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SELF-DUAL CODES OVER GF(3)*

C. L. MALLOWSHt, V. PLESSi AND N. J. A. SLOANE{}

Abstract. This paper studies self-dual and maximal self-orthogonal codes over GF(3). First, a
number of Gleason-type theorems are given, describing the weight enumerators of such codes.
Second, a table of all such codes of length =12 is constructed. Finally, the complete weight
enumerators of various quadratic residue and symmetry codes of length =60.are obtained.

1. Introduction. Self-dual codes are an important class of codes (i) for
practical reasons, since many of the best codes known are of this type, and (ii) for
theoretical reasons, because of their connections with groups, lattices and designs.
See, for example, Assmus and Mattson (1969), (1974), Pless (1972), (1974), and
Sloane (1974), (1977), and the references given there.

The analysis of a self-dual code € is simplified if there is a number / such that
the Hamming weight of every codeword in € is a multiple of /. Unfortunately it
follows from the theorem of Gleason, Pierce and Turyn (see Assmus and Mattson
(1974)) that, except for trivial codes, / can be greater than 1 in only four cases,
namely if € is self-dual over GF(2) and ! is 2 or 4, or if € is self-dual over GF(3)
and [ is 3, or if € is self-dual over GF(4) and [ is 2. Self-dual codes over GF(2) have
been extensively studied—see Feit (1972), (1974), Gleason (1971),
MacWilliams, Sloane and Thompson (1972), Mallows and Sloane (1973), Pless
(1972a), Pless and Sloane (1974), (1975)—but less attention has been paid to
self-dual codes over GF(3). (For example, there does not seem to be a table of
good cyclic codes over GF(3), nor of upper and lower bounds to the size of the best
[n, k, d]-codes over GF(3) for small values of n). Self-dual codes over GF(3) are
particularly interesting because they include the length 12 Golay code, quadratic
residue codes, and symmetry codes. Asymptotic bounds for self-dual codes over
GF(3) have been given by Mallows and Sloane (1973), Mallows, Odlyzko and
Sloane (1975), and Pless and Pierce (1973).

The outline of this paper is as follows. Section 2 gives definitions. In § 3 we
characterize the Hamming and complete weight enumerators of certain ternary
self-dual and maximal self-orthogonal codes. Then § 4 contains a classification of
all maximal self-orthogonal ternary codes of length =12. The final section gives
the complete weight enumerators of several quadratic residue and symmetry
codes of lengths 24 to 60. We shall take the elements of GF(3) to be either {0, 1, 2}
or {0, 1, —1}, using whichever form is more convenient.

2. Definitions. From now on, “code” in this paper means a linear code over
GF(3). An [n, k]-code € has length n, dimension k. An [n, k, d]-code is an
[n, k]-code with minimum nonzero weight d. The monomial group of € consists of
all monomial matrices A (i.e., matrices with exactly one nonzero element from
GF(3) in each row and column) such that uA € € for all u € 6. We say that € is

* Received by the editors January 16, 1976.

t Bell Laboratories, Murray Hill, New Jersey 07974.

$Mathematics Department, University of Illinois at Chicago Circle, Chicago, Illinois 60680. The
work of this author was supported in part by the National Science Foundation under Grant DCR
74-02842 (P4P 0460-000).

649



650 C. L. MALLOWS, V. PLESS AND N. J. A. SLOANE

self-orthogonal if €< €™, and self-dual if €=%". A self-orthogonal code is
maximal if it is not contained in any longer self-orthogonal code of the same
length. If € is an [n, k]-maximal self-orthogonal code, then (Pless (1965) or
(1968)) . )
2h if n=0 (mod 4),
k={3(n—1) ifnisodd,
2(n—2)  if n=2(mod 4).

