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Abstract—We consider Zador’s asymptotic formula for the distor-
tion-rate function for a variable-rate vector quantizer in the high-rate
case. This formula involves the differential entropy of the source, the rate
of the quantizer in bits per sample, and a coefficient which depends on
the geometry of the quantizer but is independent of the source. We give
an explicit formula for in the case when the quantizing regions form a
periodic tiling of -dimensional space, in terms of the volumes and second
moments of the Voronoi cells. As an application we show, extending earlier
work of Kashyap and Neuhoff, that even a variable-rate three-dimensional
quantizer based on the “A15” structure is still inferior to a quantizer
based on the body-centered cubic lattice. We also determine the smallest
covering radius of such a structure.

Index Terms—A15 structure, distortion-rate function, honeycomb, op-
timal covering, optimal quantizer, vector quantizer, Voronoi cell, Zador
bound.

I. INTRODUCTION

Zador gave two asymptotic formulas for the distortion-rate function
for a vector quantizer in n, depending on whether a fixed- or vari-
able-rate code is used to transmit which cell the sample point belongs
to. These are treated as [15, cases (A) and (B)]. See also [7, eqs. (19)
and (20)]. In the present note we are concerned with the variable-rate
case. Zador’s formula for this case states that the distortion-rate func-
tion has the form

�(R) �= G22h(X)2�2R (1)

where�(R) is the average squared error per symbol,h(X) is the dif-
ferential entropy per dimension of the sourceX, R bits per symbol is
the rate of the quantizer, andG depends on the quantizer but not on the
source. This is from [15, p. 4] and [7, eq. (20)]. Note that, as pointed out
in [7], the version of [16, eq. (1)] is incorrect. For further information
see also [14] and [6, Ch. 5]. The value ofG can therefore be used to
compare different quantizers. To calculateG we may choose any con-
venient distribution for the sourceX.

Suppose first that the quantizer points form a lattice� � n, with
Voronoi cellV of volumeV =

p
det� . To calculateG we assume

thatX is uniformly distributed overV . ThenG becomes

G =
1

n
V
kxk2 dx

V 1+2=n
(2)

the familiar expression for the average mean-squared error per dimen-
sion of a lattice quantizer [3], [4, Ch. 2], [5, Ch. 10], [6, Ch. 5]. In this
case, all the quantizing cells have the same volume, and the fixed-rate
and variable-rate versions of Zador’s formula coincide.

The main purpose of this note is to put on record an analog of (2)
(see (8) and (9)) for the variable-rate Zador formula which applies to
the case when the quantizing regions form a periodic tiling ofn, such
as that formed by the Voronoi cells for a union of a finite number of
translates of a lattice. This question arose in a recent investigation of
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quantizers that are based on writing a lattice as an intersection of several
simpler lattices [11].

A second motivation for our work was a recent paper of Kashyap and
Neuhoff [8], which makes use of a fixed-rate analog of (2) for periodic
lattice quantizers (see (10) and (14) later). One of the goals of [8] was
to see if the A15 arrangement of points in3 that has recently arisen
in several different contexts [9], [10], [12], [13] could produce a better
three-dimensional quantizer than the body-centered cubic (bcc) lattice.
The latter is known to be the bestlattice quantizer in 3 [1], but the
question of the existence of a better nonlattice quantizer remains open.

Kashyap and Neuhoff [8] found that with their figure of merit the
best quantizer based on the A15 arrangement is inferior to the bcc lat-
tice. In Section III, we repeat the comparison using our figure of merit.
Now a different version of the A15 quantizer is best, but is still inferior
to the bcc lattice.

Other applications of our formula will be found in [11].
Another open problem in three-dimensional geometry is to deter-

mine the best covering of3 by equal (overlapping) spheres. In Sec-
tion III, we determine the smallest covering radius that can be achieved
with the A15 structure. This is also (slightly) worse than that of the bcc
lattice.

II. PERIODIC QUANTIZERS

Consider a vector quantizer inn in which the quantizing regions
form a periodic tiling. LetV be a minimal periodic unit or tile for the
tiling, and letP1; . . . ; Pk be a list of the different polytopes occurring
among the quantizing regions. Letci be the centroid ofPi. In order to
determineG, we assume the sourceX is uniformly distributed overV ,
and letpi (i = 1; . . . ; k) be the probability thatX is in a cell of type
Pi. Also, letNi = piV=Vi, whereVi = volPi andV = volV . Then
Ni is the number of cells of typePi per copy ofV , and

V = N1V1 + � � �+NkVk: (3)

For example, let� � n be a lattice and leta1 + �; . . . ; ar + �
(ai 2 n) be distinct translates. Then the Voronoi cells for the union
of the pointsai + � (i = 1; . . . ; r) form a quantizer of the type
considered here.

