words of g,, that begin 00 or 
11, with these two coordinates deleted. Then S consists 
of the remaining words of g 2 4  with the same two coordi- 
nates deleted. 

Theorem 6: Let % be an [n,  k ,  dl code such that % 2 
%*, and let 9 = 9(%) be its shadow. If all weights in 
B* are multiples of 4 then 9 = B. If not then: 

a) is a nonlinear code, a translate of 8, given by 

b) if U , C E ~  then u + ~ E € ;  
c) let S(x, y )  = CB,x"-'y' be the weight enumerator 

of 9. Then the B, are nonnegative integers satisfy- 
ing B, = B, --r, for all r ,  

B,. I 1 ,  for r < d/2 ,  (18) 

B , . s A ( n , d , r ) ,  forall r ,  and (20) 

at most one B,. is nonzero for r < ( d  + 1)/2; (21) 

d) if W ( x ,  Y )  and W * ( x ,  y )  are the weight enumerators 
of 8 and 8* respectively then 

(1  - i ) x  + ( l +  i ) y  

2 

and 

Remark: For comparison, note that the MacWilliams 
identity [31, Chap. 51 states that 

Pro05 If all weights in 8* are multiples of 4 then 
is a subcode of 99 

of index 2, and @(")* = 8 u(a + 8) for some a 8. We 
will show that 9 = a + 8. It follows immediately from 
the definition that .B c A!?(")*\%. On the other hand, if 
U E @(")*\8 then for some c E @\@(') we have U ' C  = 

1. Any C ' E  @\@()) can be written as c '= c + w, w E 

and U .  L.' = U .  c + U .w = 1. Thus tY = @(")*\8, 
which proves a). Part b) follows immediately from a>. c) 8 
must contain the all-ones vector, so W( y ,  x) = W(x, y ) .  
This implies S ( y ,  x) = S(x, y )  from (22) (proved next), 
hence B, = B,,_,. for all r .  Equation (17) holds because 0 
is not a parity vector, and (181, (20), (21) all follow from b). 
Equation (19) is a special case of (20). To prove d) we 
compute the following weight enumerators, using the 

= @ and * /  = 8. Otherwise 
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MacWilliams identity [31, Chap. 51. 
1 g = 8*. . p + + Y , x - Y ) ,  

* 1  
@(I) :  2k+' ( W( x + y , x - y + W( x + iy , x - iy 11, 

1 
@(")*: , { ~ ( 2 x , 2 y )  + w ( ( I +  i ) x  + ( I -  i ) y ) ,  

(1-  i ) x  + ( l -  i ) y ) } ,  

( I  - i ) x  + (1  + i ) y  

2 

(To obtain the final expression we use the fact that 
W(x,y) is homogeneous of degree n.) Equation (23) 
follows similarly. 

Proof of Theorem 5: Suppose 8 is an [ n ,  n /2, dl 
Type I code. 1) Then @ = 8, @(") = @(")* = 8"" U 

8(') U 8(2) U &(3) where 8 = U 8(*). Then 9 = 

&(')U 8(3) from (16). 2) Follows because &(0)*/8c0) is 
a 4-group. (It is a group of order 4 and is not cyclic since 
it is the quotient of a vector space over GF(21.1 

3), 4) Equation (3) follows from (23) (since now W *  = 

W ) ,  and (5149) from (17)-(21). Equation (11) follows 
from (3) and (101, and (4) from (11). 

5) We begin by showing that & ( O )  U 8(') and 8(0'U 
8(3) are both self-dual if n = 0 (mod 4), while -e(") U g(') 
and & ( ( I )  U 8C3) are dual to each other if n = 2 (mod4). 

U 8(') contains 8(") and is 
contained in 0 (mod 4) 
and u , r ' ~ 8 ( ' )  we read ~ ~ ( u + ~ ) = w t ( u ) + w ~ ( z i ) -  
2wt(u n r . )  modulo 4 and (using (4)) deduce that wt(y n c )  
is even. Hence &(")U & ( I )  is self-dual. A similar argu- 
ment applies if n = 2 (mod4). 

For a matrix A = (: i;) we write A 0 f(x, y )  = f(ax + 
b,  cx + d). From the previous paragraph (and the 
MacWilliams identity), if n = 0 (mod41 we have 

Proof: The dual of 
U & ( I )  U 8') U @). If n 

M (W(0) + W(l)) = W(0) + W(1) 3 

M 

M 

( W'O' + W'3') = W'O' + W(3) 3 

(W"' - WO))  = W'1' - W ( 3  , 

where 

where J = ( 
The matrices M , J  generate a unitary reflection group 

3 of order 192 [31, Chap. 191, [511-[54], and (25) implies 

O ) ,  using (4). 
0 i 

that W'" - W(3)  is a relative invariant for 3' with respect 
to the character defined by x ( M )  = (-  l)n/2, x ( J )  = i n / 2 .  
If n = 0 (mod 8) then x is identically 1 and W ( ' )  - W'" is 
an absolute invariant for 8, hence a polynomial in f x  
and f2 ,  [31, p. 6021. 

If n f 0 (mod8) then W ( ' ) -  W ( 3 )  is a relative but not 
absolute invariant for ~ 9 .  In this situation there is a 
particular polynomial f (depending on x )  such that 
W(I )  - can be written uniquely as f times an abso- 
lute invariant for 3 (see for example [SI ,  [56]). To find 
the degree of f we compute the Molien series 

where the bar denotes complex conjugation. This is easily 
computed if we observe that 9 has a subgroup 2 of 
order 24 generated by 

where 
R = M J ~ M = (  0 1  o j .  

Then 
I 

3= u c j z ,  
j = O  

where C, = TI,  C,,, = R T 4  
ing this in (26) we find that 

AIX 

(1  - A x ) (  1 - ' 

AI2 

( 1 - AX) ( 1 - h24) ' 

(1 - ~ 8 ) ( 1 -  ~ 2 4 )  

A30 

if n = 2 (mod8), 

if n 4 (mods) ,  

if n = 6 (mod8). 

On the other hand it is easy to verify that the polynomi- 
als flX, fl2,flXfl2 (see (12),(13)), of degrees 18,12,30, 
respectively, are indeed relative invariants with respect to 
the appropriate x. This completes the proof of Theo- 
rem 5. 

111. SELF-DUAI. CODES OF LENGTH UP TO 72 
AND THEIR WEIGHT ENUMERATORS 

In this section we attempt to determine the weight 
enumerators of self-dual codes of length n 5 72 having 
the highest minimal distance d. 

Calculation of Weight Enumerators: It is convenient to 
write the weight enumerator of 8 as 

W ( Y >  = CA,Y' 
(setting x = 1 in W(x, y)), where 4, is the number of 
words of weight r ,  so that 

W ( y ) = l + A , y d +  . . .  . (27) 

i 
-- I 
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From Gleason's theorem (see (10)) we can write 
[n /XI  

W(y)  = a j ( l+  y2)n/2-4i(y2(1- y2)'(, (28) 

where a, = 1, and determine a,; .  ',ad/2-, from (27). 
There are [n/8] coefficients aj available, and if they are 
chosen to make A, = A ,  = . . . = Aqn,,] = 0 then it is 
known that A21n/81+2 # 0, and so any self-dual code 
satisfies 

j = O  

d 1 2 -  + 2  [: 1 
([34], [31, Chap. 191). The corresponding W(y) is called an 
extrema1 weight enumerator. As we shall see, usually we 
cannot achieve equality in (29). 

