Multiplexing Methods in Spectroscopy

Linear combinations of inaccurate measurements
yield improved results from minimal laboratory data.
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Over the past eight years a new technique known as Hadamard Transform Optics has been
developed in spectroscopy and imaging. The basic idea is as follows. In order to determine the
spectrum of a beam of light, for example, instead of measuring the intensity of each frequency
component separately, the frequency components are combined in groups and the total intensity
of each group is measured. Thus the different frequency components are multiplexed, and as a
result the spectrum may be determined much more accurately. The best multiplexing schemes
are based on Hadamard matrices, and in the most favorable case reduce the mean square error
per frequency component by a factor proportional to »n if there are n components.

We begin this paper with a description of multiplexing methods, then show how these are
related to what statisticians call weighing designs, and finally describe the best multiplexing
methods and the improvements they produce. Along the way several unsolved combinatorial
problems will be described that arise from this work. A more detailed account of the subject
may be found in [1].

Multiplexing Methods

Color photography is so much a part of everyday life that we tend to forget how unique a
color picture really is. There are no direct counterparts of a color print in X-ray optics, nor is
there any similar device in the infrared or radio domain. Even the simpler black-and-white
photos have no direct analog in the far infrared or radio regions. To obtain an infrared picture
we must scan an image of the scene with a single detector or receiver, whose output is then used
to reconstruct the scene. In the near infrared, images can sometimes be obtained using arrays of
detectors, or a vidicon or charge injection device. But these sensors operate only at certain
wavelengths, and in any case are expensive.

These limitations can be overcome, and black-and-white pictures obtained, by using a
technique known as multiplexing. In this technique the incident radiation is first separated into
distinct bundles of rays, corresponding to different portions of the scene. Then certain combina-
tions of these bundles are allowed to fall on the detector and the total intensity is recorded.
After a series of say n suitably chosen combinations have been recorded, the individual
intensities of n different bundles can be calculated, and a black-and-white picture obtained.

Multiplexing is also useful in spectroscopy. A conventional spectrometer sorts electromag-
netic radiation into distinct bundles of rays, corresponding to different colors. Thus each bundle
is labeled by the appropriate frequency, wavelength or wavenumber. The spectrum of the
radiation is found by measuring the intensity of each bundle. Alternatively, the bundles can be
multiplexed: instead of measuring the intensity of each bundle separately, we could measure the
total intensity of various combinations of bundles. After measuring » suitably chosen combina-
tions, the individual intensities of n different bundles can be calculated, and the spectrum
obtained.

Finally, by combining these two forms of multiplexing—multiplexing radiation from different
parts of a picture and from different frequencies—it is possible to reconstruct a color picture of
the scene.

VOL. 52, NO. 2, MARCH 1979 n



The reason experimenters resort to a technique as complicated as multiplexing is that it
enables them to reduce the effect of noise in optical measurements. Any detector is a source of
noise, no matter how carefully it is constructed. (Even when no radiation is present, a detector
will produce spurious signals, which are often indistinguishable from the signals produced when
light does fall on the detector.) An experimenter’s task is to minimize the effects of this noise,
and to reconstruct with as much fidelity as possible the intensity of radiation incident on the
detector.

If the noise is independent of the strength of the incident signal, it may be advantageous to
combine the radiation from a large number of bundles of rays, because then the total intensity
of the light may provide a signal considerably greater than the detector noise. Thus the primary
purpose of multiplexing is to maximize the radiant flux incident on the detector in order to
improve the signal-to-noise ratio of the final intensity display. The final display may be a
spectrum, a black-and-white picture, or a color picture. Although the optical apparatus needed
to separate spectral components is different from that needed to separate spatial components,
the principle is the same in the three cases.

Two quite different multiplexing techniques are available. These can be loosely described by
saying that the first uses interference techniques and Fourier transforms, while the second uses
masks and discrete (often Hadamard) transforms. Examples of the first technique are (i) the
Michelson interferometric spectrometer, in which an interferometer is used to modulate the
intensities of different transmitted wavelengths (some of the many references dealing with this
instrument are [2]-[12]), (i) the method of aperture synthesis in radio astronomy, in which
spatial maps of the sky are obtained by measuring the interference patterns between radio waves
reaching two or more antennas from cosmic sources (see for example [13]), and (iii) the
technique of holography, in which an interference pattern is stored and then used to reconstruct
a spatial, even three-dimensional, image [14].

