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WEIGHT ENUMERATORS OF SELF-ORTHOGONAL CODES OVER GF(3)*
C. L. MALLOWST AND N. J. A. SLOANE*

Abstract. The Hamming and complete weight enumerators of maximally self-orthogonal codes over
GF(3) of lengths 12m —1, 12m and 12m + 1 are characterized. The results for length 12m + 1 are believed to
be new, while those for length 12m ~1 and 12m have been considerably simplified.

1. Introduction. Professor Marshall Hall, Jr., recently pointed out to us (in
connection with his work on the hypothetical projective plane of order twelve) that
there is an omission in [6]: the maximally self-orthogonal ternary codes of length
12m +1 are not mentioned. An important example of this class is the dual of the code
generated by the incidence matrix of the projective plane of order 3, denoted by p;3 in
[1]and [10]. In fact it is incorrect to say (as we do in [6, p.655]) that if C is a maximally
self-orthogonal [, 3(n — 1)] code over GF(3) with 1 € C™* then the extended code (C*)*
is self-dual and » is congruent to —1 modulo 12. We shall see that the correct conclusion
is that either n = —1(mod 12) and (C*)" is self-dual, or n = +1(mod 12) and (C*)" is not
self-dual. The present paper gives the weight enumerators for the missing case. While
determining these we were able to considerably simplify the weight enumerators in the
case n =—1(mod 12) and also when C itself is self-dual and n =0 (mod 12). One might
say that this is an error-correcting paper.

2. Weight enumerators. Let C be a code of length n and dimension k over GF(3).
The complete weight enumerator (cwe) of C is

Ec(x,y,z)= 3 x"™®Wym®zm®,
ueC
where n;(u) is the number of components of u that are congruent to i modulo 3. The
ordinary or Hamming weight enumerator of C is

Wel(x, y)=Ec(x,y, y).

From the MacWilliams theorem the complete weight enumerator of the dual code C™ is
given by

1
(1) Ec:(x,y, z) =3—kEc(x +y+z,x+wy +w’z, x +w2y +wz),

where w = ™ (see [4], [6]).

A code C is called self-orthogonal if C < C*" and self-dual if C=C". The
maximum dimension of a self-orthogonal code of length 7 is 3n if n = 0 (mod 4), 3(n —2)
if n=2 (mod4), and 3(n—1) if n is odd (see [8], [9]). We wish to characterize the
Hamming and complete weight enumerators of self-orthogonal codes of maximal
dimension. However our method will only work when we can express the cwe of C* in
terms of the cwe of C. There are two general cases when we can do this:

(i) when C is self-dual, so that

(2) ECJ'(xa y, Z)=EC(x9 Y, Z)’
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(ii) when C is maximally self-orthogonal of odd length and the all-ones vector 1 is
in C* but not in C.
In case (ii) we have

dim C*=dim C+1=3(n+1),

which implies

(3) C'=CcU@+0)UQ2+0)
and
4) Ec:(x,y,z)=Ec(x,y, z)+Ec(y, z, x)+ Ec(z, x, y)

(since the cwe of 1+ C is Ec(y, z, x), etc.).

In case (i) the length must be a multiple of 4, and if we make the additional
assumption that the all-ones vector is in C then n =0 (mod 12). Without this assump-
tion the results are far more complicated (see [6]). In case (ii) it is a consequence of
Theorem 3 below that n =+1 (mod 12). If n = —1 we can add an overall parity check to
C* 50 as to make C* self-dual, but if n =+1 (mod 12) this is impossible.

In order to describe the weight enumerators of these codes we introduce the
following polynomials. We apologize for the length of this, but it is essential for our
method that we work with homogeneous polynomials in six variables. As far as possible
we use the same notation as [6].