The weight enumerator of the shadow code (for any 
choice of the a,'s) is given by 

[n /XI  
S( y )  = 

( - i ) ~ a , 2 n / 2 ~ 6 / y ~ / * - 4 ~ ( 1  - y4)", (30) 
J = o  

(see (11)). From Theorem 5 we known that if B is of 
Type I1 then 

S( y )  = 1+ Adyd+ . . . = W( y) ,  (31) 

S ( y )  = y ' " +  Bd,yd'+ . . .  (32) 

s( y )  = Bd,yd' + ' ' ' , (33) 

S constrains the final a,'s, namely a l n ~ , l , a l n ~ , l ~ , ,  . . .  , 

and if 8 is of Type I then either 

or 

where 0 < i, < d /2 and d' 2 ( d  + 4)/2. This restriction on 

often determining them uniquely. 
We may then use Part 5 )  of Theorem 5 to determine 

the weight enumerators W(l) ,  W ( 3 )  of cosets &l), @). 

These satisfy 

The weight enumerators W'", W(2' of cosets &"), 8(2) 
consist of the terms of W(y) of the form y4m,y4m+2, 
respectively. Thus 

S( y )  = W'"( y)  + W'3'( y) .  

W (  y)  = W@'( y ) + W@'( y).  
An Example: To illustrate we consider self-dual codes 

of length n = 18. From (29), d I 6. If d = 6 then from (27) 
we have a,  = a 2  = - 9; and 

9 153 1445 153 9 
8 2  4 8 

S (  y )  = - -y + -y5+ -y9 + 1y13 - -y17 

is determined by (11). Since the coefficients are not 
integers, this is impossible. Now suppose d = 4. From (27) 
we have 

W( y )  = 1 + (9+ a,)y4 + (75-3a2)y6 + . . . , 
y5+ . . .  . S( y)  = -y + ___ 

a 2  144-a2 
8 2 (34) 

Therefore, from Part 3) of Theorem 5 ,  a 2  is 0 or 8, and so 
there are just two possibilities: either 

W( y )  = 1 +9y4 +75yh + 171y8 + . . . , 
S (  y )  = 72y' +368y9 +72yI3, ( 3 5 )  

or 

W( y )  = 1 + 17y4 +51y6 + 187y8 + . . . , 
S ( y ) = y + 6 8 y ' + 3 7 4 y 9 + 6 8 y 1 3 + y ' 7 .  (36) 

We see the advantage of considering the shadow code. 
From Gleason's theorem alone we could conclude (if 
d = 4) only that W( y) has the form (34) for some undeter- 
mined a2. 

In fact each possibility is realized by a unique code, (35) 
by the code dz+ and (36) by (d , ,e7f , ) t  (see (15)) [441, 
[481. 

We now determine the weight enumerators W ( / )  of the 
individual cosets (0 I j I 3). In the case (39,  

W"'( y )  + W'3'( y )  = S (  y )  = 72y5 +368y9 + . . . , (37) 

while from Theorem 5 (since n = 2 mod81 W(')(y)- 
~ ( ~ ) ( y )  is a multiple of f l s  = y -34y' +34yI3 - y17, say 
cf18. From (12),(37), c = 0, and W("(y) = W(3)(y). We 
conclude that 

W'"'( y )  = 1 +9y4 + 1 7 1 ~ ~  + . . . , 
W@'( y)  = 75y6 + . . . , 
W'"( y)  = W'3'( y )  = 36y5 + 184y9 + . . . . (38) 

In the case (36), 

W'"( y ) + W'"( y )  = y + 68y5 + 374y9 + . . . , 
W'"( y)  - WO'( y )  = Cf 18> 

and so c = 1, say + 1. Then 

W'"'( y)  = 1 + 17y4 + 1 8 7 ~ '  + . . . , 
W'2'( y)  = 51y6 + . . . , 
W'"( y) = y + 17ys + 187y' +51yl3, 

W'"( y )  = 51y' + 187y9 + 1 7 ~ ' ~  + yI7. (39) 

Weight Enumerators of Codes (or Putatiue Codes) with 
the Highest Possible Minimal Distance: In the following 
paragraphs we record the results of applying the previous 
method to codes of length up to 72. 

When it is possible to use Part 5 )  of Theorem 5 to 
decompose S uniquely into and W'3) we do so, 
otherwise we just give S. The coefficients of W(y),S(y) 
(and sometimes W(')(y), W(3)(y)) are palindromic, and we 
give them only up to the midpoint. For codes of length 
n 2 34 the expansions have been further truncate$ We 
use p and y for undetermined parameters, and f (y)=  
ynf(l/y) to denote a reciprocal polynomial. 

n=2 ,4 ,6 ,  d = 2 .  W = ( ~ + Y ~ ) " / ~ ,  s = ( 2 ~ ) ~ / ~ ,  W ( l ) =  
W(3),  a unique code (i,-see (14), 1441). 
n = 8, d = 4, Type 11. W = S = f 8  = 1 + 14y4 + y', a unique 
code (the Hamming code e,-see [44]). 
n = 8, d = 2, Type I. W = (1 + y2)4, S = ( 2 ~ > ~ ,  W( ' )  = W(3) ,  
a unique code (il,-see (141, [44]). (So there is no 
self-dual code with the weight enumerator 1 + 7y2 + 
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7y6 + y8 of the nonlinear formally self-dual code given in 
[31, p. 141, Fig. 5.11.) 
n = 10, d = 4. S = 5y/2 + 27y5 + . . . , impossible. 

2p)y5 + . .'. , W(' )  = W(3),  so p is even and I 2, hence 
two possibilities: W = 1 + y 2  + 1 4 ~ ' ~  + . . * , S = 2y + 
28y5 + . . . ; or W = 1 +5y2 + 10y4 + . - .  , S = 32y5. Each 
is realized by a unique code (e,i2; i,,-see [44]). 
n = 1 2 ,  d = 4 .  W = l + 1 5 y 4 + 3 2 y 6 +  . . . ,  S = 6 y 2 +  

n=10 ,  d = 2 .  W=1+(5-2P)y2+  * . . ,  S = p y + ( 3 2 -  

5y6 + . . . , W ( ' )  = 6y2 + 2 0 ~ 6  + . . . , W(3) = 32x6 , a  
unique code (d&-see [44]). 
n=14 ,  d = 4 .  W = 1 + 1 4 y 4 + 4 9 y 6 +  . . . ,  S = 1 4 y 3 +  
100y7 + . . , W(')  = a unique code (e;+-see [44]). 