We now apply (1). The left-hand side is the normalized
mean-squared error per dimensionU=(nV ), where

U =

k

i=1

NiUi = V

k

i=1

piUi
Vi

(4)

Ui =
P

kx� cik2 dx (5)

is the unnormalized mean-squared error over a cell of typePi.
The differential entropy per dimension is

h(X) =
1

n
log2 V; so 22h(X) = V 2=n: (6)

It remains to calculate the rateR of the quantizer. Observe that we need

H(p1; . . . ; pk) = �
k

i=1

pi log2 pi

bits to specify the type of cell to which the quantized point belongs,
and a further

k

i=1

pi log2Ni =

k

i=1

pi log2(piV=Vi)
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bits to specify the particular one of theNi cells of that type. This re-
quires a total oflog

2
V �

k
i=1 pi log2 Vi bits, and thenR is this

quantity divided byn, so that

2�2R = V �2=n
k

i=1

V
2p =n
i : (7)

We substitute (4), (6), and (7) into (1) to get our expression

G =

k

i=1

p U
V

n
k

i=1

V p
i

(8)

for the average mean-squared error per dimension using variable-rate
coding. The numerator of (8) is equal toU=V (see (4)), so we may
rewrite (8) as

G =
U

nV
k

i=1

V
2p =n
i

: (9)

In contrast, the expression given by Kashyap and Neuhoff [8] for
fixed-rate coding is the following. Suppose the basic tileV containsL
cells,Q1; . . . ; QL, not assumed to be distinct, whereQi has volume
Vi and unnormalized second momentUi (as in (5)). Then their expres-
sion is

G =

L2=n
L

i=1

Ui

nV 1+2=n
(10)

whereV = volV . The following justification is equivalent to the one in
[8], but clarifies the difference between our two approaches. Consider
a large region of space,B, which is partitioned into� copies ofV , and
letX be uniformly distributed overB. The left-hand side of (1) is

�
L

i=1

Ui

n volB
=

L

i=1

Ui

nV
: (11)

The differential entropy per dimension is

h(X) =
1

n
log2(volB); so 22h(X) = (�V )2=n: (12)

To compute the rate, it may be argued thatlog2 � bits are required to
specify the copy ofV , and log2 L bits to specify which of theQi ’s
the point belongs to. This requires a total oflog2 �L bits, soR =
(1=n) log2 �L, and

2�2R = (�L)�2=n: (13)

Arguing as before, we substitute (11)–(13) into (1), which gives (10).
If there arek different types of cells among theQi, with thejth cell

occurringNj times, then (10) can be written as

G =

k

i=1

Ni

2=n

U

nV 1+2=n
: (14)

The ratio of the two expressions, (9) divided by (14), can be written
as

2
� log L� p log (p =N )

: (15)

Both formulas, (9) and (14), depend only on the geometry of the
quantizer. The difference between the two expressions arises because,
as long as the cells do not all have the same volume, variable-length
coding can take advantage of the different cell probabilities to reduce
the overall rate.

If all cells have the same volume then (9) and (14) coincide, and if
there is only type of cell then they both reduce to (2).

In general, the fact that (9) is less than or equal to (14) can be shown
directly. After canceling some common factors and rearranging, we
must show that

k

j=1

V
p

j �
1

k

i=1

p
V

and this follows from the geometric-mean harmonic-mean inequality.

III. QUANTIZERS BASED ON THEA15 STRUCTURE

The A15 structure was discovered by Kasperet al.[9] in the clathrate
compound Na8Si46. It was used by Weaire and Phelan ([13]; see also
[12]) to construct a counterexample to Kelvin’s conjecture on minimal
surface soap films. It was also used by Lagarias and Shor [10] to con-
struct counterexamples to Keller’s conjecture in dimensions10 and
above. Since the soap film problem attempts to find a partition of space
into cells which are good approximations to spheres, it was therefore
natural to ask if the A15 structure could also lead to a record-breaking
quantizer in three dimensions.

The A15 structure may be defined as the union of eight translates
of the cubic lattice4 3 by the vectors(0; 0; 0), (2; 2; 2), (0�1; 2),
(2; 0; �1), (�1; 2; 0). (The first two translates alone give the bcc lat-
tice.)

There are two types of points in this structure, theevenpoints in
which all coordinates are even, and theoddpoints in which some co-
ordinate is odd. There are isometries of3 which map A15 to itself
and act transitively on the even points and on the odd points. However,
even points are not equivalent to odd points.

Weaire and Phelan consider a weighted Voronoi decomposition of
3: walls between points of the same type occur along perpendicular

bisectors, but a wall between an even pointE and an odd pointD is
defined by the plane

(X �E) � (D � E) = �(D � E) � (D �E)

where� is a weighting factor to be determined. For0 < � < 3=5
there are two types of Voronoi cells: 12-sided polyhedraP1 centered
at the even points and 14-sided polyhedraP2 centered at the odd points.
Weaire and Phelan use the “Surface Evolver” computer program of
Brakke [2] to perturb the polyhedra so that they have equal volumes
and minimal total surface area.

