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This paper studies the relationship between error-correcting codes over
GF(4) and complex lattices (more precisely, Z[w]-modules in C", where
w = ¢2/%), The theta-functions of self-dual lattices are characterized. Two
general methods are presented for constructing lattices from codes. Several
examples are given, including a new lattice sphere-packing in R?.

1. INTRODUCTION

The connections between binary and ternary error-correcting codes on the one
hand, and lattices and sphere-packings in R” on the other have been studied
by several authors [6, 7, 19-21, 26, 29, 30, 39, 40]. Since the theorem of Gleason,
Pierce and Turyn [1, p. 381; 2] states that codes over GF(2), GF(3) and GF(4)
have especially nice properties not shared by codes over other fields, one might
expect that codes over GF(4) should also be connected with sphere-packings.
It is the aim of the present paper to show that there are natural connections
between codes over GF(4) and complex lattices and sphere-packings. For
example the weight enumerator of the code and the theta-function of the lattice
have similar properties: compare Theorem 3 below with Theorem 1, and
Theorem 4 with Theorem 9. The cusp form 4(z) = ¢ [T,,.; (1 — @)% =
S o @m@®™ (where the @, are the Ramanujan numbers and ¢ = e7%%) plays a
special role in characterizing the theta-functions of even unimodular lattices
in R™ The same role for our complex lattices is played by dg(2); compare
Egs. (19), (20), and Theorems 9, 10. In Sections 6 and 8 two constructions are
given for obtaining lattices from codes over GF(4). In this way it is possible to
construct the densest known lattice packings 4, in R2, Eg in R® and K, in R??
directly from codes (filling in a gap in [21]); we also find a very dense lattice
packing in R3¢ (Example 7).

Complex lattices have also been used in studying complex polytopes and simple
groups [8-11, 14, 14a, 23, 36, 37] and are related to the problem of finding sets
of lines in C™ having a prescribed number of angles {12]

168

0021-8693/78/0521-0168$02.00/0

Copyright © 1978 by Academic Press, Inc.
All rights of reproduction in any form reserved.



CODES AND COMPLEX LATTICES 169
2. CoMPLEX LATTICES AND SPHERE-PACKINGS

A (real) lattice in R™ is a discrete subgroup of R™ which spans R*, in the sense
that any point of R can be written as a linear combination of lattice points with
real coefficients. In particular a real lattice is a Z-module. In this paper a complex
lattice (or &-lattice) in C™ will always mean a discrete subgroup of C* which
(i) spans C” in the sense that any point of C* can be written as a linear com-
bination of lattice points with complex coeflicients, and (ii) is a free &-module,
where & = {a + bw:a,beZ}, w = *i/3, denotes the Eisenstein integers
(cf. [9, p. 421; 10, p. 145; 11; 14, p. 635; 17, p. 179; 22]). Thus & plays the same
role for these complex lattices as Z plays for real lattices. In particular, the dual
lattice A+ = {xe Cm:x - §e & for ally e A}, where x -y = 3, &; ¥; and the
bar denotes conjugation.

Let {e! = (e,..., &,1),..., " = (g",..., €,7)} be an &-basis for 4. The n X n
matrix M with (7, f)th entry equal to e/ is called a generator matrix for A. Any
x €/ can be written uniquely as x = ¢M where c € £ It is easy to see that
(M) is a generator matrix for A*. The determinant of 4 is defined to be

detd = |det M|,

and det 4+ = (det A)L. If A = /' then A is called self-dual. For example &*
is a self-dual lattice in C* with M =1I,,. Also A is self-dual if and only if
det A =1 and e’ - & €& for all i,j. The self-dual lattices in C* for n < 12
have been classified by Feit [14a].