35y4 + . * . , impossible. (So there is no self-dual code 
with the weight enumerator of the Nordstrom-Robinson 
code.) 
n = 16, d = 4. Either W =  S = fi, Type 11, precisely two 
codes (e:, d&-see [441); or W = 1 + 12y4 + 64y6 + 
102y8 + . . . , S = 32y4 + 1 9 2 ~ '  + . . . , W ( ' )  = W(3),  a 
unique code (d;+--see [44]). 
n = 18: discussed earlier in this section. 

. merators that can be eliminated. 

n=16 ,  d = 6 .  W=1+112y6+30y*+  . . . ,  S = - 3 / 4 +  

From now on we usually do not mention weight enu- 

n = 20, W =  1 + (5  +4p)y4 +(80 - 8p)y6 +(250 - 
4p)y8+(352+16P)y1'+ . . . ,  S = p y 2  +(160-4p)y6+ 

d = 4. 

(704 + 6p)y lo + . . . , precisely 7 codes, corresponding to 
p = 0,. . . 4,6,10-see [441. 
n=22, d = 6 .  W=1+77y6+330y'+616y'o+ . . . ,  S =  
352y7 + 1 3 4 4 ~ "  + . . . , W( ' )  = W(3),  a unique code (the 
"shorter Golay code" g,, defined in Section II-see [48]). 
n = 24, d = 8, Type 11. W = S = 1 + 759y' + 2 5 7 6 ~ ' ~  + . . . , 
a unique code (the Golay code g,,--see [431, [481, [311, 
[141). 
n=24 ,  d = 6 ,  Type I. W=l+64y6+375y8+960y 'o+  
129612 + . . . W( ' )  = 

6y4 + 360yx+ 1 3 1 6 ~ ' ~  + . . . , W ( 3 ) =  3 8 4 ~ '  + 1 2 8 0 ~ ' ~  + 
. . . , a unique code (the "odd Golay code" f24-see [48]). 

n=26 ,  d = 6 .  2 cases: either W=1+52y6+390y8+  
1313y10+ 2 3 4 0 ~ ' ~  + . . . , S = 26y5 + 1 5 6 0 ~ ~  + 5 0 2 0 ~ ' ~  + 
. . . , W ( ' )  = W(3), a unique code (A26 = fF-see  Table 
11, [13], [451); or W =  1 + 20y6 + S o y 8  + 1 0 2 5 ~ ' "  + 
2 5 0 0 ~ ' ~  + . . . , S = y + 20y5 + 1575y9 + 5 0 0 0 ~ ' ~  + .;. , 
W(l)= y +.550y9 +25O0yl3 + 1 0 2 5 ~ ' ~ + 2 0 y ~ ' ,  W ( 3 ) =  W'I) 
(no code exists-see [131, [451). 
n = 28, d = 6. Either W =  1+26y6 +442y8 + 1560~ '"  + 
3 6 5 3 ~ ' ~  + 5 0 2 0 ~ ' ~  + . . . , = y 2  + 52y6 + 1 7 0 3 ~ "  + 
468Oyl4+ . . . ,  W'3)=26y6+1560y1n+5020y'4+ . . . ,  a 
unique code (A28 = 0 1 ,  omitted from [45]-see Table 11, 
[13]); or W = 1 + 42y6 + 3 7 8 ~ '  + 1 6 2 4 ~ ' ~  + 3 7 1 7 ~ ' ~  + 
4 6 8 0 ~ ' ~  + * .  . , S = 84y6 +3248y1' +9720y14 + . . . , pre- 
cisely 2 codes (B2' = f,"'(a), C,, = f;+(b)-see [131, [451). 
n = 30, d = 6. Three cases: W = 1 + 19y6 -t 393y' + 
1 8 4 8 ~ ' ~ + 5 1 9 2 ~ ' ~ + 8 9 3 1 y ' ~ +  . . . ,  W ( ' ) = W ( 3 ) = y 3 +  
114y7 + 3 3 7 5 ~ "  + 9 4 0 4 ~ ' ~  + . . . , precisely 3 codes 
(A, , ,  B,,,C,,, omitted from [45]-see [131); W = 1 + 
27y6 + 3 6 9 ~ '  + 1 8 4 8 ~ "  + 5 2 5 6 ~ ' ~  + 8 8 8 3 ~ ' ~  + . . . , W ( ' )  
= y 3  + 2 3 4 ~ ~  + 6735~"  + 1 8 8 2 8 ~ ' ~  + . . . , W(3)  = y 3  + 

S = 6y4 + 7 4 4 ~ ~  + 2 5 9 6 ~ ' ~  + . . . , 

I 

99y' + 3402y" + 9414y" + . - . , a unique code (D,,,, 
omitted from [45]-see [13]); or W = 1+35y6 +345ys + 

W(1)= W','=120"7+ 
3360~"+9424y '~  + . . . precisely 9 codes (E,,; . ., M,,, 
only 8 of which are given in [45]-see [131). 
n = 32, d = 8. Either W = S = 1 + 620y' + 1 3 8 8 8 ~ ' ~  + 
36 .518~ '~  + . - .  , Type 11, precisely 5 codes (see Section 
IV, [ l l ] )  or W = l  +364yx+2048y1n+6720y12+14336y'4+ 
18598~"  + . . . , S = 8y4 + 5 9 2 ~ ~  + 1 3 9 4 4 ~  l2  + 36448~"  + 
. . .  , W ( ' )  = 8 y 4  + 3 3 6 ~ '  + 6 7 7 6 ~ ' ~  + 18528~ '"  + . . . , 

W( ' )=  256y' +7168y12 + 17920y" + . . . , Type I; pre- 
cisely 3 codes (see Section IV). 
n = 34, d=6. Either W=l  +(34-4P)y6+(255+4P)yX+ 

py5 +(816-6p)yy +(14144+ lSp)y ' '+  . . . , codes exist 
corresponding to /3 = 0 (D2), 3 (RO), 1,2,4,5,6,7 (not 
shown); or W =  1 + 6 y 6 +  411y8+ 1165y" + 1 0 8 8 6 ~ ' ~  + 
1165y" + 1 7 5 5 6 ~ ' ~  + . . . , a code exists (Rl). 
n = 3 6 ,  d = 8 .  Either W=1+225y'+2016y"'+9555y'2 
+2880Oyl4 + . . . , S = 42y6 f3780y'" +58230yI4 + . . . ; 
or W = 1 +289y' + 1 6 3 2 ~ ' ~  + 1 0 3 8 7 ~ ' ~  +28288y14 + . . . , 
W ( ' )  = y 2  + 34y6 + 2 1 7 6 ~ "  + 2 9 8 8 6 ~ ' ~  + . . . , W(' )  = 

1632~" '  + 2 8 2 8 8 ~ ' ~  + . . . ; codes exist in both cases 

n =38, d=8. Either W=1+171y'+1862y10+10374y'2+ 
3 6 7 6 5 ~ ' ~  + . . . , S = 1 1 4 ~ ~  + 9 0 4 4 ~ "  + 1 1 8 4 4 6 ~ ' ~  + 
. . .  ; or W=1+203y8+1702y'o+10598y'2+36925y'4+ 
. . . , S = y 3  + 106y7 + 9 0 7 2 ~ "  + 118390y" + . . . , codes 

exist in both cases ( 0 4 ,  R3). 
n = 40, d = 8. Either W = S = 1 + 2 8 5 ~ '  + 2128Oyl2 + 
239970~" +525504y2" + . . . , Type 11, at least 100 codes 
-see [60], [73] (e.g., 05) ;  or W =  1 +(125+ 16p)ys + 

1 8 4 8 ~ "  + 5 3 2 0 ~ ' ~ + 8 8 3 5 y ' ~ +  . . . 

