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Let W(z) = 1 + Age?™idz A,  e278d+107 L ... be a modular form of
weight # for the full modular group. Then for every constant b there exists an
1y = ng(b) such that if d > n/6 — b and n > n,, then one of A;, Asi1 yr0
has a negative real part. This implies that there is no even unimodular lattice
in En, for n > n,, having minimum nonzero squared length > n/12 — b. A
similar argument shows that there is no binary self-dual code of length n > 7,
having all weights divisible by 4 and minimum nonzero weight > n/6 — b.
A corresponding result holds for ternary codes.

1. MopurLAaR Forwms

Let Eyz) = 1 + 240 3,7, 03() ', Ea(s) = 1 — 504 3, o5(r) ¢, 4(z) =
gTIy (1 — ¢")%, where ¢ =%, o,(r) =3 4,d" Then E,, E;, 4 are
modular forms (for the full modular group) of weights 2, 3, 6, respectively.
Furthermore any modular form of weight z can be written as

W(z) = Z cE°Eyf, (1)
2s13t=n
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where there are p -+ 1 complex constants ¢, in the sum, and p = [#/6] — 1

i =1 (mod 6), p = [1/6] if n == 1 (mod 6) [8, 131.

Tororem 1. Let b be any constant. Then there exists a constant ny(b)
such that if

Wig) = 1+ Agg” + dgaq™™ +

is a modular form of weight n == nyb) with d > p + 1 — b, then one of the
coefficients Ay, Agiq ... has a negative real part.

Remark. An explicit bound for ny(h) could also be obtained by our
methods.

2. LATTICES

Let /4 be an even unimodular lattice in Euclidean space E*, where n is a
multiple of 8. Let 4, be the number of lattice points of squared length 2,
let 4 be the smallest nonzero squared length of any lattice point, and let

W(z) = ) Aq" =1+ Aupg®? + Agpp g™ 4 -

7=0

Then W(2) is a modular form of weight #/4 [8, 13]. Lattices with
d = 2[nj24] + 2 are known for small » [9, 10], and have connections with
simple groups [4, 5]. However, Theorem 1 implies:

CoroLrarY. If b is any constant, an even umimodular lattice with
d = 2[n[24] 4 2 — 2b does not exist for n > ny(b).

[The proof shows that for d == 2[n{24] -+ 2, the coefficient Ag,, first
goes negative when # is about 41,000. But other coefficients may go negative
before this.]

3. Coprs

Let n = 8f = 24p + 8», v =0, 1 or 2. Let € be a binary self-dual code
of length # (i.e., a self-dual subspace of GF(2)"} with the property that the
weight of every codeword is a multiple /gf 4. Let 4, be the number of code-

7

words of weight 4r, and let W(g) = 3,7, 4,4". Then W(g) can be written as

113

W(g) = Y e.fi @

8=0
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for suitable real constants ¢, , where f =1 - 14¢g + ¢% g = g(1 — ¢)* [6, 2,
11]. Codes with minimum nonzero weight 4[#/24] + 4 are known for small
n [12]. Besides having high error-correcting capability, such codes are of
combinatorial interest because they contain 5-designs [1]. However, we
show:

THEOREM 2. Let b be any constant. Suppose the ¢, in (2) are chosen so that
W(g) =1 - Agg®* + Agjpaq?*™ -+ -+, where d = 4[nj24] + 4 — 4b.
Then one of the coefficients Ay, Agpayq s 3 negative, for all sufficiently
large n.

CoroLLARY. If b is any constant, then a binary self-dual code of length n
with all weights divisible by 4 and with minimum nonzero weight
d = 4[n|24] + 4 — 4b does not exist, for all sufficiently large n.

This result was proved for & <0 in [12], and for & =0 by Goethals,
MacWilliams, and Mallows [7] using a different method.

When b =0, d = 4[n/24] + 4, the proof shows that A4, first goes
negative when # is about 3720. We have confirmed this by computer: for
n=13720, b =0, d =624, we find W(g) =1 -+ Aysq™® + Ay5rg* +
Ao Agryg™™ 4 g0, with Ay5e = 1.16... - 101, Ay = —5.84... - 101, 4; >0
for 158 < 7 <C 465, and Agyy_; = A, for all 4.