The underlying principle in the second technique is the use of masks which either block or
transmit light. As we shall see, the best masks for these instruments are constructed from
matrices named after the French mathematician Jacques Hadamard (cf. [15]). We have therefore
called this general class of instruments Hadamard Transform Optics. These instruments are
capable of obtaining color pictures at any wavelength and over a wide range of spectral and
spatial resolutions. FIGURE 1 gives a simple view of how one of those instruments works.
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The basic Hadamard transform multiplexing system.
FIGURE 2.

The basic Hadamard transform instrument consists of four essential components: an optical
separator, an encoding mask, a detector and a processor (FIGURE 2). (More complex instruments
may make use of additional components. In some devices, for example, two masks are used.)
The separator may be nothing more than a lens which produces a focused image at the mask,
and separates light arriving from different spatial elements of a scene. Or the separator may be a
dispersing system (a prism or grating) which separates different frequency components of a
beam and focuses them onto different locations on the mask.

In the instrument shown in FIGURE 2 the mask is made up of three types of elements. A
particular location on the mask either transmits light to the main detector, absorbs the light, or
reflects it towards a reference detector. In this way the corresponding element of the separated
beam is modulated. If we record the difference between the reading of the main detector and the
reference detector, the intensity of this element of the beam has been multiplied by +1, 0 or —1
respectively. Usually the reference detector in FIGURE 2 is omitted, however, and then the mask
is made up of just two types of elements: open and closed slots. Each element of the beam is
either transmitted or absorbed, and the single detector measures the sum of the transmitted
elements.

If there are n unknown intensity values to be determined, at least n different measurements
must be made, each with a different mask position. Three important questions in designing such
an instrument are: (a) How should the mask be chosen? (b) How much does the instrument
improve the quality of the measurements? and (c) How close to optimum is the chosen mask
design? Such questions have been studied for many years in statistics under the name of
weighing designs, as we shall see in the next section. (The application of weighing designs to
optics seems to have been first pointed out in [16] and [17].)

Weighing Designs and Optical Multiplexing

A weighing design is a scheme for accurately weighing a number of objects by weighing them
in groups rather than one at a time. (The idea appears to have originated with Yates [18].) This is
a form of multiplexing, only now we are combining weights rather than intensities. In the optical
analogue we “weigh” (i.e., measure the intensity of) different bundles of rays by weighing them
in groups rather than individually. The benefits of this procedure in optics were pointed out by
Fellgett ([19],[20]) and the resulting increase in accuracy is sometimes called the Fellgett or
multiplex advantage.
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First we give three very simple examples of weighing designs. Suppose four objects are to be
weighed, using a balance that makes an error each time it is used. We assume that the balance
has been adjusted as well as it can be, so that the average value of this error is zero. We indicate
this by saying that E{e} =0 where e is the error, and E denotes expected value, (or, speaking
loosely, the average value) over a large number of experiments. (For these and other terms from
probability theory, see for example Cramér [21] or Papoulis [22].) We also assume that e is
independent of the total weight on the balance, and that the errors e,e’ in different measure-
ments are independent, or in other words that E {ee’} =0. Of course the square of the error, €2, is
always non-negative, and we denote ifs average by ¢*: E{e?} =02 The expression o is called
the variance of the error, and o itself is the standard deviation of the error. In a good balance o?
is small.

Weighing Design I. Suppose the four objects are weighed separately. Let the true unknown
weights of the objects be ¥y, s, 3,4, let the actual measurements obtained with the balance be
M1>M2 M3, Mg and let the errors made by the balance be e}, e,, e;, ¢4 Then the four weighings give
four equations:

m= "I/l + €y,

M=yt e,

n3=y3+e;, M)

Ma=vys+ e,
Because of the errors we cannot determine ¢, ...,{, exactly, but must be content with estimates
Y1, ...,34 which we hope will be close to the true values. It is very plausible in this example that
we should use 7,...,m, themselves as the estimates. If we agree that the estimates should be
linear functions of the measurements, and be unbiased (satisfy E {{;}=1,,..., E{{4} =1,) then
this is indeed true. (See for example [1], [21], [23], [24]. However, it is possible to make a good
argument for using other estimators even in this simple example—see [25], [26].)

Hence we use {,=m,=y,+e, ,..., Yu=ns=v,+e, as estimates of y,,...,|,. The difference
between the estimate ; and the true value is {;—y;=e¢,. By hypothesis this has average value
zero: E{J;—y;}=E{e}=0, or E{J;}=4;. Thus these estimates are unbiased. On the other
hand the square of the error has average value E {(;—¢;)*} = E{e?} =0 In other words the
mean square error in each weight is 02, The crucial observation made by Yates is that the mean
square error can be reduced by weighing several objects at once.