(1921 + 20/3)y'" + (8466 - 20p)y I2  + . . , W " )  = U"" = 

. . .  , W"' = y + 41 1 yy + 1 0 8 8 6 ~ ' ~  + . . . , J ,J f (?)  = 6y5  + 

(R2,03) .  

(1664- 64p)y'" +(lo720 +32p)yI2 +(44160+ 192/3)y14 + 
. . .  , S=~y '4+(320-8P)y8+(21120+28P)y '2+  . . . ,  

Type I, codes exist corresponding to /3 = 0 and 10 
( 0 6 , 0 7 ) .  
n = 42, d = 8. Either W = 1 + (84 + 8P)ys + (1449 - 

= p y 5  +(896-8p)yy + ( 4 8 3 8 4 + 2 8 p ) ~ ' ~  + . . . , codes ex- 
ist corresponding to p = 0 (R4), 1; . .,7 (not shown), and 
42 (a cyclic self-dual code with generator polynomial 

[17a], [54a]); or .FW=1+164y8+697y10+15088y'2+ 
3345fjY'4+ . . . , W(I )  = G(3) = y + 164y" + 15088~' '  + 
1 9 6 7 1 8 ~ ' ~  + 5 1 2 9 9 2 ~ ~ '  + 28946011~~ + 334.56~)~' + 697yz', 
no known codes. 
n =44, d=8. Either W=1+(44+4p)yx+(976-8p)y1')+ 
(12289 - 2OP)y1* +(47904 + 48P)y14 + . . . , W"' = y 2  + 
( p  - 1 0 ) ~ '  + 1533~" '  + (61096 - 2OP)yI4 + . . . , W'" = 

(976 - 8 P ) y  '" + (47904 + 48p)yI4 + . . . , codes exist corre- 
sponding to p = 14 (not shown) and 17 ( 0 8 ) ;  or 

+ 
S = Py6  + (2464 - 8 P ) y " '  + 

(109120+28p)~ '~  + . . . , codes exist corresponding to 
P = 4  (R5),5;. ., 15 (not shown). 
II = 46, d = 10. W = 1 + 1012y"' +966Oyl2 $ 5 6 9 2 5 ~ ' ~  + 
2 3 5 2 9 0 ~ ' ~  + . . . , W " ) =  W ( 3 ' =  3 3 1 2 ~ "  + 1 2 1 4 4 0 ~ ' ~  + 

24p)y'" +(10640- 16p)y12 +(50256+ 112p)y16 + . . . S 

(x + 1)(x2 + x + l ) (xi  + x + 1),(x6 + x 5  + x 4  + x 2  + o2 

W = 1 + (44 + 4p)y' + (1232 - 8 p ) y  l o  + (10241 - 20p)y 
54560 + 48P)y14 + . . . , 
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. . . , a code exists (subtract i, from q48). 
n=48, d=12, Type 11. W=S=1+17296y'2+535095y16+ 
3995376~'" + 7 6 8 1 6 8 0 ~ , ~  + . . . , a code exists (q,,-see 
also [201). 
n = 48, d =.lo, Type I. Either .F W = 1 + 704y'" + 8 9 7 6 ~ ' ~  
+ 5 6 8 9 6 ~ ' ~ ~  + 2 6 7 5 7 5 ~ ' ~  + . . . , S = y 4  + 44y8 + 17021 y k 2  
+ 535920yI6, no known codes; or W = 1 + 768y" + 
8 . 5 9 2 ~ ' ~  + 5 7 6 0 0 ~ ' ~  + 2 6 7 8 3 1 ~ ' ~  + . . . , S = 54yx + 
1 6 9 7 6 ~ ' ~  +536040y16, . . . a code exists (Nl ) .  
n = 50, d = 10. Either .FW= 1 + 196y'" + 1 1 3 6 8 ~ ' ~  + 
3 1 7 5 2 ~ ' ~ + 3 9 7 7 8 2 y ' ~ +  . . . ,  W")=l$3)= y+11368y13 
+397782yI7 + . . . + 3 1 7 5 2 ~ ' ~  + 196y4', no known codes; 
or W = 1 + (580 - 32p)y'" + (7400 + 160p)y12 + (56200 - 

10p)y9 + (42800 + 45p)y l 3  + . * . , a code exists corre- 
sponding to p = 0 (D9). 

Remark: Suppose a [50,25,10] code exists correspond- 
ing to the first weight enumerator, and let 8 be the 
[49,25,91 code obtained by deleting the coordinate corre- 
sponding to the y term in W(').  Then it can be shown [6] 
that the codewords of any fixed weight in 8 form a 
2-design. In particular, the codewords of minimal weight 
form a 2-design with parameters U = 49, b = 196, r = 36, 
k = 9, h = 6, in which any two distinct blocks meet in 
either 1 or 3 points. Conversely, if such a design exists 
then so does the code. 
n = 52, d = 10. Either W = 1 + 2 5 0 ~ ' "  + 7 9 8 0 ~ ' ~  + 
4 2 8 0 0 ~ ' ~  + 3 4 9 1 5 0 ~ ' ~  + . * * , W'" = y 2  + 5 8 0 y ' "  + 
63600y I 4  + . . . , W ( 3 )  = 250y '" + 42800y l4 + . . . , a code 
exists (010); or .F W = 1 + (442 - 16p)y'" + (6188 + 
B y 6  + (884 - 10p)y ' "  + (106080 + 45p)y14 + . . . , no 
known codes. 
n = 54, d = 10. Either W = 1 +(351-8p>y1" +(5031+ 

S = p y 7  + (2808 - 10p)y'' + (258624 + 4 5 p ) ~ ' ~  + . . . , a 
code exists (subtract i, from 011);  or .F W = 

1 + (351 - 8p)y ' "  + (5543 + 24p)yI2 + 32p)y14 + 
(332094 - 1 6 0 p ) ~ ' ~  + . . . , S = y 3  + ( p  - 12)y7 + (2874 - 
10p)y '' + (258404 + 45p)y l5 + . . , no known codes. 
n =56, d=12, Type 11. W=S=1+8190y'2+622314y'6+ 
11699688~~"  + 6 4 9 0 9 8 4 5 ~ ~ ~  + . . * , at least 20 codes exist 
-see [9], [70] (for example 011). 
n = 56, d = 12, Type I. Either .F W = 1 +4606yI2 + 
4.5056~ '~  + 3 0 6 9 2 2 ~ ' ~  + 1576960~" + . . . , S = 77y8 + 
7 6 3 0 ~ ' ~  + 6 2 4 3 9 3 ~ ' ~  + . . . ; or .FW = 1 + 4 8 6 2 ~ ' ~  + 
4 3 0 0 8 ~ ' ~  + 3 1 3 0 6 6 ~ ' ~  + 1 5 7 0 8 1 6 ~ ' ~  + . . . , W ( ' )  = y 4  + 
6 5 y 8  + 4 3 6 8 ~ ' ~  + 3 1 4 9 2 6 ~ ' ~  + . . . , W @ )  = 3 3 2 8 ~ ' ~  + 
3 0 9 2 4 8 ~ ' ~  + . . . ; no known codes in either case. A code 
exists with d = 10 (N2). 
n=58 ,  d = 1 0 .  Either .FW=1+(165-2y)y '"+(5078+ 

y + y y 9  + (23918 - l 0 - y ) ~ ' ~  +(1471338 +458)y17 + . . . , no 
known codes; or W=1+(319-24p-2y)y"'+(3132+ 

