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Abstract—We consider the design of asymmetric multiple from the balanced case (where each description is equally im-
description lattice quantizers that cover the entire spectrum of portant) to a strict hierarchy (where the loss of some descriptions
the distortion profile, ranging from symmetric or balanced to could make decoding impossible). The new design is described

successively refinable. We present a solution to a labeling problem, . - ! .
which is an important part of the construction, along with a " terms of a lattice vector quantizer, but the general principle

general design procedure. The high-rate asymptotic performance Of asymmetric multiple description coding can be extended to
of the quantizer is also studied. We evaluate the rate-distortion many other quantizers, such as trellis-coded quantizers, unstruc-

performance of the quantizer and compare it to known infor-  tyred vector quantizers, etc. This could potentially allow us to
gﬁgg;tezeg?ﬁg ;’;}g‘r‘::énzgeofht'ggga;entiafe%mptOt'C analysis IS incorporate channel (or network route) reliability information
' into the transmission. Also, it might be a useful way to allow

Index Terms—Cubic lattice, high-rate quantization, lattice for less intrinsic wastage of network traffic as some descrip-

quantization, multiple descriptions, quantization, source coding, jons could be given to the decoder without necessarily waiting

successive refinement, vector quantization. for the more important descriptions to arrive (as in successive

refinement).
I. INTRODUCTION For previous work on the information-theoretic aspects of the

A MULTIPLE description source encoder generates a set Bi/tiple description problem see [9], [10], [22], [29], [30]. The
binary streams or descriptions of a source sequence, eBE‘ﬂblem of designing quantizers for the multiple description

with its own rate constraint. The transmission medium may dgroblém has been considered in [11], [17], [19], [25], [26], [28].
liver some or all of the descriptions to the decoder. The objeEN€ Work presented in [28] considered only the balanced/sym-

tive is to minimize the distortion between the source sequerfGgric lattice quantizer design. Unlike the work in [11], we do
and the decoded sequence when all the descriptions are aJiif-Use @ training approach; instead, we use the geometry of the

able, while ensuring that the distortion which results when Onp}pderlymg Iatt|celto .solve a_labellng problem. Other approaches
a subset of the descriptions are available remains below a giemultiple description coding based on overcomplete expan-

specified value that depends on the subset. If thereDade- S10NS are presented in [1], [2], [13] and methods based on op-
scriptions, thedlistortion profileis a vector of lengti2” whose timizing transforms and predictors are presented in [16], [21],

components give the distortion constraints for each subset of Rl . _ .
descriptions. The paper is organized as follows. The source coding problem

In recent years, multiple description coders have receivia%for,mmated in Sgction Il, the _design method ?s described in
considerable attention, driven by the interest in packet voice anction !ll, properties of the lattices and sublattices needed for
video communications (see the bibliography). Most of the wolR€ construction are developed in Section IV, a high-rate analysis
(with the exception of [11]) has centered around the Succ‘gpresented in Section V, and numerical results are presented in

sively refinable case and the balanced/symmetric case, whiegction VI.

are in a sense two extremes of the distortion profile. Successive

refinement coders find application in networks with a priority

structure whereas balanced codes are useful in networks that do Il. PRELIMINARIES

not have such a structure, the best example at the present tim& . . .
being the Internet. block diagram of a two-channel multiple description vector
gntizer (MDVQ) using a lattice codebook is shown in Fig. 1.

In this paper, we propose a structured scheme thatbridgesifé‘L di onal toris first ded as the cl i
two cases, in the sense that it permits a fairly general distortion Imensionai source \L/ec ons firstencoded as the closes
ector in a latticeA C R”. We will write A = Q(z). Infor-

profile to be specified. By allowing the individual descriptioné’ " bout th lected cod AGs th ; th
to have different distortions, the quantizer behavior can ran 1on about the selected code vecias then sent across the
o channels, subject to rate constraints imposed by the indi-

vidual channels. This is done through a labeling functiort
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Fig. 1. Block diagram of an MDVQ.

We will assume that the channel 1 and channel 2 codebookéich has indexV, = lem(N;, N3) in A (such sublattices do
denoted byA; andA,, respectively, are sublatticesf A. The not always exist—see Section V).
index[A : A;] is denoted byVN;, i = 1, 2. V; is also called Since the information sent over channel 1 is used to identify
thereuse indexf sublatticeA;. We assume that eadh) isgeo- a code vectoh; € A;, and the information over channel 2 is
metrically similarto A, i.e., thatA; can be obtained from. by used to identify a code vector € As, we will assume that the
applying asimilarity (a rotation, change of scale and possibly Ebeling function is a mapping from\ into A; x A and that
reflection). To simplify the analysis we will usually assume that\;, A2) = «(X). The component mappings akg = «;(\)
the A; arestrictly similarto A, i.e., that reflections are notusedand A2 = «3(A). In order to recover when both channels
work, it is necessary that be one-to-one. This is accomplished
by requiring that the ordered pdik;, A2) is used only once in
any labeling scheme.

Given A, Ay, A,, anda, there are three distortions and two
rates associated with the quantizer. For a given source vector
x mapped to the triplé\, A;, A\2), thetwo-channel distortion
dy is given by||z — )\||?, the side distortiong; by ||x — X;||?,

Property P.1: Let A be anL-dimensional lattice with gener-
ator matrixG (the rows ofGG spanA). A sublatticeA; C A is
geometrically strictly similar ta\ if and only if the following
condition holds: there is an invertible x L matrix U; with in-
teger entries, a scalar, and an orthogonal. x L matrix K
with determinantl such that a generator matrix far, can be

written as i = 1.2, where
GlelechKl. (1) L
def
> = (1/L) ) | o7
If (1) holds then the index ak; in A is equal to ;
det Ay det Gy is the dimension-normalized Euclidean norm. The corre-
Np=[A: A= det A det G sponding average distortions are denoteddbyd;, and ds.

(We will also refer tody, as thecentral distortion.) We assume
that an entropy coder is used to transmit the labeled vectors at a
rate arbitrarily close to the entropy, i.&; = H(w(Q(X)))/L,
¢ =1, 2, where’H is the binary entropy function. The problem
is to design the labeling functiamnso as to minimizel, subject
tod; < Dy anddy < D,, for given rates(R;, R,) and
distortionsD; and Ds.
We will assume that the source is memoryless with proba-
Even if the similarity is not strict, (1)—(3) still hold but with bility density function (pdf)p. The L-fold pdf will be denoted
det K; = —1. Note that the constant, > 1 represents the by pr where
scaling between the latticeandA; and thus the inde®; = ¢/
represents the scaling between the respective volumes of the
fundamental regions of the lattices. pr(@1, @2, ..oy 2n)) = H p(i)-
We will also usually assume that the sublatticgsand A, =1
areclean(3], that is, no point ofA lies on the boundary of the The gifferential entropies satisfy the relatib(pr,) = Lh(p).
Voronoi cells of Ay or A;. Our algorithm still applies if this  Gjyen a latticeA, a sublattice\’, and a pointV € A’, we
condit!on is not satisfied, but the book-keeping becomes mgignote byVa.a (\) the set of all points i\ that are closer to
complicated. _ _ X than to any other pointin’. This set is the discrete Voronoi
Finally, we require a sublattice of, (] A;, A, (theproduct et o\ in A, If A’ is a clean sublattice of we do not need to
sublatticg which is geometrically strictly similar té. and has worry about ties when calculatinigy.- (\'). The Voronoi cell
index Ny, = N1 N, in A. To reduce the complexity of the designVA()\) of a point\ € A is the set of all points " that are
we will also sometimes make use of a sublattigeof A; (VA2 4t |east as close th as to any other point af. Also, £(\) =

=detU; = ¢l 2)
FurthermoreA; has Gram matrix
AL = GG = ULGGTU" = UL AU = & A )

whered = GG is a Gram matrix forA.