The minimum squared length of A is

d= min x-X.
xed—{0}

If complex spheres of radius p = }d'/2 are centered at the points of 4 these
spheres do not overlap and form a complex &-lattice sphere-packing in C™.
The density of this packing or lattice is the fraction of C covered by the spheres,
given by
Vanp™
4 = @et 2y Gy M
where V, = #"2/I'(nf2 + 1). The contact number, or number of spheres
touching one sphere, is 7 = #{x e A:x - ® = d}. Although it is not our goal
in the present paper, one can now study 4°n) and 7°(n), the largest 4 and =
attained by &-lattice packings in C». The determinant, density and contact
number of a real lattice are defined in the analogous way (see [34, 21]).

If A is an &-lattice in C* with parameters d, 4, 7, let Az C R?* consist of all
points

(Re(xy), Im(x,), Re(x,),..., Im(x,,))
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where (x;,..., x,) €4. Then Ay is a lattice in R?** with minimum squared
length d. If real spheres of radius p = $d*/2 are centered at the points of Az,
a lattice sphere-packing in R®*" is obtained, having determinant det Ap =
(31/2/2)7(det A)?, density = 4, and contact number = 7. (Note that in general
(A # (AR)*) Since the largest A for a lattice packing in R” is known for
n < 8 (see [34, 21]), we have

A1) < Vy - 271 - 37172 4%2) < V- 2-3, 493) < V- 2% - 37102,
44) < Vg - 274 2)

Examples 4 and 5 will show that equality holds for 49(1) and 4°(3).

3. Tae TueTA-FUNCTION OF A LATTICE

The theta-function of an &-lattice A in C*is

@A(z) — 2 emizx-x

x€EA

and is holomorphic for z € 3 = {z e C: Im(z) > 0}.

Tueorem 1. For z e H#,
0 ,.(z) = (det A)? (2¢/31/22)" @ (—4/3z). 3)

Remark. For a real lattice 4 CR" with theta-function 8,(z) = 3,4 X
exp(mizx - x), the analogous result is

0,,.(2) = (det AYil=)""* O,(—1/z). )
(see for example [13, Chap. 2, Sect. 11.3; 35, Chap. VII, Sect. 6].) Note that
an &-lattice A and the real lattice A, have the same theta-function.

Proof. Equation (3), like (4), is a consequence of the appropriate version
of the Poisson summation formula. For 2 = 2, + wz, = 2, + iz; € C, where 2, ,
2y, 2, , %; are real, define R: C — R by

R(2) = 2, =z, + (1/313) 2; .

If 3 =2y + w2’y then R(23') = 2,2', — 2,8", + 22, . If A 1s an &-lattice
in C7, the functions x, : C*/4 — C given by

xo(X) = 2Ry x e C*/4,

for y € A+ form the character group of C"/4, which is isomorphic to At. The
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Poisson summation formula [13, p. 220; 18, p. 44; 24, p. 153] implies that if f
is a Schwartz function on C” then

T fx) = et 4 ()" 3 £(y) )

x€A yeAl

where
f) = [ f(x) eomined dx.
cﬂ
Equation (3) follows from (5) by taking
f(x) = (4i[32)r etmixis3s f(y) = emizy'y,
CoroLLARY 2. If A is a self-dual lattice in C",
() Oalz +2) = 04(2),
(i) ©,(—4/33) = (31/22/2))" O 4(2), ©)

(iii) if n is even, 8, (22) is a modular form of weight n for the congruence
group I'(3). (Here we are using “weight’’ as defined in [35] or [38], not as in [15].)

Proof. (ii) follows from Theorem 1. Put f(2) = 6 4(22). Then f(z + 1) =
f(®) and f(—1/32) = (—i322)" f(2), which imply f(2/(3z + 1)) =
(32 + 1) f(2). Since (§}) and (3]) generate I'y(3), (iii) follows. Note that (iii)
is strictly weaker than (i) and (ii).

4. Jacosr THETA-FUNCTIONS

The theta-functions of lattices are conveniently expressed in terms of the
Jacobi theta-functions, defined as follows (cf. [4, 33, 41, 43]).

yz) =070]2) =2 i (—=1)™ 2m + 1) gtmr2?

m=0

— 20 T (1 — g, ")

m=1

Oa(z) = 0,(0 | 2) = 2 Y gmv/e”,

m=0

6(x) = 0,0 [5) =1+2 ¥ g™,

m=1

6(x) = 0,01 ) =1+2 3 (—gy™,

m=1



172 N. J. A. SLOANE

where ¢ = €%, z € H#". The following are the most useful of the “labyrinth’’
of identities relating the 6, .