Furthermore, the number N, of maximal self-orthogonal codes of length n is

(n—2)/2

/ .
2 I B'+1) ifn=0(mod4),
i=1

(=172

No= [T @ +1) ifnisodd,
i=1

n/2

MG +1) if n =2 (mod 4).
i=2

Self-dual codes exist if and only if # is a multiple of 4.
Examples of self-dual codes over GF(3).
(a) [4,2,3]-code &,, with generator matrix

[1110]
0 1 2 1r

(b) [12, 6, 6] extended Golay code ¥%,,, with generator matrix shown in
Fig. 1. Here — stands for —1 (cf. Assmus and Mattson (1966)).
© 0 1 2 3 4 5 6 7 8 9 10

©of1f1 1 1 1 1 1 1 1 1 1 1
oj1|— 1 — 1 1 1 — — — 1 —
1f1|- -1 — 1 1 1 — — — 1
2111 — — 1 — 1 1 1 — — —
3l1'tf— 1 — — 1 — 1 1 1 — —
4{1{— — 1 — — 1 — 1 1 1 —
sf1|— — — 1 — — 1 — 1 1 1
6j1|] 1 — — — 1 — — 1 — 1 1
77111 1 — — — 1 — — 1 — 1
g1}, 1 1 1 — — — 1 — — 1 —
91— 1 1 1 — — — 1 — — 1
({11 — 1 1 1 — — — 1 — —

F1G. 1. First form of generator matrix for Golay code
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(c) Quadratic residue codes. Generalizing Example (b), let n=p+1=
0 (mod 12), where p is a prime. Let M = (M;) be the n X n matrix, with rows and
columns labeled 00,0, 1, - - -, p—1, defined by

Moo = Mwi = M =1,
{ 1 if j—iis a nonzero square mod p,
ij = .
—1 otherwise,

for i # 00, j # 00. Then M is the generator matrix of an [, 3n] extended quadratic
residue (QR)-code 2,. Figure 1 shows the case n =12 (cf. Mattson and Assmus
(1964), Berlekamp (1968)). The first few codes in this class are [12, 6, 6],
[24, 12, 9], [48, 24, 15] and [60, 30, 18] codes (Assmus and Mattson (1972),
(1972a)).

©o 0 1 2 3 4

1 1 1 1 1 1o
1 — 1 — — 1]0

1 —l1 1 — —|1

1 —| = 1 1 —| 2

1 - - — 1 1|3

1{—]1 — — 1 4

F1G. 2. Second form of generator matrix for Golay code

(d) Symmetry codes. Instead of Fig. 1 we could have used the matrix shown
in Fig. 2. (Here blanks denote 0’s.) This matrix generates a code ¥}, which is
equivalent to ¥;,. In other words, there exists a monomial matrix A such that

uA €9y, forallue%,.

The generalizations of Fig. 2 give rise to symmetry codes. More precisely, suppose
n =2p+2, where p =o0dd prime =—1 (mod 3). Thus # is a multiple of 12. Let N
be the matrix [I|S], where I is an n X n unit matrix and S is as follows. The rows
and columns of S are labeled ©,0,1,---,p—1, and

Scooo = 0, Soo,i = 1,

S _{ 1 if p=1(mod 4),
-1 if p=—1(mod4),
Si =0,
1 ifiii
S.y={ %] i 1s a square mod p for i #],
-1 if not,

for i # 00, j # 00. Then N is the generator matrix of an [, 3n]-extended symmetry
code &,. Figure 2 shows the case n = 12 (cf. Pless (1969), (1970), (1972), (1975),
Blake (1974), (1975)).
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The first few codes in this class are [12,6, 6], [24,12,9], [30, 18, 12],
[48,24,15] and [60, 30, 18] codes. It is known that 2{,=%;, and ¥y, are
equivalent codes, but that 2, and &, are not equivalent for n =24, 48, and 60
even though they have the same minimum distance (Assmus and Mattson (1969),
Pless (1972)). As we shall see in § 5, 2, and %, even have the same complete
weight enumerators for n =24 and 48.

Weight Enumerators. For a ternary vector u = (uy, - -+, u,), let so(u) be the
number of components u; which are equal to 0, s;(z) the number which are equal
to 1, and s,(u) the number which are equal to 2 (or —1). The (ordinary or
Hamming) weight enumerator of an [n, k]-ternary code € is

We(x, y)= % xrotymrse
ucé

— Z Aixn—-iyi,
i=0

where A; is the number of codewords of Hamming weight i. The complete weight
enumerator (c.w.e.) is

— (u) ( 51(u)  s5(u)
W(g(x, y’z)_ Z%XSOuyiluzszu
ue

= X Aijkxiyjz k,
i+j+k=n
where A;; is the number of codewords u with so(u) =1, s1(u) =j, so(u) = k. The
c.w.e. gives much more information about the code than the ordinary weight
enumerator, and is required for detailed study of €—for decoding, for calculation
of error probabilities, for obtaining generalized block designs from € (see
Assmus et al. (1977), Delsarte (1973)) and so on. Of course,

Wel(x, y)=Wel(x, y, y).