! ! ! 1
Istrictly speaking, the codebooks are finite subsets of the sublatticesd O‘(VA:AC (X)), A" € A, will denote the set of all labels of the
A, but we will ignore that distinction in this paper. points inVy.o-(A).
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A. Distortion Computation The rateR, = H(Q(X)) is given by
The average two-channel distortidg is given by
Ry :—(1/L)Z pr(z) da:logQ/ pr(z)dzx
=3 [ =A@ (4) o e
Aca VA ~—(1/L) Z pr(z)dzlog, pr(Mv
Since the codebook of the quantizer is a lattice, all the Voronoi A IVA)
sets in the above summation are congruent. Furthermore, upon = h(p) — (1/L)log,(v). 9)

assuming that each Voronoi cell is small and lettingenote
the L-dimensional volume of a Voronoi cell, we obtain the two-

channel distortion R; = Ro — (1/L)logy(N;), i=1,2. (10)
do = fVA(O) | ||? d

124

It can be shown that the rate for descriptias given by

= G(A)V?/L (5) A single-channel system would have uskgl bits per sample.
Instead, a multiple-description system uses a tot&l,of Ry =
where the normalized second moméi(tA) is defined by [5] 2R, — (1/L)log, (N1 N2) bits per sample, and so the rate over-
9 head isRy — (1/L) 1Og2(N1N2).
. va(o) ||| d=

G(A . 6
(4) pit+2/L © [Il. CONSTRUCTION OF THELABELING FUNCTION
~ When only description is available, for = 1, 2, the distor-  Suppose is anL-dimensional lattice with a pair of geomet-
tion is given by rically strictly similar, clean sublattice&; and Az, and letA,
= 5 9 (the product sublattice) be a geometrically strictly similar, clean
di = do + Z A = (VPPN @) sublattice of bothA; and Ao, with indexes[A : A;] = Ny,
ACA [A: Az] = Np, and[A : A,] = NV,

where P(A) is the probability of lattice poinf, and we have In order to construct a labeling function we first identfy
assumed thak is the centroidof its Voronoi cell. This is true the subset of points ak; x A, that will be used to label the
for the uniform density. For nonuniform densities, there is gwoints of A. Informally, we call the ordered pait\;, A2) an
error term which goes to zero with the size of the Voronoi cefidge and therefore the labeling function is to associate lattice
[14]. The first term in (7) is the two-channel distortion and thpoints with edges. A one-to-one correspondence will be estab-
second term is the excess distortion which is incurred when otished betweerY.5 ,(0) and a proper subset 6fso as to min-
description; is available. Note that, for a giveh, only the ex- imize an appropriate objective function, while ensuring that the
cess distortion term is affected by the labeliag labeling can be extended uniquely to the entire lattice. To this
At this point, we impose a constraint on the labeling functiognd, we first start by formulating a cost criterion that will be
that allows us to reduce the problem to that of labeling a finitésed in the design.
number of points. We assume that the labeling function has the o
shift invarianceproperty thaix(A + A,) = a(\) + A,, for all A. Cost Criterion

As € A,. This leads to the following simplification: The multiple description problem may be formulated [9] as
- 5 a problem of minimizing the central distortion subject to con-
di = do + (1/N.) Z A = a; (A (8)  straints on the side distortion. The associated Lagrangian cost

ACVa:a, (0) criterion is given by

where we have assumed th&{)\) is approximately constant 2

over a Voronoi cell of the sublattick,, but may vary fromone j —¢, + Z i d;

Voronoi cell to another. The consequence of this structural prop- Py

erty is that we focus on the labeling of a set of point&in,  (0) B 2

and use shifts of this labeling scheme to generate labels for the= (1 + v2 + 1) do + Z i Z IA = a; (V) ||PP(N)

entire space. i=l  ACA

2
B. Rate Computation =(m+r2+Dd+ > P> vllA— (V| (11)
Let R, bits per sample be the rate required to address the ACA =1

two-channel codebook for a single-channel systewe first \yhere~,, ~, are Lagrange multipliers.

derive an expression fdt, and then determine the ratis and  The central distortiod, is determined by the lattica. If we

R,. We use the fact that each quantizer bin has identical volugsume thaf()) is approximately constant over the Voronoi
v and thap,(z) is approximately piecewise-constant over eace|| of A,, we can rewrite the cost criterion in terms of the cost

as the Voronoi cells become small and is standard in asymptaiifing a labeling scheme(\) which minimizes

guantization theory.

1 2 2
2This quantity is useful for evaluating the two-channel distortion as well as 77~ Z [’71 A = (NII” + 72 [IA = ca(N)| } - (12)
for evaluating the rate overhead associated with the multiple description system.”® xev;,., . (0)
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After some algebra, the expression inside the summation carftweall A € P5. The set of edges emanating framis given by
rewritten as
Eedges = 1(A1, A2): AL € Pr, A2 € L1(M1)}

() = e UL d): de € P, A € ﬁ2<A2>(}1~8 )

+(11 +72) ‘)\ _ nen(A) + reax(d) ’

L+ 72 H . (13) We find a set of coset representativgs for the equivalence
classes of. 44 moduloA,. Property P.6 will establish that we
The values ofy; andy, determine the relative values of the twacan write&, either as

side distortions; andd..
Therefore, our design principle is (informally) for a given pair Eo={(A; o) A €Prand Ay € Li(M))

~1 and~», to find a labeling functiorv( ) such that the sublat- (19)
tice pointsa; (M) € Ap, a2(A) € A, are not very far apart and ©" equally well as

the lattice point\ € A that is being labeled is not very far from Eo={(A1, X2): Ao €Py and A € La(N2)}.
the weighted mean (the second term of (13)) of these two sub- (20)

lattice points. This general guiding principle leads to our lattice , ) o ,
design. (Note that if we hau&, = A thenR; = R, although Step 4) Matching the edges to the lattice points in the Voronoi

we may still introduce some distortion asymmetry by choosirtft IS now a straightforward and easily solved assignment

1 # ~2.) We will first describe the basic quantizer design an@oPlem (cf. [18]). The objective is to label each pointiiy
then illustrate it using the latticg?. with edges that are distinct modul,, in order that the shift

invariance property be satisfied. To formulate this assignment
B. Lattice Quantizer problem we compute the cost given by (12) for each lattice
The quantizer construction is based on the following stepspOInt fmd each equivalence class of gdges moduldtaking
the minimum over the edge class). This allows us to construct
Step 1) We are given ail.-dimensional latticé\, ratesR;, Rs, the set of edges which will later be used to label the points in
and distortionsD;, D,. These determine the index@5, No  Vaua,.
using (10), and we attempt to find (strictly similar, clean) sub-

latticesA;, A with these indexes, together with a product sub- If there exists a SUblatt'.QQ“ ("?‘S Fief|ned n Secnon Il) which
is also a geometrically strictly similar, clean sublatticdgfand

lattice A,. We also choose appropriate values for the weighfs . the computational complexity of the design can be further

v and~,. For example, a successively refinable quantizer cor= o
responds to choosing, = 1, 72 = 0, andN; = oco. For reduced. For then we need only label the pointd/ins ., (0).

the balanced case we take = ~». By appropriately choosing We will show that this does not reduce the performance of the

NN one can achieve different levels of asymmetr uantizer—see Property P.9. In this case, we replace th@sets
in1r7ate2:a1r’1yé7d’yi§tortion. nd7P, by the sets?] = Vj,.4.,(0) andPy = Vi,.4,(0). The

rest of the procedure is unchanged.
Step 2) We find the discrete Voronoi s?et/od:erA:AS (0) for the
sublatticeA,. This is the fundamental set of points that we wilC- Properties of the Quantizer
label. The labeling is then extended to the full lattice using the In this subsection, we state some of the properties of the con-
shift invariance property (see Section Il). We also find the setstruction proposed in Section 11I-B. We have imposed the fol-
lowing restrictions on the labeling scheme.

