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Abstract. It is showr that for any block length n which is a multiple of 8, there exisis a binary
self dual code ir which all weights are divisible by 4, and the minimum weight is asymptotically
the same as that given by the Varshamov—Gilbert bound.

§1. Preliminaries
Let F” denote the vector space of all vectors of length n with com-
ponents from GF(2). The weight of a vector u = (1, U4, ..., u,) in F"

is the number of nonzero u;. and is denoted by w(u).
For vectors u, v in F" we define

U V= (U U, UsUg, oo Uty )

Clearly w(u # v) is the number of places in which both «; and v; are 1.
We frequently use the obvicus formula

w(u +v) = w(u) + wiv) - 2w(u *v) . (1.1
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The scalar product in F" is defined by
(4]

(,0)= L wv;,
=1

where the sum is evaluated in GF(2).

L. ‘u, v) = 0 we say that « and v are orthogonal. A vector u is ortho-
gon i to itself, or selj orthogonal, if and only if w(u) = 0 (mod 2); i.e.,
all aven weight vectors are self orthogonal.

A code @ is a subspace of F", and the vectors in € are called code-
words. If the dimension of @ is k, and the smallest nonzero weight o' a
vector ‘n C is d, we write Cn, k, d] or simply C[n, k].

The dual code of Cln, k] is

etln,n—kl ={ve F"(v,c)=0 forall c€ €} ;

@! vbviously has dimension n — k.

If 2=€* we say C is strongly self dual. The symbols o, B wiil be
reserved for strongly self dual codes. The dimension of a strongly self
dual code is4n, and so » must be even, say n =: 2¢. We frequently write
t instead of 4n.

It o = o!, every vactor A € o is self orthogonai; hence w(4) = 0
(mod ?) Therefore the vector 1 of weight n is orthogonal to every
Acsd. andledt=o.

The set of strongly self dual codes will be denoted by «. Let 8 denote
the (possibly empty) subset of a consisting of all seif duzl codes in
which the weight of every codeword is divisible by 4. Let o — 8 be the
set of codes which are in a but not in g.

Since 1 € A for every o, the set § is empty unless #n is divisibie by 4.
in fact we show in Corotlary 4.7 that 8 is nonempty if and only if # is
divisible by 8.

If €[n, k] is such that

leClnklcetnn-k],

we say that € is weakly self dual. Since 1 € @, every vector in @+ has
even weight.

)
&
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§ 2. The theorems
We prave the following main theorems and corollaries.

Theorem 2.1. Let n = 2t. Let €[n, s] be a weakly self dual code. The
number of codes ;‘n a which contain Cln, s] is

2+ DR+ D)L 22+ D2+ D).
The case s = 1 of Throrem 2.1 was given by Pless [3, 4].
Theorem 2.2. Let n be divisible by 8. Let @ [n, s] be a weakly self dual
code in vrhich all codewords have weight divisible by 4. The number of
codes in B which contain @ln, s] is
QL+ RS2 L2+ 12
Corollar& 2.3. The number of codes in B is

2+ 23+ D2+ D)2,

Recall that they all contain the code @{n, 1] consisting of the vectors
0,1. :

Corollary 2.4. Let v be a vector oiher than 0, 1 with w(v) = 0 (mod 4).
The number of codes in 8 which contair v is

QI3+ DRI H Y. 2+ 1)2.

Theorem 2.5. Let r be the largest integer such that

n n n _ n < -2 4 1.
(4) +(3) + (12) et an) <2

Then there exists a self dual code in which all weights arc divisible by 4
and with miniimum weight at least 4r.
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Thecrem 2.5 is an immediate consequence of Coroliaries 2.3 and 2.4;
the proof is left as an exercise.

$3. Comparison with the Varshamov—Gilbert bound

The Varshamov—Gilbert bound for self dual codes (Peterson [2, p.S] D
states that if d is the largest integer such that

1+ (”Il)+(”;1)+...+(3:;)<2%", 3.1)

then an [n, 31, d] code exists.