¥1(z) = b(z) ta(a) Ou(z), ®)
(=) =) a(-)=()"am o
By(2)* = 26,22) 6:(22),  6(x) Ou(s) = O,22F, (10)
Oaf + Ou(e) = 20,22F, 6= — 6P = 26,227, (1)
6(2) + B4(a) = 204(4a),  Oy(a) — 6,(x) = 26,(43) (12)

ExampLE 1. The lattice & in C! has theta-function

@‘(z): Z q|a+bw|= i i qa’—ob+b’

s+dwed Gm—00 Dm—0
= 0y(2) 6,(32) + 05(2) 05(32) = $o(33) (say)
= 1+ 6g + 6¢°+ 6¢ + 1247 + 6¢° + . (13)

5. Copes ovir GF(4)

Let the elements of GF(4) be 0, 1, w, w? with w? + w + 1 = 0. The con-
jugate of x € GF(4) is ¥ = x%. Let € be a linear code over GF(4) of length =
and dimension & (see [27], [28]). The dual code €+ = {uec GF4)":u - ¥ == 0
for all ve €}, whereu - v = ¥y_, 4,9, , and has dimension n — k. (A different
definition of €+ was used in [27].) If € = €+, € is called self-dual (and n is
even). A code can be defined by giving its generator matrix M, whichisa k X n
matrix whose rows span the code. If M = [I| B] is a generator matrix for €
then [Br|I] is a generator matrix for €*. Also € is self-dual if and only if
BBt = I (i.e. B is unitary). The weight wt(x) of a vector x = (x, ,..., x,) is the
number of nonzero x, . The minimum distance of € is

dist(€¢) = min{wt(u): x € €, u # 0}
and the weight enumerator is

W«(x, y) — z xn—wt(n)ywt(n)
ue¥

n
— Z Arxn—ryr’

r=0
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where A4, is the number of codewords in € of weight . The automorphism
group of €, Aut(%), consists of all # X n monomial matrices over GF(4) which
set-wise preserve the code.

TaEOREM 3 (MacWilliams [25, 28]).
Wei(x, y) = 4 *Welx + 3y, x — )

THEOREM 4 [26]. If € is self-dual then We(x, y) € C[ £, , fo], where
o= +3"  fo=3(*—»)

ExampLE 2. The self-dual code C,; = {00, 11, ww, w?w?} has n =2,
k = 1,dis(Cy) = 2, Wc (%, y) = f;, and Au(Cy) = 35;.

|

generates a self-dual code Qg with 7 = 6, & = 3, W (%, y) = x® + 45x%* 4
1898 — £;3 — 9f;, and Aut(Qy) = 3.
For further properties and examples see [27].

ExampLE 3. The matrix

1 001
M=101 0 w
0 01 w

g — ¢
- & &

6. CoNsTRUCTION OF LATTICES FROM CODES OVER GF(4)

The starting point is the observation that 2& is a prime ideal in &, and &/2¢
is isomorphic to GF(4). In fact, if we take coset representatives 0, 1, w, w?
for 2€ in &, there is an isomorphism mapping 26 onto 0, 1 ++ 2& onto 1, w + 28
onto w, and w? 4 2€ onto w? Hence there is a map o: & — &/26 — GF(4)
which sends w" e & onto w™e GF(4) (r =0, 1, 2).

Two constructions will be given (cf. [21]), the second in Section 8.

ConsTRUCTION A. Let € be a linear code over GF(4) of length # and dimen-
sion k. Let A(%) consist of all x = (x, ,..., x,,) € C" such that o(21/%x) € .