P1=Va, A, (0) =VonNA; (14) ) ) ] )
Constraint 1: The labels satisfy the shift property, i.e(A +

Po=Va,a,(0) = Vo N A2 (15 A) =a(V)+ A, VA, €A, A €A,
which are the points af; andA, belonging to the Voronoi set Constraint 2: The labels forl} lie in different cosets of the
Vo. product sublattice: i.e., fA1, A2) and(A;, A;) are valid edges

. then\, and ), are in different cosets with respect to the product
Step 3) We determine the set sublattice.
Ly A1) ={r2€Aas o e Vo + A1} (16) Property P.2: Each member of£;(\,) lies in a different

coset with respect to the sublattice shifts\in and|£, (A1) =
forall \; € P,. These are the points in the sublattitewhich v, . Similarly, each member of,()\,) lies in a different coset
are in the Voronoi seltp of A, when translated to be centered ajyith respect to the sublattice shifts iy, and|La(\2)| = No.
A1 € Py. By using these points we ensure that the edge length  proof: Let A2, Xy € L1(A1), and), = Ao + X, for some
a2 (A) — a1 (V)]|* will be minimized (see Property P.8). We will x, € A,. Then)), — A; = A2 — A; + A,. HenceA, — A; and
show that each member 6f (\;) lies in a different coset with X, — A; cannot both lie inV,. But sinceXz, X, € £1(\1),
respect to the sublattice shifts i, (Property P2) Slmllarly, A2 — A; and )\/2 — )1 are inVg, a contradiction. Thus, each
we determine the set X2 € £1(\) is in a different coset with respect to the sublattice
) shiftsinA,. Now {Vo+ AL }ar=x, 4., 1. ea, IS apartitioning of
£2(A2) = {A € Ay € Vo + A} A the points ofA, and each of theZe disjeoint sets contains points
3We usually omit the word “discrete” when referring to this set. from different cosets ol (with respect to shifts id\,). Since
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there are onlyV, different cosets of\s, |£1(A\1)] < N;. Infact,
equality must hold, because the space is tiled by such sets
if there were a\| for which |£1(A])| < N; then would be &\
forwhich|£1(A1)| > N1, whichimpossible. An identical proof
holds forLs(Az). O

Property P.3: £, (A1) consists of theV, points Ao € As
closestto\; subjectto the constraint that eathis in a different
coset.

Proof: We know that

)\2 Eﬁl()\l)C})\Q €V0+)\1 <:>)\2—)\1 EV().
Then
A= AL € Voo ||Ae = A2 < ||he = AL+ A2

forall A; € A;. Thus, for any);, = Ay + A;, A; # 0 we have
A2 = A1]|? < ||A, — A1])?, and the claim follows. O

Property P.4: Az € L1(A\1) © A1 € L2(A2).
Proof. For clean lattices, it € V, then—z € V; [5].
Then

AQE,Cl(Al)@)\QEVo—i-)q@)\Q—)\lGV()

SM—-—leVype €%+)\2<:>)\1€£2()\2) O

Property P.5: As lattice points inA are labeled, the number
of times each point from\; is used isN; and the number of
times each point fromh is used isV,.
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to be invariant under shifts by, and obtain the same edge set
andf we used the product lattick,. With this procedure it is
necessary to label onlym{ N, N,} lattice points rather than
N1 Ns points.

Proof: If such aAn exists then we just need to show that
the edge set constructed by using the algorithm witttan be
produced by sublattice shifts of the edge set constructed using
An. As we saw in the proof of Property P.6, the coset represen-
tatives for the edge set are constructed by using

& = {()\1, )\2) AL E Py, Ao € [,1()\1)}
where

= U Mi+r)

AnEAR ALEP]
Therefore€y = U, <4, €0, Where
86 = {()\1, )\2) : )\1 S P{, )\2 S [,1()\1)}

where P, = Vj,.a,(0). It follows that there are exactly
lem{Ny, N>} coset leader edges ifiy with respect to the
sublatticeAn, and they are given i&. Therefore, by matching
the cosets of the edges modulg with the lattice points in the
Voronoi set forAn~, using the assignment algorithm (as before),
and then shifting byA~ we produce exactly the same labeling
as we obtained using,. O

Property P.9 illustrates that we can reduce computational

Proof: Let N(\1) denote the number of lattice points la-complexity in the design of the quantizer by using the shift-in-

beled byA; € A;. Certainly N(A\;) > N; since); is used
N, times when we form the edgdéA;, A2): A2 € L£1(A1)}.

variance property of the design over a smaller set of points
without any sacrifice in performance. The following Property

If A1 is used in more thaV; labels then there is a valid edgeP.10 can be used to obtain a finer scale of global asymmetry by

(A1, A2) with A2 ¢ £5(\1). But this is impossible by Prop-
erty P.4. ThereforeV (\) = N; for all Ay € A; and similarly
N()\Q) =N, for all Ao € As. O

Property P.6: The number of cosets in the edge s&t
moduloA; is equal to the number of lattice pointsig.
Proof: Consider the edge set

&o = {()‘17 )‘2) A EP, A€ ['1()\1)}.

From Property P.2, eack, € £:(A1) lies in a different coset
moduloA, and hence each edg@e,, A2) € é‘él) lies in a dif-
ferent coset. A$<€él)| = N; N», there are at least that man
cosets in the edge set.

Property P.7: The labeling scheme produces a unique label

for each lattice point.

Y

mixing configurations with different levels of asymmetry. For
example, by equally mixing configurations with complemen-
tary distortion ratios, we can create globally symmetric side
distortions. We call the weighted average of the lattice points
% representation pointsas they are chosen to be close
to the lattice point that the edge represents. Note that distinct
edges may share representation points.

Property P.10:If there exist several labeling schemes
achieving the same cost we can mix these configurations to
achieve different levels of asymmetry. A sufficient condition
for this to occur is for the number of unique representation
points to be smaller than the number of lattice points in the
product latticeA ..

Proof: The number of representation points is equal to the
number of lattice points in the Voronoi s&} (see Property

Proof: This is immediate from the fact that the labels foP.6). Therefore, if there are some representation points which

the cosets ofA\/A; are taken from distinct cosets §/A;. O

Property P.8: The labeling scheme minimizes the cost crit
rion given in (11) subject to the coset restriction.
Proof: This is an immediate consequence of Pro
erty P.3.