A similar argument establishes the corresponding result for self-dual
codes over GF(3):

TuroreM 3. If b is any constant, then a ternary self-dual code of length n
with minimum nonzero weight >3[n[12] -+ 3 — 3b does not exist, for all
sufficiently large n.

This result was proved for & < 0 in [12]. For b =0, the first negative
coefficient in W(g) occurs when n = 72, as found by J. N. Pierce (see [6]).

4, Two Lrmmas

Levma 1. Suppose G(q), H(g) are analytic inside the circle | q| =1 and
satisfy: (i) H(q) = Yoo Hq® with Hy >0, H; >0, and H, =0 for s > 2;
(ii) if F(y) = " H(e 2Y), then F'(y) = 0 has a solution y = vy, n the range
y > 0, with F(yy) = ¢; > 0, F(9)[F(¥o) = ¢ > 0, G(e7"%0) £ 0. Then B, ,
the coefficient of g, in G{(g) H(q)", satisfies

By~ —(-176-251/—2 G e, as r—> 0.
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Proof. From Cauchy’s formula
B, — f e-2mian G g2y H (gnin) dx

where the integral is along the path 2 = x + ¢y, —% <<% << §, y fixed >0.
We estimate this integral by the saddle-point method. From (i},
| etz (gnin)] < @V H (e, with equality for —4 <<« <% only at
% == 0. Thus the saddle point is at £ = 0 - iy,, and we choose y =, in
the integral. Let f(z) = e~2"*2H{(e*%). Since H is analytic,

(5o
52 & Py,
é%glnf(z) ng = —pElnfE)| = Fg; e,

"The result now follows by standard techniques {3, Section 4.4]. (Note that
in that reference a;,, ay,... do not have to be real for the result to hold.)

Levva 2, Let 8, (0 <<t <s < n) be numbers such that 1c < | By < ¢
for some constant ¢ > 0. Then there exists a consiant d = d{c, ) > 0, such
that

/dZ‘Xt]“

=0

)

$=0

Z BstXt

$=(y

Progf. By induction on #n. The result is true for n = 0. Now suppose
7 > 0 and the result is true for » — 1. Let O denote the expression on the
left. By the induction hypothesis, there exists d; > 0 such that

-1

~ & (3 101+ 1B+ + B,

where B, = §,,/d; . Note that 1/ed, < | B, | < ¢/d; .
Case (i). Suppose | X, | > 225 " | X, |. Then

¥'n——1 n—1 1 1

| B < DK S g | Xl <51 B,

1 n -1 1

DB 1B |~ | T B 251 B | 55| X
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and so
. 1
0 > dymin |1, fZIXzI

Case (ii). On the other hand, if | X,, | < 22 3%7"1 X, |, then

n~1

ZIXH<(1+2€2)Z | X |

and so

n—1

dlZ[Xf 1+222[

In either case, O > d 3 | X; |, where d = min{d, , 1/2¢, d;/(1 -+ 2¢%)}.

5. Tue Proors oF THEOREMS 1, 2 AND 3

Proof of Theorem 1

Part (1), n even. Let #=2=06p+2», v=0, 1 or 2. Since
4 = (1/1728)(E,® — E,?), we can express W(z2) in terms of E, and 4. We
first treat the case & <0, d = p 4 1. Suppose

W(z) = Y aE534, 3)

s=0

where the a, are chosen so that

W) =1+ Y A 4)
r=p+1
Since both E, and 4 have real coefficients in their g-expansions, both the a;
and the A4, are real. We will show A4,,, >0 for all » and 4,.,=
—A,,.1(24p 1 O(1)) < 0 as n— c0.
Let ¢ = ¢(q) = A/E,®. We expand E;’ in powers of ¢ using Biirmann’s
theorem [14, p. 128]:

<]

Ez—j == Z OCS‘PS, (5)
§=0
where
1 & dE5? [ q\*
ST dqs'l g dgq (_r;) }q=o
—j d

= S BB (6)
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where A(g) = [T, (1 — ¢")2. In particular,

o = G e B g
- d el 7 ~V7 ]
T BB, ®)

Fptp = (# +2)| dq“+

From (3), (4), (5) we see that a, = &, (0 < s < p) and that the afs > u)
and A, are related by

Z Aq = — z CKSE;.*?'SAS.