For example, for the code &,,

We,(x, y) =x*+8xy’ =y, (say),
We (X, y,2)= X’ +(@y+2)}=0, (say).

Of course, if we change € by multiplying a fixed coordinate in every
codeword by —1, the c.w.e. will in general change. However, &, has the remarka-
ble property that %, is unchanged by such transformations. Later in the paper we
shall give the c.w.e.’s of several codes which contain the vector 1. These codes all
have the property that the c.w.e. is unchanged when coordinates are multiplied by
—1, so long as the new code again contains 1.

Either a triangular or tabular notation is convenient for representing the
c.w.e. For example, the c.w.e. of 4, (equation (4) below) is shown in these two
notations in Figs. 3 and 4. The second line of Fig. 4 stands for the terms
22(x°y®+x°2°+y°2°), and so on.
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3. Weight enumerators of self-dual codes over GF(3). In this section are
collected together a number of results obtained by A. M. Gleason (1971), R. J.
McEliece, and the authors over the last few years, which characterize the weight
enumerators of self-dual codes. Notation: C denotes the complex numbers. If
a, 3, v, * + - are polynomials, then Cla, B, - - -] denotes the ring of all polynomials
in a, B, - - - with complex coefficients, and yCla, 8, - ]1={yf:feCla, B, -]}
Alsoif R, S, T are sets of polynomials, then R = $@® T means that every element
of R can be written uniquely in the form s+¢ s €S, t € T. The subscript of a
polynomial usually gives its degree.

THEOREM 1. Let € be a ternary self-dual code which contains the all-ones
vector 1. (This implies that the length n of € is a multiple of 12.) Let W¢(x, y, z) be
the complete weight enumerator of €. Then

2 2
(1 We(x, y, z) € Clayz, Bs, 36]®Bsv15Clarz, Bs, 836)
A1200 1
Agzo Aoz 0 0
Asso Ae3z  Asos = 22 220 22
Asge Aszes Aszze Aszoe 0 220 220 0

Ao120 Aoss Aoss Aoze Aoorz 1 022 01

F1G. 3. Complete weight enumeratorof [12, 6, 6] Golay code 4, ,

Number

Ak i j k  of terms
1 12 0 0 3
22 6 0 3
220 6 3 3 3

FI1G. 4. Alternative representation of c.w.e. of 4y,

(i.e., We(x, y, z) can be written uniquely as a polynomial in a1, 32, 836 Plus Beyis
times another such polynomial),

where
_ 3 3
ap=ala”+8p”),
Bs=a’—12b,
Y18 = a®- 20031’3 “81’6,
836=p’(a’—p’)’,
and

a =x3+y3+z3,
p =3xyz,

b=x’y>+x’2°+y’2>.
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Note that
(2) 7%8 =« ?2 —64636.

For the proof, see Sloane (1974) or (1977).

This theorem is applicable to all the extended quadratic residue and sym-
metry codes defined in § 2, and examples of its use will be given in § 5.

The corresponding result for ordinary weight enumerators is disappointing.
Why it is disappointing will become clear after Corollary 5.

COROLLARY 2. Let € be as in Theorem 1, with ordinary weight enumerator
We(x,y). Then setting z =y, the RHS of (1) collapses to

We(x, y) € Clya, ¥12],
where
Ya=x(x+8y°),
Y=y (x’=y’)>

Without the assumption that € contains 1 the result is much more compli-
cated.

THeorREM 3 (McEliece). Let 6 be a ternary self-dual code. (This implies that
the length of € is a multiple of 4.) Then

3 5
3) Welx,y,z2)e@P f(')S,
i=0
where
S =Cl[04, 65, 1]
and

s=y+z, t=y—z,

0,=x(x>+s7), 06 =8x°—20x>s>—s°,
fO=1, V=105, @s=508x’~5"),
fP=r'es, V=1,

fO=10q, O =1"0306s.

