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APPENDIX
GENERALIZED NEWTON’S IDENTITIES
Let

t
SJ = z YlXij
i=1
and

t
o) =[] x=-XH=x+ox "L+ 4 gyx + o
i=1

where ¢ is any integer.
Since o(X’) = 0, we have the following generalized Newton’s
identities:

t
S;+ 06185+ 628225+ + 0S5 = z YtX,j-ata(Xta) = 0.
i=1
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Gleason’s Theorem on Self-Dual Codes

ELWYN R. BERLEKAMP, reLLow, IEEE, F. JESSIE MACWILLIAMS, AND
NEIL J. A. SLOANE, MEMBER, IEEE

Abstract—The weight enumerator of a code is the polynomial

n
Wx,y) = 3 Ax""y,
r=0

where 1 denotes the block length and A, denotes the number of codewords
of weight r. Let C be a self-dual code over GF(g) in which every weight is
divisible by c. Then Gleason’s theorem states that 1) if g = 2 and ¢ = 2,
the weight enumerator of C is a sum of products of the polynomials
x2 + y? and x%y*(x% — y?)%;2)if g = 2 and ¢ = 4, the weight enumera-
tor is a sum of products of x® + 14x*y* 4+ »® and x*y*(x* — y*)*; and
3) if ¢ = 3 and ¢ = 3, the weight enumerator is a sum of products of
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x* + 8xy? and y3(x® — y*)%. In this paper we give several proofs of
Gleason’s theorem.

INTRODUCTION

ET C be a code of block length n over GF(g) and
let C* denote the dual code consisting of all vectors
x such that

n

X.y= Zxryr=0

r=0

for all y € C. Let A4, be the number of codewords of weight
rin C and let

Wxy) = 3, Ax"y"

be the weight enumerator of C. Similarly let
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Wix,y) = Y, A7 x"""y"
r=0

be the weight enumerator of C*. Then W and W* are
related by the MacWilliams identity [8]:
1 n

A (x + (g = Dy (x — ).

™=

A xn—ryr =
[ § ICLI r=0

A code C is said to be self-dual if C* = C, in which
case its weights 4, satisfy

$oawmy = 5o (jq— l)y)"" (xJQY)' W

or equivalently its weight enumerator satisfies

W(x,y) = W (x + (\q/_— l)y, x\/—y).
q q

Any homogeneous polynomial

r

@

Wy = ¥ Ax""y

with complex coefficients will be called a formally self-dual
weight enumerator over GF(g) if it satisfies (2), and the
subscripts r for which A4, # 0 will be called the weights
occurring in W(x,y).

Clearly the weight enumerator of a self-dual code is
formally self-dual, but the converse is not true. [There is
no code having the weight enumerator x%y%(x? — y%)2.]

THE THEOREMS

Gleason’s theorem is a series of statements about the
possible forms that formally self-dual weight enumerators
can take. By the previous remarks, these statements also
apply to the weight enumerators of self-dual codes. We are
concerned here only with codes over GF(2) and GF(3),
but a similar statement applies to codes over GF(5) [5].
Another proof of Theorem 1 was given by Feit [3], [4].

Theorem 1—Gleason [5]: Let

Wixy) = ¥ Axy

be a formally self-dual weight enumerator of length n
over GF(g), in which every weight is divisible by c.

Part 1: If ¢ = 2 and ¢ = 2, then n is even, 4,_, =
A, for all r, and

W(xsy) = rz Krsfl(x’y),:fz(x’y)ss (3)

where r, s are nonnegative integers, K,, are complex num-
bers,

fixy) = x* + )2
falxy) = xX2pA(x? — y?)?
and n = 2r + 8s.

Part 2: If g = 2 and ¢ = 4, then #n is divisible by 8,
and

W(x,.V) = gKrsfii(xsy)':fAt(x’y)ss (4)
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where r, s are nonnegative integers, K,, are complex num-
bers,

fixy) = x® + 14x*y* + )8
Salx,y) = x*p4(x* — yH*
and n = 8 + 24s.

Part 3: If ¢ = 3 and ¢ = 3, then »n is divisible by 4,
and

W(X, )’) = Z KrsfS(x’ y)’fé(x9 y)s’ (5)
where r, s are nonnegative integers, K, are complex num-
bers,

fs(xy) = x* + 8xp°
fe(xy) = y’(x* — )
and n = 4r + 12s.