Kashyap and Neuhoff [8] use the weighted Voronoi decomposition
based on the A15 structure, but adjust� to give the smallest value of
(10). The formula are simpler if we set� = 2�=5. Then Kashyap and
Neuhoff find (and we have confirmed) that

V1 =volP1 = 4�3

V2 =volP2 =
4

3
(8� �3)

U1 =
71

30
�5

U2 =
1

90
(1200� 600�3 + 360�4 � 71�5):

The fundamental tileV has volumeV = 64, andL = 8, N1 = 2,
N2 = 6, p1 = �3=8, p2 = 1� �3=8. Then (10) becomes

82=3(2U1 + 6U2)

3 � 645=3
=

1

96
(10� 5�3 + 3�4): (16)

This has a minimal value of0:07873535. . . at� = 5=4. For compar-
ison, the values ofG for the bcc and face-centered cubic (fcc) lattices
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are19=(192 � 21=3) = 0:07854328. . . and2�11=3 = 0:07874507. . .,
respectively [1], [3], [4].

Using our formula (8) we find that

G =
2U1 + 6U2

192 V
� =8
1

V
1�� =8
2

2=3
(17)

which has a minimal value of0:07872741. . . at� = 1:2401. . .. This
is slightly better, but still inferior to the bcc lattice.

Another unsolved problem is to find the best covering of3 by over-
lapping spheres (cf. [4, Ch. 2, Table 2.1]). The bcc lattice is the best
lattice covering, with thickness1:4635. . ., but the question of the ex-
istence of a better nonlattice covering remains open. We find that the
covering radius of the weighted Voronoi decomposition of A15 is min-
imized at� = 5=4, which gives a thickness of

125 (3)�

432
= 1:5745. . .

just slightly worse than that of the bcc lattice (but again better than the
fcc lattice, which has thickness2:0944. . .).
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A PAC-Bayesian Margin Bound for Linear Classifiers

Ralf Herbrich and Thore Graepel

Abstract—We present a bound on the generalization error of linear
classifiers in terms of a refined margin quantity on the training sample.
The result is obtained in a probably approximately correct (PAC)-Bayesian
framework and is based on geometrical arguments in the space of linear
classifiers. The new bound constitutes an exponential improvement of
the so far tightest margin bound, which was developed in the luckiness
framework, and scales logarithmically in the inverse margin. Even in the
case of less training examples than input dimensions sufficiently large
margins lead to nontrivial bound values and—for maximum margins—to
a vanishing complexity term. In contrast to previous results, however,
the new bound does depend on the dimensionality of feature space. The
analysis shows that the classical margin is too coarse a measure for the
essential quantity that controls the generalization error: the fraction
of hypothesis space consistent with the training sample. The practical
relevance of the result lies in the fact that the well-known support vector
machine is optimal with respect to the new bound only if the feature
vectors in the training sample are all of the same length. As a consequence,
we recommend to use support vector machines (SVMs) on normalized
feature vectors only. Numerical simulations support this recommendation
and demonstrate that the new error bound can be used for the purpose
of model selection.

Index Terms—Bayes classification strategy, computational learning
theory, generalization error bound, Gibbs classification strategy, linear
classifiers, margin, model selection, probably approximately correct
(PAC)-Bayesian framework, support vector machine (SVM), volume ratios.

I. INTRODUCTION

Linear classifiers are popular in the machine learning and statistics
communities due to their straightforward applicability and high flexi-
bility that has been greatly improved by the so-called kernel method [1].
A natural and popular framework for the theoretical analysis of classi-
fiers is theprobably approximately correct(PAC) framework [2] which
is closely related to Vapnik’s [3] work on the generalization error. For
binary classifiers it turned out that thegrowth functionis an appro-
priate measure of “complexity” and can tightly be upper-bounded by
the Vapnik–Chervonenkis (VC) dimension [4].Structural risk mini-
mization[3] was suggested for directly minimizing the VC dimension
based on a training sample and ana priori structuring of the hypothesis
space.

In practice, for example in the case of linear classifiers, often a
thresholdedreal-valuedfunction is used for classification. In 1993,
Kearns and Schapire [5] demonstrated that considerably tighter bounds
can be obtained by considering a scale-sensitive complexity measure
known as thefat shattering dimension. Further results [6] provided
bounds on the growth function similar to those proved by Vapnik and
others [4], [7]. The popularity of the theory greatly increased by the
invention of thesupport vector machine(SVM) [1] which aims at
directly minimizing the complexity as suggested by theory.
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