Property P.9: SupposeV; and N, are not relatively prime,
and there exists a sublattidg, with indexlcm{/N;, No} in A
which is a geometrically strictly similar, clean sublattice/qf

overlap (i.e., the number of unique representation points is less
than the number of points ivy), then there is more than one la-

ek_JeIing scheme that produces the same I:agrangiam—i—w da,

with each labeling producing differedt, d.. Suppose one ex-

IC{Femal configuration produces the lowest™™ and (therefore)

the largest '**, and another extremal configuration produces
the highest1*** and the lowest *. Then, by using the first
configuration in proportiorx and the second in proportiagh=

1 — «, one can produce side distortiofs= o d ® + & d 22

andA., and contains\,. Then, we may construct the labelingandd, = o d5** + @d $=. Thus, by keeping the Lagrangian
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Fig. 2. Elements ofA\; andA, in Voronoi setV; of A;.

cost the same, one can obtain different levels of asymmetryshift away from the edgé(4, 2), (0, 3)}. To satisfy the shift in-
the distortionsiy , ds. O variance constraint, we must use only one of these edges to label
Remark: The case of the scalar quantizgt = 1) is of a pointinVy. This constraint is built into the optimization pro-
particular interest as these are widely used in practice. Focedure. The result of the optimization procedure is illustrated in
scalar quantizerA = 7 with A; = N7, A, = Ny7, A = Fig. 4. Here we have shown only the pointsiig. The pointsin
lem(Ny, N2)Z, andA, = N;N.Z. The points ofA, € Ax A N Ay are marked by circles and thoseAn N A by aster-
closest to a poink; € A; are in different cosets with respect tasks. Each point carries a pair of labéls;, A>) with Ay € Ay,
the latticeA. Therefore, the edge selection procedure outlined € A,. The complete listing of the labeling is given in Table I.
in Section 111-B is optimal, in that the quantizer design producda this example, we have set = 9 and~, = 5, which deter-
the smallest cost as given by (12). mines the respective distortions obtained by the design. A
comparison of these distortions with that predicted by informa-
D. Example tion theory is given in Section VI.

In this subsection, we illustrate the design procedure with
an example in two dimensions using the latt#% We choose IV. GOOD LATTICES
|Ai| = 5 and|Ay| = 9. Portions of the two sublattices are The lattices that we will investigate and apply in this paper are
shown in Fig. 2 where the points @, are marked with cir- 7 forn = 1, 2, or a multiple of4, together with the root lattices
cles, the points of\, with asterisks, and the points &f with D, andEs [5]. The analysis could be extended to treat other lat-
both circles and asterisksThere are 45 points in the Voronoitices such ag?, 7%, the 12-dimensional Coxeter—Todd lattice,
setV, for A,. The setP; contains nine points oA; and the the 16-dimensional Barnes—Wall lattice or the 24-dimensional
setP, contains five points oft>. The edge€eqzes (S€€ (18)) Leech lattice [5], [20], but we shall not discuss these here.
emanating from the points df; are shown in Fig. 3. These
are found using the set8; (A1) and La(\2) for Ay € A4,
Az € Ay. For example, if we take the poin = (2, 1) € 71, A. The Construction of Similar Sublattices

we see that there are five points in the ggi(\;), namely, - . L L
{(0,0), (0,3), (3,3), (6,0), (3,0)}. Note that there are several We begin with the observation that multiplication of points in

N . . . the square lattic&? (regarded as points in the complex plane)
edges emanating frof#}, which are a SUbIa.tt'CAS shift f"‘pa”- by 1+ produces a similar sublattice of ind2xAll our sublat-
For example, the edgf—2, —1), (—6,0)} is a sublattice\, . ! . ;

: : tices will be constructed by generalizing this remark.

4In the draft version of this document (see http:/www.research.att.com/ W€ Will make use of five types of integer®; the ordinarya-
~njas/doc/MDVQ.html, May 2001), the circles are blue and the crosses are ri@nal integers G, the ring ofGaussian integer§a+bi: a, be 7},
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Fig. 3. Edges emanating from the Voronoi cell of the sublattice.
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Fig. 4.

wherei = +/—1; 7, the ring ofEisenstein integer$a + w:

Labels generated by the algorithm.

quaternions{a + bi + ¢j + dk: a, b, ¢, b € Z}, wherei, j, k

a, b € 7}, wherew = ¢2™/3; Hy, the ring ofLipschitz integral are the familiar unit quaternions; ar, the ring of Hurwitz
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TABLE | m = a? + b + ¢ + d2, regardingA as a sublattice df}’*,

LATTICE POINTS AND LABELS FOR A VORONOI SET OF THEPRODUCT ; ; ; ;
SUBLATTICE AS L ABELED IN FiGs. 4 and muluplylngA on the left or on the ngh_t by the quaternlon
& =a+ bi+ ¢j + dk. Left and right multiplications in general

A A A2 A A As A Ar s give different sublattices. In the caselof and£g, we may also
00 | 0o |00 ] 1ol 0o | @0 o] 0o | 03 multiply by Hurwitz integral quaternions to obtain further sim-
o) | 00 | 6o | 01 | @0 | 03 | ]2 oo | 1arsublatiices. . .
a2 oo lon w0 | an | e | 0o Odd-dimensional lattices of dimension greater thame less

’ ’ : ’ ’ : ’ ’ ’ interesting. For a latticd of odd dimensionZ has a geomet-
(20 ] t31) | (00) § ©-2) | (1-3)] OO } @0 | B-1) | 00 rically similar sublattice of indexV if and only if N is anZth
(02) | 3,3 | 00 ] (21 | (12) | (30) ) (1-2) | (-2) | (0.-3) power, sayn’, and sublattices of this index can be obtained by
(2) (21 [ (30) ] -1 | (1-2) | B0 | @1 | &1 | (30) scalar multiplication ofA by m (see [3]). ~
(-1,2) | (1,2) | (0,3) || (-1,-2) [ (2,101 (0,-3) |1 (L2) | (21) | (0.3) The norm of a quaterniort = a + bi + ¢j + dk IS &€ =
(2-2) | (1:2) | 3-3) || (-22) | (-2-1) | (-3:3) || (-2.2) | (-1,2) | (-3.3) a’+b2+c?+d?* where the bar denotes quaternionic conjugation.
22 | @0 | 63 || ©-3 | 1-3) | 03 | G0 | 3-1) | 3.0 If £ belongs to one of the above rings, the index of the sublattice
30 | 30 |30 | 03 | 03 | 03 | G | 6 | 63 | EA(rAIn A, [A : €A, is equal to(¢€)"/?, whereL is the
B | (2o1) | (600 | (13) | (1-2) | 0-6) | (1-3) | (1,3) | (:3,3) dimension _and the bar is complex or quaternionic conjugation
(30 ] (30 | (33) | (13) | (1,2) | (06) | 31) | (21 | (60 as appropriate.

(L3 | @8 | (35) | €82 | (48) | (30) ) 3-2) | (18 | (30) B. Clean Sublattices
(-2-3) | (:3-4) | (0-3) | (23) | (34) | (08) | (41) | (:50) | (-3.3) In di . th blattied is cl it and onlv i i
A | 60 163 1] 05 @l 0 | 08 | 6s n dimension one, the sublatti€é is clean if and only if is

odd.

Reference [3] gives necessary and sufficient conditions for a
integral quaternionga + bi + ¢j + dk: a, b, ¢, dallin Z or all  similar sublattice of any two-dimensional lattice to be clean. In
inZ+ %}. Other rings of integers could also be used, but theparticular, the sublatticéZ? (¢ = a + ib) is clean if and only
suffice for the lattices considered in this paper. if N = a? + b% is odd. These indexes are obtained by setting

If A = Z, multiplication of lattice points by € Z giveséZ, e; = 0in (21)

a similar sublattice of inded = [¢].