ExaMPLES OF SELF-DuAL CODES

By an (n,M,d) code we mean a code of block length n,
with M codewords, and minimum distance d. If C; is an
(n, M ,d;) code with weight enumerator Wy(x,y), fori = 1,2,
the direct sum code C; + C, consisting of all codewords
(%), xe Cy, ye C,, is easily seen to be an (n, + n,,
M,M,, d = min (d,,d,)) code with weight enumerator
Wl(x’y)WZ(xxy)'

We list some self-dual codes that illustrate Theorem 1.

i) C; = {00,11} is a (2,2,2) code with weight enumerator
x2 + 3y = f,.

ii) C; + C, + C; + C,, an (8,16,2) code generated by
{11000000, 00110000, 00001100, 00000011}, has W(x,y) =
it

iii) The (8,16,4) extended Hamming code has W(x,y) =
x® + 1dx*y* + y® = f;* — 4f, = f,. (This is an example
of Parts 1 and 2 of Theorem 1.)

Examples ii) and iii) are the only self-dual binary codes of
length 8 [11].

iv) The (24,2'2,8) extended Golay binary perfect code
[1,p.359] has W(x,y) = x** + 759x'6y8 + 2576x'2y!2 4
759x°p10 + ¥ = £ — 6721, = (/1* - 4f)° — 672
f1*f>%. (See the second proof of Part 2.) This code is the
unique self-dual code of length 24 with minimum weight 8
[10]. Further examples of binary self-dual codes have been
given by Pless [11].

v) The (4,9,3) ternary code generated by {10 — 11,
0111} has W(x,y) = x* + 8xy® = f;.

vi) The (12,3%,6) extended Golay ternary perfect code
[1, p. 307] has W(x,y) = x'? + 264x°y® + 440x3)° +
2412 = f4 4 24 f,.

In the course of proving Theorem 1 the following theorem
will be established.

Theorem 2: With the same hypotheses as Theorem 1,
the formally self-dual weight enumerator W(x,y) has the
following forms.

Part 1:

W(X,y) = afl(xay)l:fz(x9y)c ];[1 {fl(x9y)4 + ﬁer(x’y)}
(6
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Part 2:
W) = afse i) TT {36 + Bufie )
™
Part 3.
W) = afi ) T 60530 = fieo )

®)

where b,c,d denote integers, a, f, denote complex numbers,
and 2b + 8c + d) =n in (6), 86 + 24(c + d) = n in
(7), and 4b + 12(c + d) = nin (8).

Remark : If W(x,y) is the weight enumerator of a self-
.dual code (and not just a formal solution of the MacWilliams
identity), then the coefficients K, in (3), (4), and (5) must
be integers [since so are the coefficients of W(x,y)], and
in (6)-(8) we must have ¢ = 1 and ¢ = 0 (since W(1,0) =
Ay = 1).

Proofs of The Theorems

First Proof of Theorem I and Proof of Theorem 2: Let
z = y/x, and write the MacWilliams identity (1) as

$are 5 (RO (L)

where ¢ is now either 2 or 3.
Consider the complex zeros of the polynomial

F(z) = Zo Az".

If « is a zero, so is (1 — a)/[1 + (¢ — D)«], provided
I + (g — Da # 0. To show this, let ¢ be the trans-
formation ¢: a — (1 — a)/[1 + (g — Da].

Substituting z = ¢(x) in (9) we obtain

Yo

o) = (i + (g - Da

) F(a) = 0.
Lemma: Let
W(xy) = 34Xy

be a formally self-dual weight enumerator over GF(2) in
which all weights are divisible by 2. Then W(x,y) =
W(yx),and A, = A,_,forr = 0,1,-- - )n.

Proof: By hypothesis W(x,y) is invariant under the
transformation

nX - X, y-o —y

and since W(x,y) satisfies (2) it is also invariant under

pix = (x+ V2L yo (x -y
Since prp interchanges x and y, W(x,y) = W(y,x).

Proof of Part 1 of Theorems 1 and 2: By hypothesis
A, = 0 unless r is divisible by 2. Thus F(x) = 0 implies
F(—a) = 0. Let /, be the transformation « —» —a. Let ¢,
be the transformation ¢ with ¢ = 2. The transformations
¢, and ¥, generate a group of order 8, so thatif o # 0,+1
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is a zero of F(z), so are ta, +1/a, +(1 — )/(1 + ),
+(1 + o)/(1 — «), although these are not necessarily all
distinct. If they are all distinct, F(z) contains the factor

2 2
@ -2 (- (50) - ()
1 —(z% + z%(1 + 14a* + a®a"%(1 — a?)~2
+ 2z4{1 + (1 + a®( + 62 + a*)
a1 — a7} + 2B (10)
(1 + zH)* + Bz2(1 — z%)?, 1)

where f = —(1 + a®)*a"%(1 — «®) 72 If the zeros are
not all distinct, there are the following possibilities.

i) « = 41§, so that F(z) contains the factor 1 + z°;

i) o = +1 + \/ 2, so that F(z) contains the factor
(1~ 622 + z%? = (1 + z5)* — 16z%(1 — z%?, which is
of the same form as (11).