Weighing Design I1. For the second experiment we suppose that the balance is a chemical
balance with two pans, and that the four weighings are made as follows:

m=¥ 1+ +ys+yste,
m=Y1—r+Ys—Yste, 5
Mm=yY 1+ —Ys—Yytes, ' @
m=y1— ¥~ Y3+ Y, te,
This means that in the first weighing all four objects are placed in the left-hand pan, in the
second weighing objects 1 & 3 are in the left-hand pan and 2 & 4 in the right, and so on. Such a
specification of which objects are to be weighed in each measurement is called a weighing design.
(Thus equation (1) is also a weighing design, albeit a trivial one.)
In this case the best estimates for y;,...,¢, are found by solving equations (2) for y,,..., s,
and are given by

A 1 A 1
¢1=Z(ﬂ1+772+"73+"74) ‘P4=Z("71_"72_"73+TI4)

1 1
=¢1+z(e1+e2+e3+e4) =*P4+Z(el—ez_ea+e4).
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Again these are unbiased estimates, since E {1, — ¥;} =0, but now the mean square error is, for
example,

E{(@l—\pl)z} =E{ —113(e1+e2+e3+e4)2} = %02;

similarly, E{({;—¢;)*}= %az, for i=1,...,4. Therefore by weighing the objects together the
mean square error has been reduced by a factor of four!
Weighing Design I11. Finally, for the third experiment we suppose that the balance is a spring

balance with only one pan. Now only coefficients 0 and 1 can be used—either an object is
weighed or it is not. A good method of weighing the four objects is:

m= Y+ys+y,+e,
m=y¢1+{, + ey,
3)
M=y +3 + e,
na=yY +yste,

Thus first objects 2, 3 & 4 are weighed together, then 1 & 2, then 1 & 3, and finally 1 & 4.
Solving (3) for ¢,,...,y, we find that the best estimates are given by

A 1
‘P1=§(_"71+"12+’73+774)

1
=ll/1+§(—el+ez+e3+e4).

Once again these are unbiased estimates, but now the mean square errors are
5 2y _ 402
E{(‘Pl_‘Pl) }—-é—’

E{(f—t) ) =E{(Js—vs)') =E{(§s— )"} = 77"2,

The mean square errors have again been reduced, but by a smaller amount than in weighing
design II.

The General Weighing Design

In the general case, suppose there are n unknown weights y,,...,¥,, and m >n weighings are
made, described by

m=wup1+ - +w,y,+e

......... (4)

For a chemical balance (or two-pan) design, the coefficients w; are +1, 0, or —1, specifying
whether the object is to be placed in the left pan, in neither pan, or in the right pan. In a spring
balance (or one-pan) design, the w; are 0 and 1, and specify whether the object is to be weighed
or not.

These equations are simpler in matrix form. Let

U] 2 €

Mo Yy €
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be column vectors of measurements, unknowns, and errors, and let W be an m X n matrix with
(i,/)th entry equal to w;. Equations (4) become

n=Wy-+e. 3)
The matrix W gives a concise specification of the weighing design. For example, the matrices
describing weighing designs (1), (2) and (3) are, respectively,

1 0 0 O 1 1 1 1 01 1 1
-0 1 0 O i1 -1 1 -1 -1 1 0 O
W 0 01 of W 1 1 -1 -1 1 01 0

0 0 0 1 1 -1 -1 1 1 0 0 1

The connection between weighing designs and multiplex optics is now straightforward. In the
optical case the unknowns y; represent intensities of individual spatial and /or spectral elements
in a beam of radiation. In contrast to scanning instruments which measure the intensities one at
a time, the multiplex optical system measures (i.e. weighs) several intensities (or y,’s) simulta-
neously. The n,’s now represent the readings of the detector (instead of the readings of the
balance). Finally, the weighing design itself, W, is represented by the mask in FIGURE 2. More
precisely, one row of W, which specifies which objects are present in a single weighing,
corresponds to the row of transmitting, absorbing or reflecting elements shown in FIGURE 2. We
usually refer to such a row as a mask configuration. The two types of weighing designs—chemi-
cal and spring balance designs—are realized by masks which contain either transmitting,
absorbing and reflecting elements (for the chemical balance design) or simply open and closed
slots (for the spring balance design). Note that the former case requires two detectors, as shown
in FIGURE 2, whereas in the latter case the reference detector can be omitted.