Tkl s=u-+1
Equating coeflicients of g#*1, g#*+Z we find

Appg = —ou, )
Ao = —a, s + 0,4(24p — 2400 -+ 744). (10)

That o,y <0 and 4,,, > 0 follows immediately from (7) and (9) since
E, and £ have positive coefficients. We now show that |, o 0, ] is
bounded, which implies using (10) that A4,,, = —4,.,(24p 4 O(1) < O
as 7.~ 0.

We apply Lemma 1 with G(g) = Gy(q) = Ey'(g) E57(q) hg), H(g) = A(g).
Now

f‘4(—‘}}222.77 48772 P

F(y) e i’
F(5) _(FO)Y , goed rem
oy = (7o) + o6 zwm R

Thus for y >0, F(y) > 0 and F'(y) > 0. Also F'(9)/F() is a monotonic
increasing function of y, which is negative for small y and positive for large 3.
Therefore F'(y) = 0 has a unique solution for y > 0 (aty = y, = 0.52352...).
Thus hypothesis (ii) of the lemma is satisfied. Then, from (7),

: —1/2, ~8/20 [~
G ~ —2mjcy T G () as  p— o0,

where ¢; (= 69.1...), ¢, are constants. Similarly from (8), with G,{g) =
B (q) B3 (q) Mq), H(g) = h(g),

s ~1/2 ~3/2 —2rugy L
Qg o~ —2mfey T PG (e o, as  p—> 00,

Hence { o, 5fc, .4 | is bounded. (In fact it approaches a limit of about
1.64 X 10° as p— o0.)



74 MALLOWS, ODLYZKO AND SLOANE

We now treat the case b >0, d =p -+ 1 — b. Let Woy(2) denote the
extremal W(z) defined by (3), (4). We complete part (I) of the proof by
showing that no matter how the coeflicients «, ,..., #;_; are chosen,

b1
W(2) = Wexi(2) + Z PO ) Las
s=0
=1+ 4/¢ (say) (11)

r=q

always contains a coefficient A,” with negative real part when # is sufficiently
large. Since E, and 4 have real coefficients, we may assume that the x; are
real (otherwise replace the x; by their real parts). In fact, we show that the
assumptions

Al > 0,40 >0,., 4, >0, (12)

lead to a contradiction for large #. Upon expanding (11), the b 4- 2 inequali-
ties (12) become, with m = 24y,

x()>0,

ZS Z ( t), +O0m =) >0, s=1l..,b—1,

Apia + Z ¥y (( m)t)‘ + O(m*- t~1)) >0,

(—mypi-t

—mA,, (1 L0 ( )) + Z % (m + 0(m=) > 0.

Set
X, =2 0<gt<b—1), X B O
t_‘mt ~ S > b mb ’ b+1 >
and
_(__—-_l)s——t
Bs’t_(s———t)! for 0<<e<s<<b+1

The inequalities now reduce to

—t

)) X, >0, s=0,.,b+L (13)

Y (Boi 40 (o

=0
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Let y,=(b 4+ Db+ 1—s)!, and observe that Tr;B,sps=0 for
£ =0,..,b. We obtain the contradiction by evaluating in two ways the
sum

b+ b+l 1
X st Ol—ilvs-
LY (f+ 0 (5))
On the one hand it equals
b+1 b+1 b b+1
ZXtZO( )7s < c"‘”ZiXu,

g=%

while on the other hand it is equal to (from (13))

b+1 s b+1

Sk (b0 ()K= o L (o0 () x|

and for m sufficiently large,

8o+ 0 ()] = ety > 0.

It now follows from Lemma 2, with B,, in the lemma replaced by
Bs.: + O(1/m), that the sum is

b1

= c5(b) 2 [ Xl

This is a contradiction for large m, since X, is nonzero.

Part(I11), nodd. Letn =2+ 3 =6p -+ 2v+ 3, v =0, 1 or 2. Instead
of (3) we write

W(z) = Y a,Er E4°

=0

and expand E;’E;" in powers of ¢. The proof is now parallel to Part (I)
and we omit the details.

Proof of Theorem 2. 'This is also parallel to Part (I), with E,, 4 and
m == 24u replaced by f, g, and m = 4p. Again the details are omitted.

Proof of Theorem 3. 'This is again parallel to Part (1), with E,, 4 and
m == 24p replaced by 1 + 8¢, ¢(1 — ¢)%, and m = 3p.
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