For the proof see MacWilliams, Mallows, and Sloane (1972, § 4.7).
As an example, the complete weight enumerator of the Golay code %;, is

x4y P+ 2+ 22(x %y + 1020+ y02°
@ +220(x°y’2’ +x’y 2’ +x%y’2)
=512(32003+302+ 37+ 165 — 1761 — 165f“),
which has the form of an element of the RHS of (3).

: The theorem states that W(x, y, z) can be written uniquely in the form
Z,.=0f(')cr,~, where ;€S is a polynomial in 6,, 0% and t'%, for i=0,---,5. A
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simpler but less precise statement is:

COROLLARY 4. We(x, y, z) can be written (but not necessarily uniquely) as a
polynomial in £, 0., @4 and 6Gg.

By setting z =y in Theorem 3, we obtain the corresponding result for ordinary
weight enumerators:

CoROLLARY 5 (Gleason). Let € be a ternary self-dual code. Then

We(x, y) € Clia, Y12,

where 4, Y1, are as given in Corollary 2.

For other proofs of Corollary 5 see Gleason (1971), Berlekamp et al. (1972),
Broué and Enguehard (1972), Feit (1972a), and MacWilliams, Mallows and
Sloane (1972).

Suppose, in addition, that the length of € is a multiple of 12. Then Wg can
only contain ¢, to a power which is a multiple of 3; hence W e Cly2, ¥1.]. But
this is precisely the conclusion of Corollary 2. Thus Corollary 2 has not made use
of the fact that 1€ 4.

We next study maximal self-orthogonal [n, 3(n —1)]-codes € with the prop-
erty that 1€ €*. Thus

() €' =€UA+6)UQR+%9),

where 2 denotes the vector with all components equal to 2. This implies that the
extended code (€)" obtained by adding an overall parity check coordinate to €™
is an [n +1, 3(n +1)] self-dual code containing 1. Also n must be congruent to
—1 mod 12. Examples of such codes € are the little[11, 5, 6] Golay code, the little
[23,11,9], [47,23, 15], [59, 29, 18], - - - quadratic residue codes, and the little
[23,11,9],[35, 17, 12],[47, 23, 15],[59, 29, 18], - - - symmetry codes. Theorems
9 and 10 below characterize the weight enumerators of such codes €, and
Theorem 6 gives a relation between the weight enumerators of (€*)" and €.

THEOREM 6. Let (€4)" and € be as above. Let Ay (or Ay denote the
number of codewords with i 0’s, j 1’s, and k 2’s in € (or (6*)"). Then A}j;=
Aimjk TAjo kit Ak

Proof. This follows since (€7)"'=€"UQ+¥)HUQR+%"), where €" is
obtained by adding an overall parity check (which is 0 for each codeword) to
€. Q.E.D.

Feit (1972) seems to have been the first to give a theorem characterizing the
weight enumerators of maximal self-orthogonal codes of odd length—his theorem
applies to binary codes and was slightly generalized by Mallows and Sloane
(1974).

That partial derivatives should appear in Theorems 9 and 10 below is not
surprising in view of:

THEOREM 7. Let €* be an [n, k, d]-code over GF(3) with the property that
there is a transitive group of permutations (not monomials) of the n coordinates
which preserves the code. Let € be the [n—1, k —1, d]-code obtained by taking
those codewords of €* which have a zero in the j-th coordinate and deleting the j-th
coordinate. Then the complete weight enumerator of € is independent of the choice
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of j and is equal to
l 6W<g*(x, Y, Z)
n ax ’

where We+(x, y, z) is the c.w.e. of €*.

Proof. This is a straightforward generalization of Prange’s theorem (Ber-
lekamp (1968, p. 228)). Q.E.D.

For the proof of Theorem 9, we require the following result, which is a
corollary to Molien’s theorem (see Burnside (1955, p. 301)).