Given the measurements 7,,...,7,, what should we use for the estimates ¢,,...,4, of the
unknowns? Again restricting ourselves to linear unbiased estimates, the answer (see the above
references) is that we use ¢ = W 1y if W has an inverse, or = W *q if it doesn’t, where W * is
the Moore-Penrose generalized inverse ([27]-[33]). The most important example is when the
columns of W are linearly independent. Then W7 is an invertible n X n matrix (the T denotes
transpose), and W+ =(WTW)~'WT; hence y=(WTW)~'WT.

Let=E {((§;— ¥;)*} be the mean square error in the jth estimate and e=(e,+ - - - +¢,)/ n be
the average mean square error. After some algebra we find from equation (5) that whether i is
W ~Ynor W*n, the average mean square error ¢ is related to W by the useful formula

2
- %Trace( wTw)~!, (6)

where the trace of a matrix is the sum of the entries on the main diagonal. If W has an inverse,
(6) states that ¢ is (6%/n) times the sum of the squares of the elements of W ~'.

We wish to make e¢ as small as possible. So the first question is: which W minimizes
Trace(WTW)~!? A partial answer is given below. (A weighing design W with the minimum e is
called A-optimal. For more about weighing designs see [34]-[38].)

Hadamard and S-Matrices

The best masks and weighing designs (the two are equivalent, as we have just seen) use
Hadamard matrices for chemical balance designs and S-matrices for spring balance designs. We
now proceed to define these matrices.

A Hadamard matrix H, of order » is an n X n matrix of + 1’s and — 1I’s with the property that
the scalar product of any two distinct rows is 0. Thus H, must satisfy H, H,” = nl,, where I, is
the nXn identity matrix. Examples of Hadamard matrices of orders 1, 2, 4 are shown in
FiGure 3. If H, is a Hadamard matrix, then so is any matrix obtained from H, by multiplying
any of the rows and columns by — 1. In this way we can always suppose that H, is arranged to
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have all elements of the first row and first column equal to + 1. Such a Hadamard matrix is said
to be normalized. For example, all the Hadamard matrices in FIGURE 3 are normalized.

11 1 1
1 1 1 =1 1 —1
=1k Hz:[l -1 ] A=l 1 -1 -1
1 -1 -1 1
1 1 1 1 1 1 1 1]
1 -1 1 -1 1 -1 1 -1
1 1 -1 -1 11 -1 -1
1 -1 -1 1 1 -1 -1 1
He={1 1 1 1 -1 -1 -1 -1
1 -1 1 -1 -1 1 -1 1
1 1 -1 -1 -1 -1 1 1
1 -1 -1 1 -1 1 1 -1
Examples of Hadamard matrices.
FIGURE 3.

To define an S-matrix, we begin with a normalized Hadamard matrix H, of order n. Then an
S-matrix of order n—1, S,_,, is the (n—1) X (n—1) matrix of 0’s and 1’s obtained by omitting
the first row and column of H, and then changing + 1’s to 0’s and —1’s to 1’s. The S-matrices of
orders 1, 3, and 7 obtained from FIGURE 3 are shown in FIGURE 4. It is not difficult to show that
an S-matrix of order n satisfies

S, ST= %(n+ Y, +J,), 7
S, J,=J,S,= %(n +1)J,, ®)
and
S7l=—2_(287-17)) ©)
n n+l n njy

where J, is the n X n matrix of 1’s. An nXn matrix of 0’s and 1’s is an S-matrix if and only if (7)
and (8) are satisfied.

1 0 1

Si=[1], $5=(0 1 1|,

1 10
1 01 0 1 0 1]
01 1 0 0 1 1
1 1.0 01 1 0
S;={0 0 0 1 1 1 1
1 011 01 0
01 1 1 100
1 101 0 0 1

Examples of S-matrices.

FIGURE 4.

It is easy to prove that if a Hadamard matrix of order n exists, then n must be 1, 2, or a
multiple of 4. It is generally believed that Hadamard matrices exist of every order which is a
multiple of 4. A large number of different constructions are known (see [39]-[41]), and at the
present time the smallest order which has not been constructed is 268.
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1 1 1. 0 1 0 0
1 1.0 1 0 0 1
1 01 0 O 1 1
S;={0 1 0 0 1 1 1
1 0 01 1 1 O
0O 0 1 1 1 0 1
0 1 11 0 1 O |
A cyclic S-matrix.
FIGURE 5.