Finally we must consider the cases when one or more
of 0, +1 is a zero of F(z). Suppose F(—1) = 0. From
(9), A, = 0 and 4, = 0 by the lemma. From the left-hand
side of (9), F(z) is divisible by z?; and from the right-hand
side, by (1 + z)*(1 — 2)*> = (1 — z%?2 Thus F(z) con-
tains the factor z?(1 — z%)2 The remaining cases also
lead to this factor. We have shown that

F(z) = a(l + 2)[(1 — 2%)2%)°
I + 2% + B22(1 — 2%)7]

or, returning to the homogeneous case,

it

W(xy) = a(x* + p*[(x* = y*)*x*y*]°
CITLG? + )% + BxPy*(x? — »3)?]. (16)
Expanding the product we obtain
Wix,) = X Kul® + y(* — yy2,

which completes the proof of Part 1 of Theorems 1 and 2.

Proof of Part 2 of Theorems 1 and 2: Since all weights
are divisible by 4, F(z) is invariant under the transformation
0: z — iz. The transformations ¢,, ¥, and 8 generate a
group of order 24, so that if « # 0,+1, +/is a zero of
F(z), so are e, gfo, e(1 — o)/(1 + o), e(1 + 2)/(1 — o),
g1 — im)/(1 + i), &1 + i)/(1 — ix), for ¢ = +1,+i.
Suppose first that all 24 zeros are distinct. We have already
combined one set of 8 and we can simplify the algebra
by using this. We rewrite (10) as

1 + 14&4 + ag 2 272
- az(l——— 27 z5(1 - z9)

(1 + 14z* + z%)

Y
=H — ——*——— G (say).
20 — a2 (say)
Applying o — iz we obtain the factor H + {y/
a*(1 + «?)?]G. Applying instead o — i(1 — o)/(1 + a) we
obtain the factor H + [4y/(1 — a®)?(1 + o?)?]G.
Thus F(z) contains the factor
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G)(H+mc)

.(H+

S S
(H a1 — a?)?

4y
1 — a®*( + a?)? G)

3
=H>— — 7 (H + 4G)G?
a4(1_a4)4( )

= (1 + 14z* + z®?® + Bz*(1 — z%)*4,

where f = —(1 + 14a* + a®)%a"*(1 — «*)™*. The anal-
ysis of multiple zeros shows that 1 + 14z* + z® can occur
separately. Finally, if any one of 0,+1,%i is a zero of
F(z), we can use the group of transformations to show
that F(—1) = 0, and then the argument used in the first
proof shows that F(z) contains z*(1 — z*)* as a factor.
This proves Part 2 of Theorem 2, and Part 2 of Theorem 1
follows immediately. ’

Proof of Part 3 of Theorems 1 and 2: By hypothesis,
A, = 0 unless r is divisible by 3. Thus F(«) = 0 implies
F(wo) = 0, where o = e*""/3, Let y, be the transformation
o — o and ¢, the transformation ¢ with g = 3. These
transformations generate a group of order 12. If o is a

zero of F(z) so are
2

wa, wy
1 - wl—a 21—«

1+ 2’ 1+ 2a’ 1+ 2

0 - « w‘a)—a , W —

o+ 20 ® + 20 o+ 24

2 _ 2 2

w2 oc’ wwz oz, 20)2 a’ (12)
w* + 20 o + 2a w* + 20

provided none of the denominators is zero. If these 12
zeros of F(z) are distinct, we obtain, combining them in the
obvious way, a factor

-l (23))
(- 2= ) o

This may be simplified to
21 = o)
(1 + 8%)°

The equality of (13) and (14) may be checked either
by expanding both in powers of z and comparing coefficients,
or more simply by verifying that they have the same set of
roots. The analysis of multiple zeros shows that z3(1 — z3)3
can occur separately.