THEOREM 8. Let G be a group of complex m X m matrices of finite order |9,
and let ® 4 denote the set of all polynomials f(a, X) = f(u1, * * * 5 Uy X1, * * * 5 Xim) With
the following properties :

(1) f(u, x) is homogeneous of total degree d;
(@ii) f(u,x) is linear in the u;, i.e.,

f0= 5 wfixi, )

for some homogeneous polynomials fi(xq, - * -, x,,) of degree d —1; and
(iii) f(u,x) is invariant under the matrices in § applied simultaneously to
U, " s U and 10 Xy, * * 5 Xy, L€,

f(Au, Ax)=f(u,x) forallAec%.

Let a, denote the number of linearly independent polynomials in ®,. Then a
generating function for the numbers a, is
e A tr (A)
6 a\ =2 .
© Eo “ 7yl ,E@det (I-1A)
Proof. Let p be a prime, a =e>™/”
consisting of the matrices
[a"A 0
0 A

, and let 9 be the group of order p|¥|

] forAe¥9, O=v<p.

Let @} denote the set of polynomials f(u, x) which are homogeneous of total
degree d and satisfy

fla”Au, Ax)= a"f(u, x) forall[aOA X]e%’

Clearly, ®, = ®} if p>d. Let b, be the number of linearly independent polyno-
mials in ®%. Since the elements of @} are relative invariants of 9, then from
Molien’s theorem,
1 p_l a”’

=—— L X —

Pl9| Acg,<odet I—AA)det (I—Aa"A)
Ll L L[t

|G| ASsdet I—AA) 27 Jy  det (I—2re®A)
A tr (A)

|9| Acedet I—AA)

Y b’
d=0
asp->, JA|<1,

Q.E.D.
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THEOREM 9. Let € be a maximal self-orthogonal [n, 3(n — 1)]-code with the
property that 1€ €*. Then the complete weight enumerator of €, W¢(x, y, z), is an
element of

) a1 T®BeBsTD®Besy1sT®BsV15T D& 12B6y1sT® 83T,
where a1, Bs, Y1z and 835 were defined in Theorem 1,
T=Clays, BE, 836

and the bar denotes partial differentiation with respect to x.
Proof. The proof resembles that of Theorem 1 of Mallows and Sloane (1974)
and so only an outline is given. Define

8) flu, v, w, %, y, 2) =uWe(x, y, 2) +oWe(y, z, x) +wWe(z, X, y).
Let %,s9, be the group of 2592 3 X 3 matrices generated by

1111 1 00

?1(0(1)2, 0(1)0,

1 0 o 0 0 1
27ri/3

and all 3 X 3 permutation matrices, where w =e . Alist of the elements of 9,59,
is given in Sloane (1974) and (1977). It follows from the hypotheses (using the
MacWilliams theorem) that f(u, v, w, x, y, z) = f(u, X) satisfies
9) f(Auw, Ax)=f(u,x) forall A € Gso,.
From Theorem 1 it follows that (8) is satisfied by every element of
(10)
(Dat12) T®(DB6)Bs TD(DPs)y1sTD Bos(Dy15) TO (Da12)Besy1sT D (DB36) T,
where D is the polarizing operator
0

0 0
D=u—+v—+w—.
dx dy dz

We now apply Theorem 8 to find a,, the number of linearly independent f’s
of degree d. This is given by (6), which is found to be

o 2A 12
d =
d§0 aa (1-a"%’
22420
(1 Y 12)2(1 _A,Bé)

which clearly agrees with (10).

To get We(x, y, z) from f(u, v, w, x, y, z), we set u =1, v =w =0 (see (8)).
Then (10) reduces to (7). Q.E.D.

Applications of this theorem will be given in § 5.

CoroLLARY 10. Let 6 be as in Theorem 9, with ordinary weight enumerator
We(x, y). Then

3
Wex, e 22013, vl @2Clys, sl

Proof. Set z =y in Theorem 9. We omit the details. Q.E.D.
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4. Maximal self-orthogonal codes of length =12. In Table 1 we present a
complete classification of all maximal self-orthogonal codes for n =3 through
n =12 (there are none for n = 1 or 2). This includes all self-dual codes when n =4,
8, and 12. We give a basis for one code in each equivalence class, the order of the
monomial group of the code, the number of codes equivalent to it, and its weight
distribution. The method of classifying these codes is analogous to the method
used in Pless (1972a) and Pless and Sloane (1975) for classifying codes over
GF(2). This consists of first calculating the total number N, of maximal self-
orthogonal codes by the formulas given in § 2. Then the order of the monomial
group of each code is computed. This determines the number of codes equivalent
to a code, and we know that we are finished when the total number of codes found
reaches Ny. If the monomial group of a code € has order g, then there are 2"n!/g
codes equivalent to €.