If A = 7% = G, multiplication by the Gaussian integér= 1,5,9, 13,17, 25, 29, 37, 41, 45, . ..
a + bi € G gives a similar sublatticd’ = £A of index N =
a? + b2. A numberh is of the forma? + b2 if and only if itis  [24: Sequence AS7653].

of the form The sublatticé€€ A2 (6 = a + bw) is clean if and only ifa
andb are relatively prime. It follows thatl; has a clean similar
29 H i H quj (21) sublattice of indexV if and only if NV is a product of primes
pi=l(4) ¢ =3(4) congruent tdl (mod 6). These are the numbers
where the first product is over primeg; congruent to 1,7, 13, 19, 31, 37, 43, 49, 61, 67, ... (24)

1 (mod 4), the second product is over primgscongruent to
3(mod 4), andey, f;, andg; are nonnegative integers. Thes¢24, Sequence A57654].
indexes are the numbers The existence of clean sublattices in dimensions greater than
two was not considered in [3].
We can give a fairly complete answer for the lattige’s,

of [24, Sequence A1481]. L =1

by the Eisenstein integef = o + lw € J gives a similar  similar sublatticer’ of index V. ThenA' is clean if and only if
sublattice\’ = A ofindexN = a?+ab+b%. AnumberN isof 7 is odd.

1,2,4,5, 89,10, 13, 16, 17, 18,20, ...  (22)

the forma*tabtb? if and only if primes congruent ( mod  3) Proof: (If) Let A’ = ¢(ZF), where is a similarity, and
appear to even powers. These indexes are the numbers et A" = 4-1(ZL). If ¢ multiplies lengths by; (as in (1)) then
—_ L RSN Fa-
1,3.4,7.9,12, 13, 16, 19, 21, 25, 27, ... (23) N = cr. Su.pposeN’_ c12 is odd and letA’ have ger;erator
matrix K, with KK'" = ¢iI;, = mlI;, wherem = ci. (In
of [24, Sequence A3136]. the notation of (1)[/; = c; K; = K.) Note that asx K*" has

Itis shown in [3] that the above conditions are also necessainteger entriesy = ¢2 is an integer and a¥? = m* is odd, so
if Z, 72, or A, has a similar sublattice of indéX thenN must ism. SinceA’ is a sublattice oZ %, the entries oK are integers.
have the form described in the preceding paragraphs. ThenA’ has generator matrik —! = % K'r,

For the lattices\ = 7*, 78, 7'2, ..., D4, andEz a neces-  We must show that there are no pointZéfon the boundary
sary condition for the existence of a geometrically similar sulof the Voronoi cell ofA’, or, equivalently, that there are no points
lattice of indexXN is that N should be of the formn’/2 for of A” on the boundary of the Voronoi cell @".
some integern, where L is the dimension. This condition is It is enough to consider just one face of the Voronoi cell of

also sufficient, since such sublattices can be obtained by writi§, say that consisting of the poins= (%, 2,5 ),
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where|z;| < 1for2 < < L. If P € A” then there is a vector U3
uw= (v, ..., ur) € Z¥ such that
1 -
P=—uK". (25) v2
m
Equating the first components we get that
V4
1 1 . L .
5= m times a vector with integer entries. Fig. 5. Coxeter diagram for any lattice that is geometrically similabta
m there are four generating vectarg, v, vs, vy satisfyingo; - v; = vy - vy =
1 ; .
. . L . vg - V3 = V4- V4, V; - 0; = —= v - v1 If nodesv; andv; are joined by an
Sincem is odd this is impossible. edge, and; - v; = 0(i # j) otherwise.

(Only if) SupposeN is even, then a®'? = m”, m is also
an even integer. We claim that all the vertices of the Voron
cell for Z* (i.e., all the deep holes A" in the notation of [5])
belong toA”. In fact, (25) implies that: = PK. Let P be

i . . .
ﬂ1e space of real quaternions. Our sublattitésill be con-
structed by multiplyingD, either on the left or on the right by
appropriate Hurwitzian integral quaternions. If

a vector of the form(+£3, £%, ..., £1), and letk = (k;;).
T r L

FromKK'" = K'"K = m.iL we have) ;| k7, = m and, f=a+bitcj+dkeH
sincek?; = ki; (mod2), 3;~, ki; is even (for allj). Hence
PK has integer entries and is Zt. O then{D4 has generator matri&' L., where

The following corollary summarizes our results abafitfor a b c d
the values ofL that we are interested in. Note that sirke b a d -—c
has no “handedness,” there is essentially no difference between Le= —¢ —-d a b (28)
“similar” and “strictly similar” for this lattice. —d ¢ -b a

Corollary IV.1: Z” has a geometrically similar sublattice OfandD4£ has generator matri@R., where
index IV if and only if

e N is anLth power, if L is odd; a b c d
+ N is of the forma? + 12, if L = 2; I I (29)
* N is of the formm?®/? for some integern, if L = 4k, —d - b a
kE>1.
Note that

In each case the sublattice is clean if and onl¥ifs odd. The

same results hold if “similar” is replaced by “strictly similar. Lth,, _ RgRg” —mli, LeRe = Rele (30)

For D, we have only a partial answer. _

. _ wherem = ¢€ = a® + b2 + ¢ + d°.

Theorem IV.2:1f M is 7 or a product of primes CONGruent o \ye i show that under certain conditions, and D¢ are
1(mod 4) thenD, has a geometrically strictly similar, cleango syplattices. We only give the proof i, the other case
sublattice of index\/2. The values oft/ mentioned are being completely analogous

The Voronoi cell forD, is a24-cell, with 24 octahedral faces
[4], [5]- A typical face (they are all equivalent) is that lying in
the hyperplane

1, 5,7, 13,17, 25, 29, 37, 41, 53, ... (26)

(7 together with [24, Sequence A4613].

Proof: We take our standard version of tti&, lattice to X ou = lv v 31)
have minimal norn2 (as in [5]) and generator matrix D R
1 1.0 0 having centef, = % v; and six vertices
-1 0 1 0
¢ 0 -1 0 1 ( ) 61 25(21/1 +Ug+v4)
0 -1 0 -1 1
62 = 3 (—v3 —v4)
The four rowswy, ve, vz, vs Of G correspond to the nodes of 1
the Coxeter diagram fab, shown in Fig. 5, where; - v; = 2 85 == (2v1 + v2 +v3)
(t=1, ..., 4),two nodes that are joined by an edge correspond %
to vectors with inner product1, and two nodes that are not by = 5 (—v2 — w3)
joined by an edge are orthogonal. 1
We regardD, as a subset of 05 = B (2u1 + vz +v4)
1
H=A{w+zityj+zk:w, z,y, z €R} 56:5(_1/2_”4) (32)
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We must show that it is impossible for a point
X =(w, zy,2) €Dy
to satisfy the primed versions of (31) and (33), which are
ar+fz=%(a® +5°) (36)
|w + By| + |=pw + ay| + |z — az| < 5 (o® + 7). (37)

Suppose, on the contrary, that, =, y, 2) € D, satisfies (36)
and (37). From (36) we have