Asymptotically, Theorem 2.5 and (3.1) are equivalent; they both im-
ply that there exist codes with %’= 1 and % =H1(})~ 0-110, where
H(x) = —x logy x — (1 — x) logy(1 — x), and H~! denotes the invesse of
H, not the reciprocal (see Peterson [2, p. 52, eq. (4.6)].)

For small values of n, Table 1 gives: d;, the value of d guaranteed by
the Varshamov—Gilbert bound (3.1); d,, the value of d guaranteed by
Theorem 2.5; and d3, the largest minimum weight of any known self

dual code in which all weights are divisible by 4. The values of d; arc

Table 1
Minimium nonzero weights of self dual codes
Length Lower bounds Known

8 3 4 4
16 4 4 4
24 5 4 8
32 6 4 8
40 7 8] 8
48 8 8 12
56 9 3 2
64 9 8 id
72 id 12 12
80 11 12 16
88 12 12 16
o 13 12 12
104 14 12 20

112 o 16 16
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either taken from Berlekamp T ], Fig. 15.02 (corrected) and Table 16.11,

or are cbtained using the (x, ¢+y) construction given in [5], or were
commusxnicated by Maurice F.arlin.

§4. The proofs

The rest of the paper is devoted to the proofs of Theorems 2.1 (easy)
and 2.2 (hard).

Proof of Theorem 2.1. Let 0, ;, s < k < ¢t, be the aumber of weaklv
self dual codes C[n, k] which contain the given code €{n, s]. (Clearly
¢, . = 1.) We establish a recursion formula for o,, ;.

A particular @[n, k] can be extended to a suitable €[n, k + 1] by
adjoining any vector of @*[n, n — k] which is not already there. Write
@' as the union of 27~ /2% translates of @,

et=euh +te)v..vy+e),

wierc 1= 212k _ 1,

We have / different extensions of @[, k], namely €U (h; + C) for
j=1, 2, .., 1 In any one of these extensions there are 2k - 1 sub-
spaces C'[n, k] which contain the given C[n, s], since that is the num-
ber of nonzero vectors in €U (k; +€ ) which are orthogonal to €[n, s].
Thus fors< k< ¢,

mn -2k _ 1

Opk+1 ~ oif',k. 2k<-s+l 1

Starting from o, ; = 1 we obtain

(-2 B )22 - 1)
It = CREN '
tnt Q-DERP-D2 -2 -1

= 25+ DR 2D
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For Theorem 2.2 we need several subsidiary lemmas. The first one is
well known. ~ ' '

Let G be a commutative group, with group opera:ion +. (In our ap-
plications G is a'ways a code.) Let G* be a subgroup ¢f ¢ and write
G =G"'U G-, where " and G~ are disjoint. Suppose for u' by, b, €G~,
it follows that b; + b, € G*. Then: |

Lemma 4.1. If G~ is not empty, then {G*' 1= |G~ 1=41Gl (wacre |x|de-
notes the order of the set x).

Proof. If b € G~ so is —b, since the zero of G isin G*. Let b be a fixed
element of G~ For any other element &' of G~ we have

b=b+(b' -b)=b+d,d G .
Thus

G- =b+G7, and |G I=1G"1=LIGI.

We need the following applications of this basic lemma.

Corollary 4.2. Let n be even, and let A [n, t] belong to a — . Then A
contains 21 codewords with weight divisible by 4.

Proof. Set l[n, t] =G, and G* = {A € oL ; w(A)= 0 (mod 4)} . If 4,
A, € G*,s0is Ay + A, by (1.1). The other necessary properties are
easity verified.

Coroliary 4.3. Let Aln, k) be a code, and let u be a vector of F" not in
A'. Then u is orthogonal to exactly 2*~! codewords of A. :

Proof. Let G = Aln, k] and G* ={v € A;{u, v) = 0}.

Corollary 4.4. Let n be even. Let Cn, k] be a weakly self dual ~ode,
such that w(c) = 0 (mod 4) for all codewords c. Let f be  vector »f F"

such that f ¢ €+, and w(f)= 0 (mod 2). Then w(f+ ¢) = 0 (mod 4; for
%1 yectorscee,
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Take €[n, k] = {0, 1} in Lemma +.6.