The direct sum of codes € and & is the code € P D ={uv:uec €, ve P} We
write 2% instead of €D, etc. If a code cannot be written as a direct sum it is
called indecomposable.

The Codes Appearing in Table 1.

(i) 65 isthe[3, 1, 3]-code {000, 111, 222}. The monomial group of €5 has
order 2 - 3!, for any permutation of the coordinates preserves the code, and so
does multiplying all codewords by —1. The group of all permutations of m objects
will be denoted by S,,..

The following theorem and its corollary are analogous to Theorem 6.5 and its
corollary in Pless and Sloane (1975). We omit the proof.

THEOREM 11. The only indecomposable self-orthogonal codes generated by
weight 3 vectors are €5 and €, (see § 2).

CoROLLARY 12. The only self-dual codes generated by vectors of weight 3 are
g4®%4@' * ‘@g4.

InTable 1 a code of length # in which the subcode generated by codewords of
weight 3 is equivalent to {65 will be denoted by i45(n). Also € + denotes a code
obtained from € by appending a zero to the end of every codeword of €, and €++
means append two zeros to €.

(ii) 3%65(9) has generator matrix

An S5 acts as a group of monomials on each block of three 1’s, another S;
permutes the three blocks, and finally we can multiply everything by —1. Hence
the order of the monomial group of 3%5(9) is 2(3!)". The c.w.e. is shown in Fig.
5(a).
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TABLE 1
Maximal self-orthogonal ternary codes of length =12

Key: * means code is indecomposable, + and ++ mean add 1 or 2 zeros.

659

Order of Number in Weight Distribution
n k No Code Monomial Group Equivalence Class Ag A3 Ag Ag Ajn
31 22 @, * 23| 22 1 2
4 2 2? &4t 2-41 2° 1 8
52 2%.5 €t 2%. 4 2°.5 1 8
6 2 2%.5.7 2%, 2% (312 2°.5 1 4 4
€t + 2% 41 22.3.5 1 8 0
7 3 2°.5.7 C0E, 223141 2°.5.7 1 10 16
8 4 2°.5.7 28, 2°(41)? 2°.5.7 1 16 64
9 4 20.5.7-41 3%5(9) * 2(31* 2'.5.7 1 6 66 8
28+ 2441)? 20.3%.5.7 116 64 0
10 4 2%-5-7-41-61 2%,(10)* 8-(3)%-2%2 2'.32.52.7 1 4 24 52
(3%;9)+  22-(3)* 212.5%2.7 1 6 66 8
Q&N+ + 2%(41)? 2°0.3%2.52.7 1 16 64 0
26,0, 24(31%4! 22.3.52.7 1 12 36 32
G0 * 20.3%.5 22.32.5.7 1 0 60 20
11 5 28.5.7-41.61 9,* 2°-3%.5.11 2%.32.5.7 1 0 132 110
3%,(11) * 2°(3n* 21%.52.7.11 1 6 120 116
€, @28, 2*-314)* 28.3.5%2.7-11 1 18 96 128
12 6 2°-5-7-41-61 9,*  27-3%.5.11 2'.3%2.5.7 1 0 264 440 24
465(12) 2(31)%a! 2%.5%2.7.11 1 8 240 464 16
3%, 2°-314)°  2°.3-5%.7-11 1 24 192 512 0
(iii) 2%5(10) has generator matrix
1 1 1
1 1
1 1 1

L

A group of order 8 acts on the last 4 coordinates, an S acts on each block of three
1’s, an S, interchanges these two blocks, and everything can be multiplied by —1.
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Thus the group has order 8 - (31)* - 2%
(iv) 3965(11) has generator matrix

1 1 1

(a) Aggo 1
Aszo Asos = 3 3
3 60 3
Aoso Aogoo 1 3 31
(b) A1200 1
Agzo Aoz = 4 4
6 228 6
Aoz " Aogor2 4 228 228 4
1 4 6 41

F1G. 5. Complete weight enumerators of (a) 365(9) and (b) 465(12)

There is an additional monomial of order 2 interchanging the last two columns.
(v) 4%5(12) has generator matrix

1 1 1
1 1 1
1 1 1
1 1 1
1 — 1 — 1 —
— 1 1 — 1 —

and the c.w.e. is shown in Fig. 5(b).