L e
z= 57 (o + 37 — 2ax) (38)
and from (37)

|Br — az| < % (® + %)

which together imply
1 1
“(a—B) <z << (a+p).
85 2 2
So we may writer = % (o + 1), say, where: is an odd integer
Fig. 6. Labeling for center and vertices of octahedral face of Voronoi cell f%’atisfying—/} <u<p, and from (38)

Dy.
_ 32 —ap
(see Fig. 6). A pointX belongs to this face if and only if it ) 2p
satisfies (31) and which impliesap = % (mod 203). Sincef is odd, 5% = 3

N i (mod 24), and we conclude that
(X = o) - (61 = bo)| + (X — bo) - (63 — do)|

1 ap = f(mod 23). (39)
+|(X—60)(65—60)|S Zvl-vl. (33) . .
Thus, for some integek, oy — 8 = 2k and sincex and3 are
Let A’ = D,&, wheref is a quaternion of the form relatively prime,3 must divideyu. Thereforey = £4. But this
is impossible. Forifu = 3,2 = L (o + 8), 2 = 3 (—a + ),
¢ = XL o él n g 2 (34) Br — oz =1 (a? + B2), and then (37) implies = y = 0, so
22 2 2 w+Hz+y+2=/¢& Dy, sincel is odd. A similar argument

and« and 3 are odd, positive, relatively prime integers. Th@PPlies if = —4.

norm of¢ is % (a2 + B2). Then we claim thad’ is clean. Sq far we have shown that df apdﬁ are odd, positive, gnd
To show this, we begin by computing the generator matrix f6¢1atively prime, then the sublatticB.¢ is clean, wher is
A’ as follows: given by (34). Supposé/ is a product of primes congruent to
1(mod 4). From the classical theory of quadratic forms (see,
Q' =GR for example, [6]), we know thadd = p? + ¢ with p even,q
0 0 5 odd, andged(p, ¢) = 1. We now simply setvx = p + ¢ and
—a—8 —::-a a—g —0{—8 p=lp —_q|. , . ,
— 5= T 5 Itremains to discuss the ca&£ = 7. For this we can multiply
| a8 —ap at8 aB (35)  on the left or on the right by either of the quaternions
2 2 2 2
and denote its rows by;, v}, v, v4. We will similarly use We omit the straightforward verification that these sublattices
primes to denote the centéf))) and verticeq &, ..., &) of are clean. O
a]na?ctahedral face of the Voronoi cell &f. From (32) we find In the other direction we have the following.
1 Theorem 1V.3: D4 has no clean, geometrically similar sub-
8 = 5( , o, 0, ) lattice of indexM? if M is3, 9, or 11.
1 Proof. The proof is by exhaustive search, using a com-
6 = 3 (a, o, B3, ) puter. We produced a list of all vectors of no/ in Dy,
1 and from this we found all similar sublattices of ind&%?® by
& = 3 (=B, o, @, B) finding all sets of four vectors corresponding to the Coxeter dia-
.1 gram of Fig. 5. Given a sublattic¥, we compute the equations
05 = 3 (0, a+p,0, —a+f). defining an octahedral face of the Voronoi cell from (31) and
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(33). ThenAMPL [12] and CPLEX [7] were used to verify that
in every case there was a pointof, on the face. O

The preceding discussion has shown that the latZes?,
Z* for k > 1 andD, have a plentiful supply of clean, geomet-
rically similar sublattices. We expect the same will be true of
the E lattice, but this question is presently under investigation.
Finally, we remark that if\’ is a clean sublattice of and
A" is a clean sublattice af’, thenA” is a clean sublattice of.

C. Common Sublattices &f; and A,

We begin with a general comment. L&t andA; be any two
sublattices of a lattica (they must have the same dimension as
A but are otherwise arbitrary). Then we may form their inter-
sectionAn = Ay N A, and their joinA, = A; U A,, as shown
in Fig. 7. The join is the lattice generated by the vectors of both
A1 andA; (and, in general, is not simply their union). From the
Second Isomorphism Theorem of group theory (e.g., [23]) the
indexes and determinants of these lattices are related by

As
[Au . Al] — [A2 . Aﬂ]v [Au . AQ] _ [Al . Aﬂ] (40) Fig. 7. Intersection, join, and “product” sublattice of two arbitrary sublattices.
det A; det Ao = det A det An. (41) A

There are now in general many ways to find a “product” sublat-
tice A, C An with

[A: A =[A: AJ[A : Asl. (42)

Let A be one ofZ, ZZ%, or A, and letA; = & A, Ay = &A
be geometrically strictly similar sublattices obtained by multi-
plying A by elements ofZ, G, or .7, respectively. Since these
three rings are unique factorization rings, the notions of greatest A1 =& A
common divisor(gcd) and least common multipl@cm) are
well-defined. We sef, = ged(é1, &2), én = lem{&y, &}, and
then it is easy to see that, = £ A, An = €4 A. We can also
form the product sublattica, = £,£:A (see Fig. 8). The in-
dexes of these lattices are given by

[A: A = (&), [A 2 Ag] = (&8,)"?
[A AL = (6uE)YR A An] = (€a€n)?
[A: A=A AL[A : Al (43) Ay =868 A
In dimensionL = 1, (43) implies that Fig. 8. JoinAy, intersection\~, and product\, of two sublattices\, Az
! of A, whereA is one ofZ, 72, or A,.
[A: An] =lem{[A: Aq], [A: Ag]} (44)

general enough to provide an adequate supply of sublattices for
and we can také.., = An. However, ifL = 2, (44) does not our applications.
hold in general. ForZ*, we choose two Lipschitz integral quaternignsts €
In dimensions one or two, §; and¢, are relatively prime H, whose norms are odd and relatively prime. Bqrwe choose
(meaningged (&1, §2) = 1), we havely, = 1, {n = &ié,  two Hurwitz integral quaternions
A=AU A, = A~

Because the quaternions form a noncommutative ring their &= 1 o (141) + 1/31 (j+k) € Hy
arithmetic theory is more complicated. For example, it is neces- % %
sary to distinguish between leftd’s and rightged’s. Both are &= 3 az(1414) + 3 Bo(j + k) € Hy (45)

well-defined inH; and also inHy as long as at least one of the

guaternions involved has odd norm [8], [15]. We plan to discusgherea;, ao, 51, B2 are odd positive integers with

this theory and its applications to the study of sublatticeZ*of

and D, elsewhere. In the present paper, we will restrict our atcd(a1, B1) = ged(az, B2)

tention to a narrow class of sublattices, which, however, will be =ged((a? + 37)/2, (a2 + 2)/2) = 1.
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A a1(A) + yaca( A 2
']52 _ Z(’Yl +72) ‘)\_ Y1 1( )+72 2( )H P()\) (49)
NeA Y1 T2
Then, using (13)
A =&A Ay = A& Js=Js, + Js,. (50)
Under the assumption tha&t is fine enough foP(\) to be
considered a constant oveg ., we obtain
Y172 2
A= Ao = 610G Jo=—— 3 PO D0 () - a2V
T2 Nexn AEVAL(N)
Fig. 9. A, (resp.,Az) obtained by multiplying\ = Z* or D, on the left (51)
(resp., right) by a quaterniafy (resp. ¢z). By construction, the inner sum in (51) does not depend’/on

Therefore, taking this out of the outer summation and using
In both cases, we takley = &1 A, Ay = Ado,andA, = Aq = Dy ey, P(N) = 1/Nn, we obtain
&1A; (see Fig. 9). Then