1 6 0 p ) ~ ' ~  f ( 2 9 2 9 5 0 - 4 8 0 p ) ~ ' ~  + . . * ,  S = p y 5 + ( 2 5 0 -  

64p)y12 + 5 3 0 4 0 ~ ' ~  + (308958 - 320p)y" + . . . , S = 

24p)y12 + (48492 + 32p)y14 + (315198 - 160P)y" + . . . , 

2y)yI2 +(17190+ 1 8 8 ) ~ ' ~  +(433323- 1 8 ~ ) ~ ' ~  + . . . , S = 

152p + 2 7 ) ~ ' ~  + (36540 - 680p + 1 8 7 ) ~ ' ~  + (299541 + 
1832p - 18y)y" + . . . , S = p y 5  + y y 9  + (24128 - 
54p - 1 0 7 ) ~ ' ~  + (1469952 + 320p + 457)y l7 + . . . , codes 
exist corresponding to p = y = 0  (012) and p =0 ,  

- 

y =58 (D12a). 
n = 60, d = 12. Three cases: .F W = 1 + 2555y l 2  + 3 3 6 0 0 ~ ' ~  
+278865yIh + 1 7 1 7 7 6 0 ~ ' ~  + . . . , S = 3 9 6 ~ ' "  +63240y14 
+ 3453340~" + . . . , no known codes; .FW = 1 +2619yI2 
+ 3 3 2 1 6 ~ ' ~  + 2 7 9 4 4 1 ~ ' ~  + 1718784~" + . . . , S = y 6  + 
384y" + 6 3 3 0 6 ~ ' ~  +3453120y" + . . . , no known codes; 
or W =  1 +3451y12 +24128y14 +336O81yl6 + 1469952~" 
+ . . .  , W'" = y 2  + 319y'" + 3 9 6 7 2 ~ ' ~  + 1 9 8 1 3 0 9 ~ ' ~  
+ . . .  , W(3)  = 2 4 1 2 8 ~ ' ~  + 1469952~" + . . . , a code exists 
(013). 

0 

n = 62,d = 12.Either.FW= 1 +(1860+32P)yI2 +(28055- 
60p)yI4 + (255533 + 96p)y"+ (1718020 + 8 0 0 p ) ~ ' ~  + . . . , 
= p y 7  + (1116 - 12p)y" + (171368 + 66p)y15 + . . . , or 
.F W= 1 +2308y'2+23767y'4+279405y'6+ 1622724~" 
+. . .  , S = y 3  + 1 0 3 9 ~ "  + 1 7 1 9 2 8 ~ ' ~  + . . . ; no known 
codes in either case. 
n=64, d=12, Type 11. W=S=1+2976y'2+454956y'h+ 
18275616~~" + 2 3 3 4 1 9 5 8 4 ~ ~ ~  + . . . ; at least 38 codes exist 
-see [71] (for example 014). 
n=64, d=12, Type I. Either . F W = 1 + ( 1 3 1 2 + 1 6 p ) ~ ' ~ +  

(This completes the proof of Theorem 2.) 

(22016 - 64p)yI4 + (239148 - 32p)yl6 + . . . , S = y 4  + 
( p  - 1 4 ) ~ '  + (3419 - 12p)y12 + (451732 + 66p)yI6 + . . . , 

64p)yI4 + (228908 - 3 2 p ) ~ ' ~  + . . . , S = p y x  + (3328 - 
no known codes; or W = 1 + (1312 + 16p)yI2 + (23040 - 

12p)yI2 + (452096 + 66p)y l 6  + . . . , a code exists corre- 
sponding to p = 32 (D15). 
n = 72, d = 14, Type I. Three cases: 4 W = 1 + 7 6 1 6 ~ ' ~  + 
134521~"  + 1151040~1x  + . . .  , S = y 4  + 4 4 2 ~ ' ~  + 
245480~"  + . . . ; .FW = 1 + 8 5 7 6 ~ ' ~  + 124665~" + 
1206912y"+ . . . ,  S = ~ ~ + 5 3 2 ~ ' ~ + 2 4 4 6 7 5 y ' ~ +  . " ;  or 
+ W =  1 + 8 6 4 0 ~ ' 4 + 1 2 4 2 8 1 ~ ' 6 + + 2 0 7 3 6 0 ~ 1 8 +  . . . ,  S= 
5 4 6 ~ ' ~  + 2 4 4 5 8 4 ~ ' ~  + . ' . ; no known codes in any case. 

Examples of Self-Dual Codes: The following codes, re- 
ferred to in the preceding paragraphs, have the highest 
possible minimal distance d of any self-dual code of the 
given length and type. (The codes N1, N2, D1- D 4 , 0 6 -  
D10,012,013, 015- 020,  R1- R5 appear to be new.) 

The Neighbor Construction: If 8 is a self-dual code 
and U tZ 8 has even weight then the neighbor N(u) of G' 
corresponding to U is generated by U and the vectors 
{ L '  E 8: U ' L '  = 0). It is easy to show that N(u) is self-dual 
and that any self-dual code of length n can be reached 
from any other by taking successive neighbors. The analo- 
gous construction for lattices was used by Kneser [23]. 
(q48). The [48,24,121 Type 11 quadratic residue code q48 is 
generated by the vectors 11 . . . 1 and 

1 (01 1 1 10 1 1 110010101 1 1001001 101 1000 10101 100001 0000) 

(with 1's at the nonzero squares modulo 47). The paren- 
theses indicate as usual that all cyclic shifts are to be used 
-compare [7], [ll].  
(N1) If U = 08050410CD00, the corresponding neighbor 
N ( u )  of q4x is a [48,24,10] Type I code. 
(N2) If U = B12FC10D44D47C the corresponding neigh- 
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bor M(u) of D l l  (see Table 11) is a [56,28,101 Type I 
code.4 

The Double Circulant Construction: Table I1 lists 
self-dual codes having generator matrices of the form 

. I(I1 (40) 

0 1 1 1 1  

or 

(41) 

where R is a circulant matrix with first row r. (40) is used 
only when n = 0 (mod4). These constructions have been 
investigated by several authors [ll, [31, [211, [221, [291, 131, 
Chap. 161, [491, [621, [631, [681-[711. 