In words, the points of A(%) are all vectors X that can be obtained from code-
words by adding twice an Eisenstein integer to each component, and then
dividing by 21/2,

THeoreM 5. (i) A(%) is an &-lattice in C». (ii) det A = 27/2-%, (iii) A(E*) =
A(F)*. (iv) A(F) is self-dual if and only if € is a self-dual code.
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Proof. (i) is immediate. Without loss of generality let € have generator
matrix [I; | B]. Then
=l 2]
T arzl0 20,

is a generator matrix for A(%). The rest of the proof is now straightforward.

TueoreM 6. The lattice A(€) has the following properties:

L dist(®)  if dist(%) < 4,

4= 32 if  dist(%) > 4,

density 4 = V,,p*"4%3-"/2, where p = 1d17,

et 24, if dist(®) = 8 < 4,
I°1° m‘]‘: = {164,+6n if dist(¥) =4,
tmber 6n if  dist(®) > 4.

Proof. Suppose dist(¢) = 4. Then the lattice points closest to 0 consist
of 164, {e.g. a codeword (lo1w?0 --- 0) gives rise to (1/21/2)(+1, 4w, 41, +w?,
0,...,0)} plus 6m {of type ((dw"2/%)10"1) for r =0, 1,2}, for a total of
T = 164, + 6n at a squared distance of d = 2. Similarly for the other cases.
The expression for 4 follows from Eq. (1).

THEOREM 7. O ,4)(2) = We(do(2), $1(2)), where
bo(2) = 0:(22) 05(62) + 04(22) 65(62)  (see (13)),
$1(2) = 05(22) 05(62) + 05(62) 8,(22)

= 10,(3%) 0,(3%)
= 21(1 + g+ 20+ gt + 26+ 2¢° + ). (14)

Proof. Consider a codewordu = (4, , %, ,...) € €. The corresponding centers
in A(%), i.e. the points (1/2%/2) o~(u), consist of the set

A(u) = {(1/212) (%, , %5 ,...): %, € 07N 1y), %3 € e~ Hup),...}
={(3:Y20 )0 €2 u, + 212 8,1 <7 < m}.

Let the theta-function of any subset & of A(%) be

Og(2) = Y, §7.
ye&

From (13),
B,1124(2) = O4(22) = $(2),
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and a similar calculation shows that if & = 2-12g" 4 2128, r = 0, 1, 2, then

O4(3) = 0)(22) 05(62) + 0,(62) 65(22) = ¢y(2).
Hence

O a@(2) = Bo(=)" 1 ¢y (),
Oa6)(2) = E« ©.4(2) = Welo(2), $1(2))-
It remains to show that the first and second lines of (14) are equal. Using (12)
this identity may be rewritten as
0y(7) 05(37) + 04(7) 6,(37) = 8,4(7) 6,(37) (15)
(apparently not in [41] or [43]). Then

B5(7) 03(37) — B,4(7) 64(37)

=2 % ¥ g etm=Y—at b4 D), n=Kat bt 1)

Me=—C0 N==—CC
m+n odd

(- (-]
(a+1/2)3+8(b+1/2)?
2)Y Y4

Gm—aC Ym=-—a

a+b odd

Lo @

— Z Z q(a+1/2)’+3(b+1/2)’ = Oy(7) 05(37),

Q=—® d=—x

since
[ <] w0 a o
+1/2)243(0+1/2)% _ (—c—1/2)243(0+1/2)%
Z Zq(a 4300+ _Z Zq )+(+/).
8=—0m bh=—wm c=—x b=—oc
a+bd odd ct+beven

This completes the proof.

ExamPLE 4. The trivial code T, with generator matrix I,, , 2 = n, dist = 1,
We(x, ¥) = (x + 3y)* produces a lattice A(T,) with p =232 4 =
Van(2 - 312", r = 6n, and theta-function ($o(2) + 34,(2))". This lattice is
clearly equal to (1/21/2) &7, which has theta-function ¢(}2)", thus establishing
the identity

$o(2) + 3¢:,(2) = o(2)- (16)

(Equation (16) also follows from (12) and (15).) In particular when n =1
the corresponding real lattice A(T})g is the densest packing A4, in R2.