[AA]=(&8)%  [A:A] = (&&)?
[A:A]=[A:AL][A: As). (46)

7y 1 2
J,, = — > flaa(N) = ax(W)] (52)
" +72 Nn AEVA, (0)

which can be written in terms of the edge endpoints as
For Z* this gives sublatticed;, A, of indexesM?, M3, 1
where M; and M, are any two relatively prime odd numbers J,, = —*72 > D =’ (83)
(from Corollary IV.1). ForD,, M; and M, are any two rela- M +72 Nn ALEVAL (0) A2 Va (A1)

tively prime numbers from (26).
yp (26) Observe that the edges in (52) are not the same as those in (53),

since the points\ € V,.(0) need not be labeled using €
Va~(0). However, in both cases, there is exactly one edge from
In this section we analyze the distortion of the asymmetrigach coset ofo/A,. Since all edges in a coset have equal length,
multiple description lattice quantizer at high rates. the sums in (52) and (53) are identical.
Let A be anLZ-dimensional lattice with geometrically strictly Using the Riemann approximation
similar, clean SUb|att|CG$1,A2,Am = A N Ay, A, (as in
Fig. 7), with indexesV1, N,, N andN ,, respectively, where |z — Ay ||%de ~ Z IAa = M2 (54)
N, = N;N,. It is assumed that;, the volume of a funda- Vas(r0) A €Vh. ()
mental region for\, is equal to unity. A sequence of lattices is
then obtained from the base set of lattices by scaling each cdff-the summation in (53) we obtain

V. HIGH-RATE ASYMPTOTICS

ponent. LetA; (n) = nAy, Aa(n) = nAy, An(n) = nAn, and e l12de

A,(n) = nZA,. These have indexe¥, (n) = n“Ny, No(n) = J, = 212 1 = [f‘so‘l)('LQ/L)lH ],,§1+2/L)
HLNQ with Nﬁ(ﬂ) = ﬂLNm, N, (ﬂ) = HQLNS whereN, (ﬂ) = Y1t72 Nn ALCVan (0) V2 Vs

Ni(n)N2(n). Asthe index of the lattices grows, we scale the lat- (55)

tices by a factos3 so that the overall rate also grows (see (59)).

We analyze the rate-distortion performance for the set of lathe term within the brackets i§(A, ), the normalized second
tices{A, A1(n), Aa(n), An(n), A,(n)}. However, in order to moment of a Voronoi cell of\, (= 7 for the square lattice),
keep the notation simple, we will only use the sequence index> = N2, v, = N1 No, andN-/[A; : An] = Ny. Therefore,

when it is necessary to avoid confusion. Thus, we will whte Ar: An]
instead ofA,(n), N, instead ofN,(n), and so on. I, =17 ]; =GN
Referring to (11), let 71+ N2
(j) Y172 2/T,
=y P Z ~ilIA = (V|12 (47) D G (56)
At Y172 2/L
We investigate the high-rate behavior &f and then find the - 1+ 72 G(A;) (N1 V) 57)

approximation ford;, ¢ = 1, 2. The latter would also allow
us to predict the asymmetry in the distortion behavior of tli’%
quantizer. The reader is referred to Fig. 10 for the analysis. N

here(a) follows becaus¢A; : An]= N /Ny andv, = N1 No.
Il the lattices in question are scaled Bythen

that in the figure we have writtey, = J, =3 Y1Y2 G(AL) (N N2)2/E (58)
Let 7 Y1+ 72 3 '
I, = T1y2 lle2(N) — ar (V)| P(XY) (48) The rate of theth description is given by

AEA " + 72 1 1 L .
and Ry = h(p) = 7 loga(Ni) — 7 loga(87), =12 (59)
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Sublattice
point >
A

Fig. 10. Relationship of edge length and distortion.

Therefore,

1
Nfzﬁfzm@h*“ﬁ, i=1,2. (60)

The scale factop? is related to the differential entropy of the

source and the ratg, through

/32 _ 22h(p)2—2R0' (61)
Using (60) and (61) in (58) we obtain
s~ I G2 )Rk R R (62)

- Y1+ 72

A bound forJ,, may be obtained in terms @f,, the covering
radius ofA, by observing that for every, it is possible through
a suitableA shift to satisfy

(63)

H)\ _ (A +yas()
Y1+ 72

H < pn.

Note that p = ©(n) as the volume ofA~ is growing as»*.
Thus, we have the inequality

Joy < (71 +12)0R5° (64)
By comparing (58) and (64) we observe that = ©(n*3?)
whereas/,, O(n?p%). Asv, = NN, = O(n?F) and

pn = O(n) we find thatJ,, dominates/,, and we obtain the
approximation

o 2 GA,)22h ) g ARt R Ro) ()

Y1+ Y2
!vhereRo determines the central distortiely and is given by
do = G(A)22(MP)~Fo) (see (5)).

SHere the notatiorf(n) = ©(g(n)) denotes thaf(n) = O(g(n)) as well
asg(n)=0(f(n)). Heref(n)=0(g(n)) meandim sup | %| <0
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A. Side Distortions

The approximations to the side distortions are obtained by
using Fig. 10 and the following analysis. The channel 1 distor-
tion is given by

- 1
dp = —
1 Nn Z
ACVan (0)
Our goal is to examine the behavior of

1 2
D DI VR

N ACVAn (0)
at high rates. To this end we write

A=A = [ =2)+G=N)|°
= [ =D+ Q=D *+2 (A =2, B=)
(67)

whereX = (y1A1 + 72A2)/(71 + 72)), giving the double in-
equality

1w =D + =" = 2[{a =), (X= W)
<= AP =D + o= D)
+2(( =0, A= W)
and by use of the Cauchy—Schwartz inequality [18]
[ =D + [0 =D = 2| =D [x =D
<= AP < [|a =D+ =D

lloer(A) = M| + do. (66)

(68)

+2 =D lo-2]. (69
This can be rewritten as
i 52
— A—A
A 1= B e
[ AL =All
- 52
— A—A
< A= [14—" _ﬂ } )
lAL=All
(70)

We now justify the geometrical relationship shown in Fig. 10
(note that this only holds at high rates). The main point of the
analysis is that the distanceD? = ||A — A;||? is well approx-
imated byAB? = ||X — \;||? at high rate. Note that this need
not be true on an edge-by-edge basis, but is true in an average
sense as formalized below.
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Summing (69) oveh € V. (0), and using|A — \||? > 0 we

obtain
o =17 =200 = XX = Al
AEVAn (0)
< > =P
ACVaA (0)
< > A= NE IR =P
ACVan (0)
+ 2[A = AL I = Al (71)
Rewriting the above equation we get
R VE AL =Xl A= Al
> TR (-2
AEVan (0) Agg\m AL = All
< > I =P
AEV, (0)
HZ A= Al?
_ "an (0
=2 D DR LY/l R L —
AEVan (0) > A=Al
n ACVaAA(0)
R LE (O)IIM—XII A=Al
€Va
+2=120 — (72)
> A=A
AEV, (0)

Using these inequalities and the fact that— X|| < pn, we

obtain the following result.
LemmaV.L:If v1 #£ 0, v2 #0

Yo =M=
ACVaA(0)
whenR; — R, = C for some constant.
Proof: For our sequence of lattices
> A=A A=A
AEVAA (0)

Ri—o0 Z

ACVan (0)

> A=A

. ACVan (0)
lim pn

R{—o0 E

ACEVAA(0)

lim lim
Ri—o0 Ry —oo

ACVaA (0)

A = A2

IA

1Az = XJJ?