Proof of Lemma 4.6. By ‘i'hcorem 2.1 there is a code of « such that
@ c d c @ By Coroliary 4.2, s contains at least 2/~ sectors A with
w(4) = 0 (mod 4). Henice we can augment €[n, k] to Cln, k-+ 1] by
adjoining a vector A with w(4) = 0 (mod 4) as long as ok <21 (1t s
feadily checked by (1.1) that all codewords of the extended code have
weights divisible by 4.)

It remains to consider the cae k=t — 1. We have

Cln,t—-1}Cce*n,t+1].

All codewords in € have weight divisible by 4; the question is whether
there are any more such vectors in €4 — €.

Let £ irn, r — 1] be the code consisting of all even weight vectors of
F", and write F as the union of 2771/2'~1 = 27 translates of €,

= CU (g t@)U (g, +C)VU (g tC)U (f+te)U ...
U(f,'l'e),

where the first four trarslates comprise @, and the remaining 2! - 4
make up ' — €. By Ccrollary 4 .4, each translate (f + @), f¢ €* con-
tains 2~2 vactors v with w(v) = 0 (mod 4). This part of the decomposi-
tion of F contains 21-2(2! — 4) ~ 2"=2 _ 2! guch vectors.

Since g; € €1, w(g; + €)= w(g;) (mod 4). Lete (=N, |, 2, 3) be the
number of g; with w(g;) = 0 (mod 4). In the three translates (g;+€)

there are 2’1 - e vectors with weights divisible by 4. In € itself there

are 2’1 such vectors. Hence

Ky=2"4e 27t g n-2 ot

= 2n-—2 + 2!—1 +e- 2:—1 )

Consulting L.emma 4.5 we see that € = 0 if 4+ is odd. in which case

@tin, t+ 1] — @[n,. — 1] contains ;0 vectors with weight divisible by
4, and € cannot be extended to a code of §.



§4. The proofs 161

If 4niceven,e=2and €[n t- 1] has two extensions in g and one
in & — B. This completes the p1- of.

Now assume that #» is divisille by 8. Let @[#, s] be a weakly self
dual code such that w(c) = 0 .mod 4) for ¢ € C. We will find the num-

ber of codes in a — § which contain C[n, s]. For this we need another
lemma.

Lemma 4.8. The number of vectors H in C*[n, n — s] such that
w(H) = 2 (mod 4) is 2n-s-1 — pt-1

Proof. By Lemma 4.6 there is a code B such that

Cln, s} CcPVCen n-s].
Write @' as the union of 27~%/2' translates of 8,

el=BU (fi +B)U ..U (f+B),
where I =215 — 1. Sincef,- & B, each translate (fj +B) contains 2/°1
vectors H with w(#) = 2 (mod 4). Hence the total number of such # is
21—1(2r—s - 1= 2n—sr-1 _ 2!—1_
Lermma 4.9. The number of codes in o« — ( which contain 2[n, s} is

L+ DRI D L QREDRTE D).

Proof. To make sure that the code is in & — 8 we immediat:ly adjoin to
@[n, s] one of the vectors H of the preceding lemma; say

eylns+11=C@UiH+C).

The number of strongly self dual codes which contain €y [n, s + 1] for
a particular H is given by Theorem 2.1, starting with 0, .,y = 1, and is
(2'5-1 + 1) ... (2 + 1). Each such code containe 211 vectors H with
w(H) = 2 (mod 4). Hence the number of distinct codes for all suitable
His



162 _ F.J. MacWilliams ¢t al., Good self lual codes exist

Q514 1)L 2+ 1)1 = 2Lyt .

Proof of Theorem 2.2. We subtract from the total number of strongly
self dual codes which contain €[n, s} (Theorem 2.1) the number which
liz ina — B (Lemma 4.9), viz.

S+ DS+ )LD - D L QDR =)

=251+ DERS2+1) .. (2+ 12
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