481/52/1-12
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ExaMPLE 2 (cont.). Similarly in C? the lattice A(C,) is equal to &2, which has
theta-function ¢y(42)? leading to the identity

$ol2)" + 3y(2)" = ol 32)"

ExampLE 5. In C?® three copies of A(Tg) can be fitted together without
overlap. The resulting lattice is

ATV (u+ ATy) Y (2u + A(Ty)
where u = 2123-1(}, A, A), A = 1 — w; and has generator matrix

1300
s |03 0

A A A

p =282 A4 = V,/8(31/2), and 7 == 72. The corresponding real lattice is Eq
(cf. [5]) and in fact this is equivalent to Coxeter’s construction of E4 (see for
example [9, p. 421]). It can be seen that the theta-function of E, is

$o12)* + Hdoli'e2) — ol$2)}"

ExaMpLE 3 (cont.). In C® we find that A(Q,) is a self-dual lattice (U in
Feit’s notation [14a]) with 4 = V,/27 and 7 =: 756. The corresponding real
lattice is K, , the densest known packing in R'2, and in fact this is equivalent to
Coxeter and Todd’s construction of Ky, given in [11]. The automorphism group
of A(Qg) is [2 1; 3)3, a unitary group generated by reflections (see [16, 36, 37,
42]).

The theta-function © 4o )(2) is given by Theorem 7, but we are more interested
in the cusp form d4(2), defined by

44(2) = 52 1BaicosF — Oogle)
= L (o5 + Hh(a — (ol + 459l bia) + 188,
= T4 () — i

From (10), (11), (15),

$i(3)* = H6,(3)* 0,(33)° + 03(2)" 6(33)* — Ou(3)" 6,(32)%}
= 65(3) 6,(33) 64(2) 64(32), 17
$o(2)* == 3{0:(2)" 05(33)% + 04(3%)" 6(32)° + 64(2)* 6(32)"},
$o(2)* — $1(2)" = 04(3) 8,(33)". (18)
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Therefore from (10), (17), (18), (8) and (7),
a@=ggla ) ez a6 e G)a )G

A

= H (1 —gmP (1 — g (19)

The coefficients of dg(z) play the role of the Ramanujan numbers (see
Theorem 9). The first few are as follows.

44(z) = g — 6¢° + 9¢° + 4¢* { 6¢° — 54¢° — 404"
+ 168g® + 81¢° — 3641 — 5644M + 3641 + 63841
_+_ 240q14 + 54q15 — ll36q}.6 + 882q17 — 486qm
— 556q1% + 242 + -, (20)

7. A Basis FOR THE THETA-FUNCTIONS

Let #, be the complex vector space spanned by the theta-functions of all
self-dual &-lattices in C*, and let A4 — @,.,-#, , a graded ring.

THEOREM 8.

dim A, = 1+ [¢], @1

1

&, et = T

22)
Proof. If 8(2) e M, let ¥(z) = 6(22/3'/2) so that from Corollary 2

(st 37 = ¥Wa), ¥ (- l) = (Z) ).

k4 1

Hence ¥(z)e.# (3'/%, n, 1), in the notation of Ogg [32, p. xiv]. Then (21)
follows from Ogg [32, p. I-23, Theorem 3 with ¢ = 6], and (22) is immediate.

THEOREM 9. M = C[Og(3), ()] where O4(z), dg(z) are given by (13),
(19). Therefore the theta-function of a self-dual &-lattice in C* can be written
[n/6]
B4(3) = 3, cOu(3)" Ay(3), (23)
r=0

for uniquely determined integers c, .
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Proof. Since Oy(z) € 4, and A,(2) € M, are algebraically independent this
follows immediately from Eq. (22).