[|Ar — Azl

+
AeVan(0) 1T
= lim pn

Ri—oo
1 S (5) -l

ACVan (0)
> -
ACVan(0)

= lim pn <%L +72> -
By —oo Y2 >

AEVAA (0)

Azl

AL — A2f|?

2

ALEVAR(0) Az €V, (A1)

|Ar —

Yo A=A

Aal|

- I <’Yl+72>
= lim pn

100 V2

2 2

ALEVAR(0) Az V(A1)

l|A1 —

Ao||?
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£n

1/L
1/5/

< lim P<m) (73)

By —o0 Y2

whereP = %KK)) is a dimensionless constant that depends on

A,, with G(A,) the normalized second moment and
— JVS(M) [z — A1 dx

Gilhe) = == g

is the normalized absolute first moment. Therefdras scale-
invariant and dimensionless. Now the scalifi@ffectsy, by
changing it ta, 3%, Also, the scaling affects- by scaling it to
Bpon. As

pn _ O(Bn) _

L = e ~ 00T

we obtain

= lim p—ﬂ:()

lim P
/L S /L
Vs

Ri—00 /0
so the expression in (73) goes to zero asymptotically in the rate.
In a similar manner we can show that

> A= AP
AEVA (O
0< lim Van©®

~ Ri—oo E

ACVaAA(0)

1A = AJI?

Nn
|\

< lim p?
= Pn E

ACVA4(0)

_XHQ

<G(AS)7—§ i { o
- (71 +72)? Rimeo l/i/L

Using these in (72) we obtain the desired result. O

2
} =0. (74

Using Lemma V.1, we can write

D PV L S (P

ACVaA (0) ACVaA (0)

V3
Tt 72)? 2

ACVan (0)
for sufficiently high rates. Therefore, the side distortions are
directly related taJ, which was calculated earlier. Hence, the
side distortions are approximated by

= A7

AL — A2l* (75)

2
81 ~ 7722 G(AS)22h(p)2—2(R1+R2—RO)
(71 +72)

- v

(71 +72)?
It follows that the distortion ra'udil— is approximately( 72)
a convenient formula when de5|gn|ng the lattice quant|zer Al-
though this is only a high-rate approximation, the examples have
shown that it is also a useful formula at lower rates.
Next we examine the case when+# 0, v = 0. In this case,
we can show that

81 ~ C;’(/\g
do = G(A,)22P) g~ 2(FatRe—Ro) (77)
The roles are reversed when = 0 and~. # 0. It is worth

noting that in a successive refinement scheme [10], the expres-
sion ford, (for v; # 0, v, = 0) does not decay exponentially

G(AS)ZQ}L(]))272(R1+R27R0). (76)

)22h(p) 2—2R1
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Fig. 11. Comparison of side distortion ratio g predicted by the rate asymptotics in (76).
1

with rate, since the diameter of the get: a2(A) = A, } is where A, By, B, do not depend ony;, v» (they depend on

bounded away from zero. Ry, Ro, Ry, 3, p1, p2). Without loss of generality, we can use
Let Ry = £14% (1 + 4), so that 3, = 5 andy, = 22— Hence, defining: =5, = 1-7,
R+ Ry and substituting in (80) we obtain
Ry +R2—R0=T(1—a).
D= A+ B1y> + Ba(1—7)% (81)
Note thate is chosen so that > 'f;;gz' and, therefore,

Ry + Ry — Ry < min(Ry, Ry). Here we can clearly see thegy gifterentiating (81) with respect tg and setting it to zero
tradeoff between the central distortidp and the side distor- \y& optain the given result. Note that this problem is convex

tions. (the second derivative of (81) is positive) and hence we have

B. Minimizing Aveage Distortion obtained the minimufmwith respect toy. O

Suppose we know that the packet loss probability on channel

1is p; and the packet loss probability on channel g4sThen VI. NUMERICAL RESULTS
the average distortion is given by In this section, we illustrate the performance of the proposed
D=(1-p)(1—p2)do+ (1 —p1)pads guantizer and compare it to both information-theoretic bounds

(1 — pa)py da + pipoE [||~"»‘||2] . (78) and also the high-rate asymptotic analysis developed in Sec-
tion V. In comparisons of its performance with that predicted by
fformation theory, we assume that there is an entropy (lossless)
coding of the quantizer output. For a Gaussian source, the mul-
Claim V.1: The weights which minimize (78) at high rate ardiple description rate-distortion problem was solved by Ozarow

Using the high-rate approximations developed earlier, we ¢
find the optima% needed for minimizing the distortion.

given by [22], El Gamal and Cover [9].
In the first example, we design a scalar quantizer and com-
no_ m_ (79) pare its performance to the high-rate asymptotic results pre-
Y2 (1—p2)p1 sented in Section V. We start with a base lattice= 7 and

Proof: To optimize (78) we use the high-rate expressiot$eN1 = 5, N2 = 3 with Ni(n) = 5n, Na(n) = 3n for

givenin (76)' Using (76) In (78) we obtain 6A referee pointed out an alternative way to see this result. Note that in (78)
2 2 only the first three terms depend 9n, v- and so without that term the equation

(80) is identical in form to (11) with the substitution < (1 — p1)p2, Y2 & (1-

Y+ 72 Y+ T2 p2)p1. ThereforeD is minimized by takingy; = (1—p1)p2,v2 = (1—p2)p1.
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Fig. 12. Comparison of side distortions and rates with the high-rate asymptotics predictions in (76) and (59).
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Fig. 13. Side distortions for fixed sublattices with varying ~-.

the asymptotic growth. We use a step sizedot= % to en- Next, in Fig. 12, we compare the distortion and the rates of the
sure that the rate scaling takes place. In Fig. 11 we illustrate tipeantizer to that predicted by the high rate asymptotics in (76)
rapid convergence of the distortion ratlg/d, to the asymp- and (59). Each numerically obtained distortion pair is tagged
totic valuev3 /+? as predicted in (76). This is shown for bothwith two rate pairs. The rates predicted by (59) are below the
Gaussian and uniform sources. (dy, do) curve and the rates of the quantizer (numerically ob-
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Fig. 14. Comparison of lattice distortion with rate-distortion bound.
tained) are above the curve. This is done for a unit varianég — R, = 3 logQ(%). In Fig. 13 we illustrate the tradeoff
Gaussian source. As can be seen from the figure, the high-raggween the two side distortions by varying .. In Fig. 14
predictions are quite accurate. we have plotted the side distortions and compared them
The vector quantizer is illustrated with th# lattice that with those predicted by information theory [22]. The key
we described in Section Ill. The rates are chosen so thdiservation is that the distortion performance of the lattice
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quantizer is approximately 3 dB away from that predicted by10]
the rate-distortion bound. This gap is due to the shaping gain
that we will pick up when we go to higher dimensions and[n]
using sublattices which have Voronoi cells which are closer
to spherical. Thez? lattice used in this example is more for [12]
illustrative purposes and has very little shaping gain.

(13]

VII. DISCUSSION
[14]

In this paper, we have designed asymmetric multiple descrid15]
tion lattice quantizers. This source coding scheme bridges tl}:;6
symmetric (balanced) multiple description quantizers and com-
pletely hierarchical successive refinement quantizers. Though a
lattice vector quantizer was illustrated, this scheme could alsB’!
be extended to other types of source coding schemes. [18]
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