For optical applications it is most convenient if the S-matrix is a cyclic matrix, i.e., has the
property that each row is obtained by shifting the previous row one place to the left (with any
overflow from the left coming in on the right). This considerably reduces the cost of the optical
apparatus. The first two S-matrices in FIGURE 4 are cyclic, as is the matrix of order 7 shown in
FIGURE 5. For the three known constructions of cyclic S-matrices see [1], [39], [42]-[45].

Hotelling’s Theorem

In 1944 Hotelling ([35]; see also [1], [46]) established the following fundamental result: If W is
any mXn matrix with m >n and with entries in the range —1<w; <1, then Trace(WTW)~! > 1.
Furthermore, equality holds if and only if WTW =ml,. This implies that the average mean square
error is bounded below by & >062/m. Let us consider the most important case, when W is square.
Then m=n, so the theorem implies that ¢ >0%/n, and equality holds if and only if W is a

‘Hadamard matrix of order n. Thus to attain this minimum value for ¢, the mask entries w; must

be *1 (corresponding to a chemical balance design), » must be 1, 2 or a multiple of 4, and a
Hadamard matrix of order » must exist. (Note that mask entries between —1 and + 1 are not
used.) The average mean square error in each unknown is then reduced from ¢? (if no
multiplexing is used) to ¢?/n (multiplexing with W= H,). For example, weighing design II
illustrates the use of the Hadamard matrix H,, and reduces € to o?/4.

The S-Matrix Conjecture

If the mask entries are restricted to the range 0 <wj; <1, which is the case of greatest interest
in spectroscopy, much less is known. For simplicity we assume m=n. In place of Hotelling’s
theorem we make the following conjecture.

CONJECTURE. If W is any nXn matrix with entries in the range 0 <wj; <1, then
4n?

(n+ 1)2 .

Furthermore, equality holds if and only if W is an S-matrix.

Trace(WTw)™' > (10)

If the conjecture is true, then in this case the average mean square error is bounded by
€ > 4no?/(n+ 1)% For equality to hold, the mask entries must be 0’s and 1’s, n+ 1 must be 2 or a
multiple of 4, Hadamard matrix of order n+ 1 must exist, and W= S,. In this case the average
mean square error is reduced from o? (no multiplexing) to about 402/n (multiplexing with
W=S,).

For example, a weighing design which uses the S-matrix S; of FIGURE 4 would be: first weigh
objects 1 & 3, then 2 & 3, and then 1 & 2. These weighings give three equations

m=¥ +ys3te,
M= Yty t+e,
=Y+, +es,

these estimates of the unknowns
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A 1
Y= 5(’11—712*'713),

A 1
Y= 5(_"11“'172""'13),

A 1
Y3= 5("11"‘112_113),

and mean square errors of ¢, =302/4, for j=1,...,3. The average mean square error has been
reduced by a factor of 3/4 in agreement with our conjecture.

Although the conjecture has not been proved, it follows from (9) that choosing W= S, does
attain (10), and it is known that no other matrix can do much better than S,. More precisely, if
W is any nX n matrix with 0 <w; <1, then ([1], [17])

4n

—(Fl—)(r;—m ~4 for n large. €9))

Trace(WTW) ™' >

Since the values of n used in practice tend to be quite large (typically 255—see [1], [4]), for all
practical purposes the conjecture is settled by this estimate.

Unsolved Problems

For constructing weighing designs and masks, we are interested in four classes of matrices W,
and in each class the main problem is to find the minimum value of p(W)=Trace( WTw ).
These lead to the following unsolved problems.

Class (i). W is nXn, invertible, with —1<w; <1. If n is a multiple of 4, show that a
Hadamard matrix of order » always exists. For other values of », what is the minimum value of
p(W)? (For partial results, e.g., the use of conference matrices, see for example [17].)

Class (ii). W is m X n, of rank n, with —1 <w; < 1. If m is a multiple of 4, then we can attain
the minimum by using n columns of a Hadamard matrix of order m. What about other values of
m? (Cf. [35].)

Class (iii). W is n X n, invertible, with 0 <w; < 1. Prove the S-conjecture. Or prove the weaker
result that the minimum p( W) can always be attained by a matrix of 0’s and 1I’s. What if n+1 is
not a multiple of 4?

Class (iv). W is mX n of rank n, with 0<w; <1. If m+1 is a multiple of 4, is it best to take
W=S8,, ,,» consisting of n columns of an S-matrix of order m, and attaining p(W)=p(S,, ,)=
4n?/(m+1)(n+1)? For this class of matrices no lower bound on p(W) (analogous to (11)) is
known.

It would also be interesting to know the average or the maximum values of p(W) in each
class.
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