Remarks. (i) Equation (6) may be verified for B4(z) and dg(2) using (8),
(9) and (12).
(i) A modification of [32, p. 1-32] shows that Eg(32/2) — %5E(2/2) € M,
where E¢(z) denotes the Eisenstein series 1 — 50420 (m) ¢*™ ([32, p. 1-28;
35, p. 93]). This leads to the identity

27E, (32—"') — E, (g) = 2664(z)F — 43244(2). (24)

Theorem 9 is an analog of the classical result that the theta-function of an
even unimodular lattice is an element of C[E(z), 4(z)], where E,(2) is an
Eisenstein series and 4(z) = ¢ [Tm_; (1 — @™ = 3o _o @g®™, the a,, being
the Ramanujan numbers (see for example [6, Theorems 5, 6; 7; or 40]). Just
as the Ramanujan numbers are multiplicative [15, p. 68, Corollary 5; 32, p.
11-15] so are the coefficients of dg(z). More precisely, let 44(2) = To; @mg™
and let ¢4(s) be the Dirichlet series

]

ay

be(s) = >, o Re(s) > 4. (25)
THEOREM 10. () has an Euler product
#u(5) = (1 = 9397 [] (1 — @?p=* + p=2)7, (26)

p#3

and therefore the multiplication rule for the a,, is (compare (20))

8y = H dsamn/d' . (27)

8¢d.d|(m,n)

Proof. From Corollary 2, 4422) is the unique cusp form of weight 6 for
I'o(3). From [3, Lemma 27; 38, Sect. 3.5], 44(22) is an eigenfunction for the
Hecke operators T"(n), ,, for all n, where i(m) = 0 if 3 | m, (m) == 1 if 31+ m.
Then [38, Theorem 3.43] implies (26).

Suppose the coefficients ¢ ,..., ¢, , p = [1/6], in (23) are chosen so as to make
the g-expansion of the right-hand side begin

14 A% ag* 7 4 A% g ¥ 4 o (28)

The resulting series is called the extremal theta-function in dimension »n (cf. [30]),
and a lattice with this theta-function (if one exists) is called an extremal lattice.
The examples €7 (1 << n < 5) and A(Q,) are extremal lattices in dimensions
1-6. Examples for n — 8, 10 are provided by the lattices A(Eg) (or Example 6
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below) and A(E,,) (or A(B,)), using codes defined in [27]. For other examples
with 7 <{ 12 see [14a]. The methods of [30] may be applied here, and show
among other things that:

TueoreM 11. For all n, A%,y >0, and so a self-dual &-lattice has
d < 1 + [n]6]. However, for all sufficiently large n, A*, , < 0, and no extremal
self-dual lattice exists in C®.

Remark. The complex version of the Leech lattice is an &-lattice in C12
with 4 = V,,, 7 = 196560, but is not self-dual [8, 14a, 23].

8. ConsTrRUCTION B

Let € be a linear code over GF(4) of length n, dimension %, and minimum
distance 8, satisfying ¥ C % and such that the all-ones vector is in €. The latter
is not a serious restriction in view of Corollary 9 of [27]. These assumptions
imply that if u € % contains i I’s, j ’s and & w¥s, then i = j = k = 0 (mod 2).

Construction B

With € as above, let #(%) consist of all x = (%, ,..., x,) € C* such that
(i) o(x) € €, and (ii) Y, x; € 48.

The following facts are now easily verified: &£(%) is an &-lattice in C* with
det L(¥) = 277, p = 22 A — V,,2%-23-n/2 and r — 19249 + 644, +
6n(n — 1), where A is the total number of codewords in € of weight 8, and
A is the number with 8 1’s and (n — 8) 0’s. There is a formula for the theta-
function of #(%), analogous to but more complicated than Theorem 7. We
omit the details.

ExampLE 6. The code {08, 18, w®, (w?)8} produces an extremal lattice in
C8 with 7 = 720 and 4,4 - 3-%

ExampLE 7. The code Sy given in [27] produces a lattice in C8 with
4 = V321839 ~ 3.330V;,. The corresponding real lattice in R3 also has
4 = 3.330V ;4 , and appears to be the densest lattice yet found in this dimension.
On the other hand 7 < 189000, compared with the present record of 234456
[21]. Incidentally an extremal lattice in C® would have » = 646380.

Remark. One may also define the coordinate array of a point in £%, and hence
generalize Construction C of [20, 21, 39] to &-lattices.
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