Finally we consider the case in which F(z) has a zero
that is also a zero of one of the denominators of (12).
Without loss of generality we may take this to be « = —1.
Setting x = —2y in (1) shows that 4, = 0, and so W(x,y)
is divisible by x. Clearly it is also divisible by (x + 2y)

(1 + 823 — (1 — 23323, (14)
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(x + 20p)(x + 20%) = x* + 83 hence by x* + 8x)°.
Thus we have W(x,y) = a(x* + 8xp*)’[»3(x® — »*)*]° %
[T [Bx* + 8xp%)° — y*(x® — »°)°]. As before, this proves
Part 3 of Theorems 1 and 2.

Second Proof of Theorem [, Part 2: Although less
elementary than the first proof, this proof seems to us to
be of considerable interest since it relates self-dual codes
to even unimodular lattices, for which a substantial body
of theory exists; and also it shows how in some cases such
lattices may be constructed from self-dual codes, and
vice versa. The main ideas of this proof are due to Thomp-
son [13]. Some recent references on even unimodular
lattices are [2], [6], and [12].

Let n > 1 be a fixed integer. Let € be the family of
all self-dual binary codes of block length » in which every
weight is divisible by 4. Any code C e % contains 2*"
codewords and has minimum weight at least 4.

i) Construction of Lattices: For each C € ¢ we construct
a lattice A in n-dimensional Euclidean space E” as follows.
(This is Construction A of [7]).

The points of A are all x = (x,*-,x,) that are con-
gruent to a codeword of C (modulo 2).

If two distinct points of A are congruent to the same
codeword of C, then they differ by at least 2 in at least one
coordinate. If they are congruent to different codewords,
they differ by at least 1 in at least four coordinates. Hence
any two distinct points of A are at a distance of at least
two apart.

So if spheres of unit radius are constructed with the
points of A as centers, they do not overlap, and form a
sphere packing in E".

The volume of a sphere of radius p in E" is V,p", where
V, = n¥"T'(4n + 1). Since 2!" out of every 2" points of
E™ are accepted as lattice points, the density of the sphere
packing (i.e., the fraction of E” covered by the spheres) is

A= Vpr2in = V27"
and the number of centers per unit volume is

A
V,.p"

D= =27%

It follows from the assumptions about C that if x,py € A,
x - x is divisible by 4 and x - y is divisible by 2.

Let us change the scale and define a new lattice A’ with
points (1/+/2)x, for x € A. Then A’ contains D' = 2¥"D = 1
point per unit volume (and so A’ is unimodular), and if
x,yeA’, x-x is divisible by 2 (and so A’ is even) and
x - y is an integer.

ii) Theta Functions: Let t, be the number of points in
A’ whose distance from the origin is Jr. Then

o0

Z t2rq r’

r=0

2miz

T(z) = Y t,e*"" = g=-e
r=0

is called the theta function of A’. Since A’ is an even uni-

modular lattice it follows from [12, p. 174, theorem §]

that i) # is a multiple of 8 and ii) 7'(z) is a modular form

of weight n. [A modular form of weight 3n is a series
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0
f(Z) = E are2mrz
r=0

that converges for Im(z) > 0 and that satisfies the identity
1 .
7(-1) = 2762

Let .# denote the set of all modular forms of weight
in. It is known [12, p. 144, corollary 1], [6, p. 26, example
17 that .# is a vector space of dimension [(1/2d)n] + 1,
and that if n = 24u + 80, 0 < v < 2, a basis for .# may
be taken to be the functions E(z)"*3°A(z)*"“ for
0 < a < u, where

E(z) =1+ 240 ¥ o4(r)q"
r=1
=1 + 240g + 2160g2 + 6720g°% + ---
and v
Az) =q 1 (1~ an* = [I1 (r)q”
r= r=

=q — 24q% + 2529 — -+~

Here o4(n) denotes the sum of the cubes of the divisors of
n; and 7(n) is Ramanujan’s function. It follows that

T(z)= Y KijE(z)i A(z).