Codes with No Known Structure: The codes in Table I11 
were found by constructing self-dual codes at random 
until a sufficiently high minimal distance occurred. The 
algorithm used was a binary version of that given in the 
appendix to [28], modified as follows. After n /2 - 1 gen- 
erators are found, instead of searching randomly for the 
final generator, the program searches for an even weight 
vector in B*\G’, where G3’ is the code generated by the 
first n /2 - 1 generators. 

We describe these codes by giving the rows of A in 
hexadecimal, where [ I  A] is a generator matrix. 

IV. THE PROOF OF THEOREMS 3 AND 4 

It was shown in [ l l ]  that there are precisely five 
[32,16,8] codes. Koch [24], [25] has given an alternative 
proof of this result. These codes are 

CPl (or q3*),  

CP2 (or r 3 2 ) ,  

a quadratic residue code, 

a second-order Reed-Muller code, 

CP3 (or 2g,,), a twisted Reed-Muller code, 

CP4 (or 8f4),  

CP5 (or 16f2).  

CP1 is generated by the vectors 

1(0001001000011101010001111011011) 

(having l’s at the nonresidues modulo 311, CP2 is well- 
known (see for example [31]), and a generator matrix for 
CP5 is given at the foot of p. 41 of [11]. Koch [24] and 
Yorgov [72] have given alternative constructions for CP3 
and CP4. Let e8 be the particular version of the [8,4,4] 
Hamming code generated by the vectors 1(1101000), let 
e;: be the version generated by 1(1011000), and let G,,G, 
be corresponding generator matrices. Let r be the per- 

4Unlike other codes in this section, this does not necessarily have the 
highest possible d (cf. Table I). 

TABLE I1 
DOUBLE CIRCULANT CODES 

Name n k d Type Form r (hexadecimal) 

g,, 22 11 6 I (41) 97 
g24 24 12 8 I1 (40) B7 

A , , =  f:: 26 13 6 I (41) 5F7 
A , , =  D ,  28 14 6 I (40) 8D 

0 2  34 17 6 I (41) lECE 
0 3  36 18 8 I (40) 2C6B 
0 4  38 19 8 I (41) 5793 
DS 40 20 8 I1 (41) 57EB 
0 6  40 20 8 I (41) 11e35 
0 7  40 20 8 I (41) B3Y3 
0 8  44 22 8 I (40) 5E6B5 
DY 50 25 10 I (41) 31C4D 
D10 52 26 10 I (40) 57F69D 
D l l  56 28 12 I1 (40) ADFIFF 
012  58 29 10 I (41) DSA89B 
D12a 58 29 10 I (41) 2DDlD3 
013 60 30 12 I (40) 3EF6B77 
014  64 32 12 I1 (40) 427BDOB 
01.5 64 32 12 I (41) 2EF3DD75 
D l 6  66 33 12 I (41) B2D97D9 
Dl7 68 34 12 I (41) lFSC885F 

D18(4’ 72 36 12 I (41) 2B8795ES 
D19(4’ 74 37 12 I (41) 143Y372C7 
D20(4) 82 41 12 I (41) A464BY19B 

TABLE 111 
CODFS w m i  NO KNOWN STRUCTLJRE 

(RO) [34,17,6]: O3383,037D8,03D05,0710E, 07COF,08548,08A2B, 
OAC94, OBSAB, 0D09C, 107C8,l ICAE, 150A6,186FB, 1C018, 
1 C6Y 3 , l  CBBO 

(R1) [34,17,6]: 04B8A, 04D43,05A07,083A9,0C84E, OCBFC, OCD28, 
ODSBD, 0D834, OEFSA, OF5D3,OF902,12331,188D4,197B3, 
IDCEC, IEOBA 

( R 2 )  [36.18,8]: 03BB4,05FEA,07113,0C7F6,123BA, 133C6,13770, 
19B64, IA86D, ICAEl,lF3AO, 260FA, 2A751,2EAEF,31666, 
32179,36SO2,37FS9 

( R 3 )  [38,1Y, 81: 078F4,14Y9B, ISBOD, 18338,18744,19194, IE2FA, 
2B40A, 2DF8A, 31457,35F67,3C23F, 4C3A6,4C535,530FB, 
566C1, 5B226,6EA18,70897 

(R4) [42,21,81: 020D3D, 02854A,039F91,061D23,06295C,06DAYF, 
076544,08hBO7,0A7377,0DD96D, ODF2FE, OFSOSE, 125583, 
139C17,14AA29,198EAA, lYD343,1B6414,1C7EB2, 
1D3619,1F12EB 

(R5)  [44,22,8]: 01597D,03E68E, 0684E0,06D614,09EIYE,0A638S, 
141CDB, 178090, ID71EC, IF2F97,1F52D3,22F5FB, 260267, 
268334,277D38,282BD9,293FgE, 2A8D24,33AE9F, 350159, 
3528ES,3D17CO 

mutation (0)(1,2; . .,7). Then CP3 and CP4 have genera- 
tor matrices 

p, 0 G, 0 1 
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An octet in one of these codes is a set eight mutually 
disjoint sets of four coordinates (called tetrads) with the 
property that the union of any two is the support of a 
word of weight eight in the code. It is not difficult to 
verify with.the assistance of a computer that the number 
of octets is.as follows: 

CP1: 0, CP2: 155, CP3: 35, CP4: 1, CP5: 0. 
Also all octets in any CPi are equivalent under the group 
of the code. Furthermore, if t , ;  . ., t ,  are the tetrads of 
an octet in CPi, then for all U E CPi, either Iu n t,l;. ., 
Iunt , l  are evenor ~ u ~ t , ~ ; ~ ~ , l u n t , l  areodd.  

Proof of Theorem 3: We show that any [32,16,8] Type 
I code 8 can be constructed in a certain way from a 
unique [32,16,81 Type I1 code 59. From Theorem 5 it 
follows (see the previous section) that W = 1 + 364y8 + 
2048~"'  + . . . , S = 8 y 4  +592y8 + . . . . If 8(') and 8(3) 
both contain vectors of weight 4 then their sum is in 8(2) 
and so has weight 6, a contradiction. Therefore we may 
assume 8 ( l )  contains all 8 vectors of weight 4. These 
must be disjoint, and the sum of any two is a word of 
weight 8 in 

The code 69 = 8(')) U 8(3) is self-dual (see the proof 
of Theorem 51, has minimal weight 8, and so must be one 
of the CPi. By the previous paragraph L@ contains an 
octet. Also 8(2) is a translate of 8(3) by any of the eight 
tetrads in the octet. Thus 8 is obtained from @ by the 
following construction. 

Let 9 be a CPi that contains an octet, and let t be any 
tetrad of the octet. We form 8 by taking all words U E @ 
that meet t in an even number of coordinates, together 
with all words u + t  where U E B  meets t in an odd 
number of coordinates. It is easy to check that 8 is linear 
and self-dual, and is independent of the choice of t in 
the octet. Also the minimal weight in 8 is 8, since if U 
intersects t oddly then U intersects all eight tetrads oddly 
and so has weight at least 8. By adding t we change the 
weight of U from 4m to 4m k 2 .  We conclude that 8 is a 
[32,16,8] Type I code. Precisely three such codes arise in 
this way, from CP2, CP3 and CP4, since each of these 
contains just one type of octet. This completes the proof. 