(vi) %,,was definedin § 2, and has monomial group S, X M,,, where M, isa
Mathieu group (Assmus and Mattson (1966)). %, is any subcode of ¥;, which is
zero on one fixed coordinate, and has monomial group S, X M;;. The c.w.e. is
given in § 5. % is the set of vectors in %;, which are zero on any two fixed
coordinates.
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Asacheck onTable 1, let) be the sum of the c.w.e.’s of all self-dual codes of
length n. Then if # is a multiple of 4,

Z (n)xn—k(y+z)k+3(n/2)—1xn}.

k=036, \K

This follows easily from the fact that there are 2 Hj';]“’” (3" +1) self-dual codes
which contain a fixed vector u#0 with u-u=0 (see Pless (1965), (1968)).
Formulas similar to (11) can be written down for the sum of the c.w.e.’s of all
maximal self-orthogonal codes of length n where 4/n.

(n/2)—2 {

an x,=2 I @+

5. Some codes of length 24 to 60. In this section, we use the results of § 3 to
determine the complete weight enumerator We(x, y, z) =Y, A,-jkx‘y’zk of vari-
ous extended quadratic residue codes 2,, and symmetry codes ¥, (see § 2). These
codes are self-dual and contain 1. Let u be a typical codeword containing say i 0’s,
j I’s and k 2’s. Then

u-u=0>3|(j+k), w-1=0=>3|(j—k),
1-1=0=>3|(+j+k)=>3|i, 3|/, 3|k.
Also
ut+le €= A = A,
—ue €= Ay = Auj
and so A;x = A.)=(j=k) fOr any permutation 7.

5.1. The[12, 6, 6] Golay code 4;,. From Theorem 1 the c.w.e. Wy, (x, y, z)
is a linear combination of a1, and ,32; then knowing that the minimum distance is 6
determines it uniquely. The result is that

LW‘le(x’ y’ Z) =é(5a12+ﬁg)’

which is shown in (4) and Figs. 3 and 4.

If we take only those codewords of %, which are 0 in some fixed coordinate,
we obtain a version of the little [11, 5, 6] Golay code %,;. The Hamming weight
enumerator of ¥, is uniquely determined, and this in turn determines the c.w.e.
{Aijk}- For A560+’A533 +A506 =132. By Theorem 6, 22 =A550+A506= 2A560,
hence Asogs=11 and As3;;=110. Then by the known Hamming weight
enumerator, A,3¢ = A,¢3=155. Hence ¥, has the same c.w.e.,

1 9
°W<g“(x, Yy, Z) = 12 'a_x'w‘gn(x, y, Z)

1 _
=7 (5a12+2BsBe),

(illustrating Theorem 9), no matter which coordinate is chosen.

According to Theorem 7, a possible explanation for this phenomenon could
have been the existence of a transitive group of permutations fixing 4;,. However,
such a group does not exist. Let P be the permutation subgroup of the monomial
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group S, X M, of 4;,. The Combinatorial and Algebraic Machine Aided Compu-
tation (CAMAC) system (a major module of CAMAC is an early version of the
Aachen-Sydney Group system)—see Pless (1975a) and Weiss (1975)—
determined that P is not transitive. In fact P has order 660 and has two orbits, one
of which is the coordinate labeled oo in Fig. 2, and the other consists of the
remaining coordinates.