Bi+24j=n

(15)

We shall express 7(z) in terms of the weight enumerator

W,y =Y Ax""y
r=0

of C. Now ¢, is the number of vectors (xy," - -,x,) that are
congruent (modulo 2) to some codeword of C and satisfy

n
Y x2=2r
=1

The numbers congruent to 0 (modulo 2)are0,+2,+4,+6,
- and the number of such numbers at a squared distance
of r from 0 is the coefficient of x" in

0(x) = 1 + 2x** + 2x* + 2x% + -

Similarly the number of numbers congruent to 1 (modulo
2) at a squared distance of r from 0 is the coefficient of x"
in

d(x) = 2x17 4+ 2% + 2x% + oo

Let ¢ € C have weight w. Then the number of points
x € E" that are congruent to ¢ (modulo 2) and that are at a
squared distance of r from 0 is the coefficient of x" in
0(x)""¥¢(x)¥. Summing over all codewords in C, we
obtain

P18

L' = 3 4B,

r=0

Set x = g*. Then

T(z)

il
it

t2q" = X AB) g

W(0:(2),9,(2)), (16)

413

where

0i2) =0¢H =1+23 q"

$4(2) = P(g*) = 2q* 20 gy,

Example—n = 8: The (8,16,4) extended Hamming code
has weight enumerator W(x,y) = x® + l4x*y* + )5
Therefore T(z) = 0,% + 140,*¢,* + ¢,% = 1 + 240q +
2160g% + - -

Here .# has dimension 1 and so from (15),

T(z) = E(z) = 0,% + 140,*¢,* + ¢, (17

Example—n = 24: The (24,2!2,8) extended Golay code
has weight enumerator W(x,y) = x>* + 759x16y® +
2576x8y% + 759x8y'® + y2*. Therefore

T(z) = 0,2* + 7590,'%¢,® + 25760,%¢,°
+ 75908, + ¢,24
=1 + 48g + 19540842 + - -~

Here # has dimension 2, and so from (15) T(z) =
aE(z)® + bA(z). By equating coefficients of 1 and g we
find @ = 1 and » = —672. Then using (17) to eliminate
E(z), we have

A(z) = 750,*¢,%(0.* — 61D (18)

Combining (15), (17), and (18) completes the proof of
Theorem 1, Part 2.

Third Partial Proof of Theorem 1. If we assume in Part 1
of the theorem that # is even and A,_; = A, for all i, in
Part 2 that n is divisible by 8, and in Part 3 that # is divisible
by 4, then we can give an elementary proof that the corre-
sponding weight enumerators have the forms (3), (4), and
(5).

First, it is easily verified that if W, and W, are both
solutions to the functional equation (2), then so are W, W,
and aW, + BW,, where « and f§ may be arbitrary complex
numbers. In other words, products and linear combinations
of solutions of (2) are also solutions of (2).

It is also easy to verify, using the examples of self-dual
codes given after the statement of Theorem 1, that f,/5," " -,
[ solve (2) for the appropriate choices of # and ¢. Therefore,
every expression of the form of (3), (4), or (5) is also a
solution to (2). It remains to show that there are no other
solutions. This can be done by the following dimension
argument.

One well-known form of the MacWilliams identity
between W(x,y) and W'(x,y), first introduced by Pless
[9], expresses the first » moments of 4,4, - *,4, in terms
of Ayt AL, +-,AL_ ;. The coefficient matrix is invertible,
so that if one knows A,t,4,%, - -,4}+_ ;| and all but r of the
A;, then the equations have a unique solution for the un-
known A4; and the remaining 4.

If g =2, A = A, and 4; = A,_;, and if we know
Ay A Aze, ,Aj-1) then we also know 4,4, . -,
Ay, -(j-1)c- Assuming all weights are divisible by ¢, the only



414

(n/c) — 2j + 1 unknown weights are A;,A4;+1e ">
A,—j.. However, from A;* = A4, we know Ay*,4;,4,",
“++,A%._;. The Pless identities give us jc equations in the
(n/c) — 2j + 1 unknowns, and this system of linear
equations has at most one solution whenever

je=2—2j+1

c
or
. n+c
J 2z 5.
c“ + 2¢
It follows that if A,_; = A, then the dimension of the

space of all solutions of (2) is no greater than [(n + c)/
(c? + 2¢)] (where [x] denotes the smallest integer greater
than or equal to x). If ¢ = 2; this bound is [(n + 2)/8].
Since this is equal to the dimensionality of solutions of the
form (3), all solutions have this form. If ¢ = 4, the bound is
[(n + 4)/24], which agrees with the dimensionality of
solutions of (2) of the form (4).

Finally, when ¢ = 3, we do not have that 4,_; = 4,,
so the Pless identities give us jc equations, which express
the unknown A4;,A4: ). ",A4,—, (Where 0 < a < ¢) in
terms of the known 4,%,4,*, - -,43._;. There will be no
more than one solution if

. n-—a
je =

—j+1
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> [ n+c— a] .
2 +c
With ¢ = 3, this bound agrees with the dimensionality of

solutions of the form (5), and again all solutions must have
this form.
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