Proof of Theorem 4: Let R, be the set of all distinct 
(but not necessarily inequivalent) self-dual codes of length 
n (of both types if n is a multiple of 81, and let 

1 n 

v ( Y ) = ~  c W ( Y ) = C + j Y j  (44) 
n &=a,, 0 

be their average weight enumerator. If t,h2 + 1Cr4 + . . . + 
+d-2 < 1, there must exist an [n ,  n /2, d ]  self-dual code. 
We know from 1481 that, if n = 2m, 

V(y)=(2"-1+1)-~(2""-(11+y2")+ m (tY)..'). 
j = O  

(45) 

There are similar expressions for codes of Type I and 
Type I1 alone. Equation (45) implies that self-dual codes 

with 
d 2 4 exist if n 2 16 
d 2 6 exist if n 2 34 
d 2 8 exist if n 2 50 
d 2 10 exist if n 2 68 
d 2 12 exist if n 2 86 
d 2 14 exist if n 2 104 
d 2 16 exist if n 2 122 
d 2 18 exist if n 2 140 
d 2 20 exist if n 2 158. 

This, coupled with codes from [31] and Section 111, com- 
pletes the proof of Theorem 4. 

The same method can be used to obtain lower bounds 
on the number of inequivalent codes. Consider Type I 
codes of length 34, for example. Let N be the total 
number of distinct codes, and let N, be the number that 
contain precisely r words of weights 2 and 4. Then 

16 

N =  n ( 2 ' + 1 ) = 2 . 0 7 6 9 * . *  X1041,  

(from [48]), and from (44),(45) the average number of 
vectors of weights 2 and 4 is 

j =  1 

46937 
1+9~ + iJ4 = - = A  (say). 

65537 
The total number of words of weight 2 and 4 is 

AN = 1 .  N I  + 2 * N2 + 3 .N3 + . * . 
2 N ,  + N2 + N3 + * .  . = N -  No. 

Therefore the number of codes with no vectors of weight 
6 is 

No 2 N (  1 - A )  = 5.8945 . . * X lo4'. 

Since each code has a symmetry group of order at most 
34!, we conclude that there are at least 5.8945 . . .  X 
1O4'/34! = 199.65 . . . (hence 200) inequivalent [34,17,81 
Type I codes (see Table I). 

V. THE PROOF OFT HE OR EM^ 

Type IZ Codes: If 8 is of Type I1 then the highest 
minimal distance is known for n I 64 [14, p. 1941, [31, p. 
6261. For n 2 64, n # 72, 2[(n +6)/10] is greater than or 
equal to the Mallows-Sloane bound (2). This establishes 
the result for Type I1 codes. 

Type I Codes: Let B be a Type I code of length 
n = 8k  +2t ,  0 I t I 3. The weight enumerators of 8 and 
its shadow 9 can be written as in (28),(30), for certain 
integers a ,  = 1, a,; . ., a k .  For n I 72 the theorem follows 
from the results in Section IV, so we now assume n > 72. 
We write n = 101 + 26, - 3 I 6 I 1, and suppose, contrary 
to the theorem, that d 2 2[(n + 6)/10] + 2. We actually 
assume d = 2[(n + 61/10] + 2 = 21 + 2, for the same con- 
tradictions apply if d is greater than this value. Then 

W ( y ) = l + A , y 2 ' f 2 +  . . .  . (46) 

We apply the method used in [34]. Equating (28) and (46) 
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TABLE IV 
VALUES OF d ,  J - 1 AND j '  AS FUNCTIONS OF n 

n = 4 0 a +  0 2 4 6 8 10 12 14 16 18 

k Sa Sa Sa sa S a + 1  S u + 1  S a i l  S a + 1  5 a + 2  S u + 2  
I 0 1 2 3 0 1 2 3 0 1 
1. 4u 4 a  4 a i l  4 a + l  4 a + l  4 a i 1  4 a i 1  4 a + 2  4 a i 2  4 a + 2  
S 0 1 - 3  - 2  -1  0 1 - 3  - 2  -1 
d 8 a + 2  8 a + 2  8 u + 4  8 u + 4  8 a + 4  S u i 4  S u i 4  8 u + 6  8 a + 6  8 a + 6  

J - 1  a U a a - 1  U U U a U a 
j '  U a a - 1  a - 1  a a a a - 1  a a 

n = 40a + 20 22 24 26 28 30 32 34 36 38 

k S u i 2  S u i 2  5 u i 3  S a + 3  Sa+3 Sa+3 Su+4 S a + 4  5 u i 4  S u + 4  

1 4 a + 2  4 a + 2  4 u + 3  4 a + 3  4 u + 3  4 a i 3  4 u + 3  4 u i 4  4 a + 4  4 a i 4  

d S u i 6  8 u + 6  8 u + 8  8 u + 8  8 a + 8  8 u + 8  8 a + 8  8 a + 1 0  8 a + 1 0  8 a + l 0  

t 2 3 0 1 2 3 0 1 2 3 

6 0 1 - 3  - 2  - 1  0 1 - 3  - 2  -1  

I '  U a U U a a a + l  a a U 

J - 1  a a a + l  U a a a + l  a + l  U a 

and dividing by ( 1  + y 2 ) " l 2  yields 

where Y = y 2 .  The a .  for j I I can be determined by 
expanding (1 + Y)-"/' in powers of 

Y( 1 - 'Y)  

( I +  y i4 
4 =  

via the Biirmann-Lagrange theorem ([19], [31, p. 6271, 
[331, WI, [651): 

rewrite (30) as 

S k  - = ( -  l ) k - ~ a k _ 1 2 " / 2 - h k + ~ ~ ~ ~  (1- Z y 2 J ,  

= BLoZJ(1 +terms of order ZJ, 

1'10 

where i, = 4j ,  + t ,  Z = y4,  

(51) 
where J = [(  d / 2 +  1- t)/41. We divide this by ( 1  - Z)2k 
and use the Biirmann-Lagrange theorem to expand 
ZJ[)(I - z ) - ~ ~  in powers of 4 = ~ ( 1  - z > - ~ .  Let 

ZJu( 1 - Z )  - 2 k  - - CaJ6" ( 5 2 )  
Then aJ is determined for j I J - 1. We have 

Y =  n 

Z = O  n d1-l 

2 . j !  dY'-' 7 and (comparing (51), (5211, 
- - - __ [ __ {( 1 + y )  - * / 2 -  1-41 

and in particular 
n 

a , = - ;  

for j I J - 1. To obtain a bound for a ,  we set j = j ' ,  where 
k - j '  = 1. The value of j '  depends on the residue class of 
n modulo 40, as shown in Table IV. The table also gives d 
and J - 1 .  