5.2. The [24,12,9] QR and symmetry codes. Again Theorem 1 and the
minimum distance together determine the c.w.e., which is the same for 2,, and
4. This is given by

67 1 1 11
W, y, 2) =mafz +§alzﬁg+mﬁg+ﬁﬁsv1s,
Number
A j k  of Terms
1 24 0 0 3
2024 15 6 3 6
46 12 12 0 3
10120 12 9 3 6
41492 12 6 6 3
111320 9 9 6 3

FIG. 6. Complete weight enumeratorof [24, 12, 9] QR and symmetry codes

and is shown in Fig. 6. Taking only those codewords of &,, which are 0 in the
twelfth coordinate from the left, we obtain a version of the little [23, 11, 9]
symmetry code &3, whose c.w.e. was found by CAMAC to be

19

24 ax C;’/.24(x) ya Z)y

We(x, y, 2) =

again illustrating Theorem 9. Again Camac determined that the monomial group
of 24, Z4 X PGL,(11), does not contain a transitive permutation subgroup. (In
this case, Theorem 6 and the Hamming weight enumerator no longer determine
the c.w.e. uniquely.)

5.3. The [36,18,12] symmetry code. Now things get harder and more
information about the code is needed. First we point out that it is known (see the
references for these codes given earlier) that any extended QR or symmetry code
of length n contains at least 2n codewords of weight n. In fact such a code contains
the rows of a Hadamard matrix of order n and their negatives. It was already
known from the Hamming weight enumerator that these are all the codewords of
maximum weight in the cases n =12, 24 and 48. For n = 36, this gives a lower
bound on codewords containing 18 1’s and 18 2’s.

Secondly, #3¢ contains subcodes whose projections are equivalent to the
Golay code %, (see Pless (1975)). Using this property we found one codeword of
weight 36, and from this all codewords of weight 36 using the monomial group of
the code. The CAMAC system was used to verify this calculation.
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This information, the minimum distance, and Theorem 1 together determine
the c.w.e., which is given in Fig. 7.

Number

Ak i i k  of Terms
1 36 0 0 3
7140 24 9 3 6
28560 24 6 6 3
408 21 15 0 6
57120 21 12 3 6
642600 21 9 6 6
70 18 18 0 3
171360 18 15 3 6
3927000 18 12 6 6
10255420 18 9 9 3
7014336 15 15 6 3
37999080 15 12 9 6
78697080 12 12 12 1

F1G.7. Complete weight enumerator of [36, 18, 12] symmetry code

5.4. The [48, 24, 15] QR and symmetry codes. The minimum distance, the
Hadamard property of the maximum weight vectors, and Theorem 1 together
determine the c.w.e., which is the same for 2,5 and %45, and is shown in Fig. 8.

Number

Ak i j k  of Terms
1 48 0 0 3
17296 33 12 3 6
190256 33 9 6 6
190256 30 15 3 6
4280760 30 12 6 6
11225104 30 9 9 3
951280 27 18 3 6
38621968 27 15 6 6
209281600 27 12 9 6
94 24 24 0 3
2092816 24 21 3 6
138220984 24 18 6 6
1343397616 24 15 9 6
2777932180 24 12 12 3
210423136 21 21 6 3
3333094864 21 18 9 6
12362073856 21 15 12 6
20145351688 18 18 12 3
36133419520 18 15 15 3

F1G. 8. Complete weight enumerator of [48, 24, 15] QR and symmetry codes

5.5. The [60, 30, 18] symmetry code. The CamAcC system was used to
classify all codewords of weight 60 according to the number of 1’s and 2’s. From
this information, the minimum distance, and Theorem 1 the c.w.e. shown in Fig. 9
was determined. (The c.w.e. of 24 has not been determined.)
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Number
of Terms

=~

Au/29 i j

= 60 0
7 42 18
1264 42 15
28511 42 12
74956 42 9
14 39 21

15568 39 18

647052 39 15
3500406 39 12

197 36 24

109998 36 21
7324338 36 18
71137594 36 15
147139986 36 12
154 33 27

385238 33 24
39265968 33 21
621587568 33 18
2305554832 33 15
19606/29 30 30
719852 30 27
105883519 30 24
2550449352 30 21
15419335379 30 18
27652708024 30 15
146943944 27 27
5115820444 27 24
47066835634 27 21 12
137579164352 27 18 15
68020630944 24 24 12
302574238242 24 21 15
493171923552 24 18 18
750501303672 21 21 18

—

—_ -
CAUNNOVAWLONOVAWLWONOALRLWODOVAANWDODOAANWOSO

WAL LWWAAAAAAAALWAATAADAN LAV W

F1G. 9. Complete weight enumerator of the [60, 30, 18] symmetry code
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