L 1  

.coefficient of Y ' - ]  in ( I +  Y) - ' - ' - '  ( 1 -  Y ) - 2 '  From (23), 

- 1 - 6 - 1  
1 - j - 1  

1 - 1  
= - -  ( - I ) ' (  -;y 

21 
] = U  

1 - 1  

I - j - 1  
2( kj' - 2 kj,, + j ' j [ , )  

;'( ;' - J, 1 j '  - j ,  - 1 

I "  

On the other hand an upper bound for (all can be = - 

obtained by considering S. Let 

S =  C B , y ' .  

From Theorem 5 we know that there is at most one 
nonzero B, for r < ( d  +4)/2 .  Let B,[,y'" be the lowest 
degree nonzero term in S. Then BItI = 1 if i, < d / 2 ,  
B,,I I 2 n / d  if i, = d / 2  (from (6),(7)). Furthermore B, = 0 
(51, and (4 )  B, = 0 unless I' = f (rnod4). Therefore we can 

The magnitude of this expression is maximized by taking 
( 5 0 )  j,,  = 0. Setting j ,  = 0 in (54),(56) we obtain 

(57)  

where c is 1 unless 4j'+ t = d / 2 ,  in which case c = 2 n / d .  
This is the desired bound for a,. 
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F.)r n in the range 741nI500,  (49) exceeds this 
bound (thus proving the result), €or all except the 12 
values n = 82, 92, 102, 112, 122, 132, 152, 162, 172, 192, 
202, and 232. This may be established by direct calcula- 
tion of (49).and (57). Even though there is massive can- 
cellation in (49), double precision arithmetic on a 
Cray X-MP computer is accurate enough to evaluate the 
sum in (49) to at least 14 significant digits. For example, 
when n = 500, 1 = 50, from (49) we find that 
a5, = -3.347020. * X (although the largest terms in 
the sum are  around while (57) gives 

For the 12 values 82,. . . ,232 we establish a contradic- 
tion as follows. The coefficients a,, . . . , a, are calculated 
from (28) and (461, and substituted in S (in (30)). Then 
a,+ ', . . . are determined by requiring that the lead- 
ing coefficients { B l :  i < d /2} in S shall either all be zero 
or exactly one of them be 1 and the rest zero. In every 
case it turns out that one of the next two coefficients in S 
( B 4 J + r  or B 4 J + 4 + t )  is negative. This is impossible, and 
establishes the result. For example, when n = 82 (so that 
k = 8 ,  t =1 ,  1 = 8 ,  d=18),  we have a , , = l ,  a , =  -41, 

9512, a7 = -3280, and a8 = -39524. If we require that 
S / y  begins 0 . 2  + 0 . Z 2  + . . . , then a, = a,, = 0 and 

I 1.059833 . . . x lo3', a contradiction. 

a 2  = 615, a3  = - 4182, a4 = 13161, a5 = - 18040, a6 = 

S / y  = - 308.78 . . . Z 3  + 6580.5Z4 + . . . . 
The negative coefficient yields the desired contradiction. 
(We could also deduce the contradiction from the fact 
that the coefficients are not integers.) Similar contradic- 
tions arise in the cases S / y  = l . Z  +O*Z2 + . . . and 
0 . z + 1 . z 2 +  . * .  . 

For n 2 500 we apply the saddle-point method [8]. For 
simplicity we assume that n is a multiple of 40, n = 40a 
say, so that k = 4 a ,  t =0 ,  1 = 4 a ,  6 = 0 ,  d = 8 a + 2  and 
j ' =  a. The other 19 residue classes modulo 40 can be 
handled in the same way. 

To further simplify the analysis5 we begin by verifying 
that (49) exceeds (57) for all n = 40a in the range 500 < 
n I 3000. This calculation can be carried out exactly (in 
multiple-precision integers) using the Macsyma program 
[35]. For example when n = 3000 we find from (49) that 
a3,0 = -8.890 . . . X whereas from (57) la3001 < 
2.002 . * . x a contradiction. Therefore, when apply- 
ing the saddle-point method, we may assume n > 3000, 
1 > 300. 

We first estimate b, = -2n-'la,, which from (48) is 
equal to the coefficient of Y'-' in (1 + Y)- ' -  '(1 - Y ) -21. 

From Cauchy's formula, 

1 (1+ Y ) - / - ' ( l -  Y ) y  
b,== j y/+l dY, 

integrated along a small circle around 0. Let Y =e2riz ,  

'In retrospect it is clear that a much smaller value than 3000 would 
suffice. 

z = 0 + iy, so that 

4q5-3q4 -7q3 -2q2+ q - 1 
h"( 2 )  = 4T2.  

4 0  - Y 2 I 2  

We see that h ' ( z )  = 0 when q = q, = (m - 1)/8 = 

0.390 . . . and z = z ,  = zy,, y o  = 0.14970331 . . . . Then 
512 

- 
1 

eNzfl) = 

q[)( 1 - qo) (1 - q i )  - 51 J11- 107 

(59) 

(60) 
In fact h(z) has a saddle point at z ~ , ,  and we choose 
P = (0 + iy,: - 1/2 < 0 I 1/2}. We divide P into three 
sections: -1/2<01 -@/a, -m/& < e  I 
m / a ,  - / f l < 0 ~ 1 / 2 ,  and denote the corre- 
sponding integrals in (58)  by I L ,  I,,,,, I,, respectively. Then, 
for 12 300, 

= 4.95747480 . . . = c, (say), 

h"( z o )  = - 192.04135 . . . = - a (say). 

where 

By computer we find that p = 1503.9. . . . Therefore 

where 
I,,,, 2 0.7192.. ' .:I,&, 

We set 0 = t/m, obtaining 
m -  

where y = p / ( 6 a 3 l 2 )  = 0.09418 . . . 

The first term in (61) is 
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c =  

where c, = y / 6 0 0  = 0.0054. . . , 

sin - 
2 - 

a .  
- 

2 
2 j o l e “ t 2  d t ,  cg = 1/2+ c2 = 0.5054.. 

= 0.9390 . . . c4 = 

in the range of the integral, where E = @/@, and so 

D 2 (1 + 4: - 2q, c o s 2 7 ~ ~ ) ( (  1 + qO)’ -44,) cos2 277~) .  

Regarded as a cubic polynomial in C ~ S ~ T T T E ,  this expres- 
sion has negative slope near 1, and so we obtain a lower 
bound to it (from (62)) by replacing cos25-r~ by 

c4 log1 
2 1  

where 

7TJm 

m sin 

After some further simplifications we obtain 

70 log I 
D 2 0.2670.. . (1 - 7). 

Therefore, for 12 300, 

1 701ogl - I / *  
I ,  2 - ( I  + 

1 - 40 

The same bound applies to IL .  These terms are negligible 
compared with I M ,  and we conclude that 

0.0885 . . . 
, 12300 ,  (63) Jt b, 2 

where c I  is given by (59). 
On the other hand (57) implies 

from [28, p. 3091, where 
H2( x )  = - x log, x - (1 - x) log,( l -  x), 

and so 
1.8806 . . . C: 

(64) J t ’  Ib/l < 

where 
cs = 21+(q/4)ff2(l/9) = 4,38425361 . . . 

It is easy to verify that the two bounds (63) and (64) are 
incompatible for 12 300. This completes the proof of 
Theorem 1. 
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