First the polynomials in x, y, z:

a=x> +y3 + 23,

f= x2y + yzz +2%x,

g= xy2+y22+zx2,

p =3xyz,
Ya=x(x*+8y?),
Ba=y(x*~y?),

b=x(y>-2%),
b =x3y3+y3z3+z3x3,
Bs=a’—12b

=x°+y°+2°-10(x>y> +y32> + 2°x?),
v7=x(2x6—7y6—7z6+7x3y3+7x3z3—56y3z3),
mo=(x>—y>)(y* -2z (%~ x?),
a12=a(a3+8p3)
@ 12 © 9.3 & 6_6 ® 6.3_3
=Yx " +4Yxy +6Y x"y"+228Y x°y’z>,

Tia=xy°(x> - y3)(2x3 + y3).
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The second set are polynomials in u, v, w, x, y, z:

A =ux +vy+wz,

Es=ux(y’ -2 +oy(2>—x*)+ wz (x> —y?),

Ys=ux(2x® =7y~ 728 +7x3y* +7x32% - 56y°23)
+oy(Ry°*—72°-Tx%+ 7y 23 +7x3y? - 56x°2%)
+wz(2z6—7x6—7y6+7x323+7y3z3—56x3y3).

Note that
77'9=g3—f3,
243713 =xys —3Txp3 ~2Bsv7 |,
é1=Bs5(u=1,v=w=0),
v;=Yg(u=1,v=w=0).

We can now state our results.

THEOREM 1 (Complete weight enumerator). If C=C" and 1€C, then n=0
(mod 12) and

(5) Ec(x,y,z)e R®BsmiR,
where

R =C[B%, a1, w5 ].

In other words the cwe of C can be written uniquely as a polynomial in B¢, a1, and s, plus
[36173 times another such polynomial.

COROLLARY 2 (Hamming weight enumerator—Gleason [3]). With the same
hypotheses as Theorem 1,

(6) WC(x, Y) € C[(//i’ ¢i]'

THEOREM 3 (Complete weight enumerator). If C < C*, 1€ C*\C, and dim C* =
dim C+1 then n==%1 (mod 12).
(@) If n=12m+1 then
(7) Ec(x,y, 2) € xR®Bsv7R ® £4mR Dv7moR ®xBsmsR ® £4B6oR,
where R is defined in Theorem 1.
(b) If n=12m —1 then
(8) Ec(x,y,z)€@1,R ®BsBsR @ BsmsR @ BsitomoR ® iromy @ BemadizR,

where the bar denotes partial differentiation with respect to x.

CoROLLARY 4 (Hamming weight enumerator). With the same hypotheses as
Theorem 3,

@) ifn=12m+1 then
9) Welx, y) e xClyi, 631D 115C[Y3, 631,

and
(b) ifn=12m—1 then

(10) Wel(x, y) € GapiClyi, 631D ¢adiClui, 31
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Extremal weight enumerators. Let us consider the extremal weight enumerators
(as defined in [5] and [7]) corresponding to Theorem 3(a) and Corollary 4(a). The first
nontrivial fength is 13, and for simplicity we begin with the Hamming weight enumera-
tor. By Corollary 4(a) the Hamming weight enumerator of any [13, 6] self-orthogonal
code (with 1 in the dual code) has the form

(11) W(x,y)=c1x1//3+czx¢i+c31'13

for appropriate constants ci, ¢z, c3. Suppose these constants are chosen so that the
minimum weight of the corresponding code (if there is one) is as large as possible. We
obtain

W(x, y)=x¢3 —24xd; — 132713
=x"+572x*y° +156xy"*
=W* (say).
Since W* has nonnegative integral coefficients, it could indeed be the weight enumera-

tor of some [13, 6] code C* with minimum weight 9. On the other hand from Theorem
3(a) the complete weight enumerator of C* has the form

(12) Ec*(x, Y, Z) = blxﬁg +byxaqi,+ b3st7 + b4§47‘l’9

for appropriate constants b;. The condition that C* has minimum weight 9 determines
the b; uniquely and we find
Ec+(x,y,z)= B+ 286x4(y623 + y326)
—Sx(y P+ 20+ 8% (v +y32%) + By O2C.

Since this does not have nonnegative integral coefficients, C* does not exist.

In this case we already knew from the enumeration in [1] that the highest minimum
weight attainable is 6, and furthermore that there is a unique code with minimum weight
6, namely the projective plane code p;; mentioned in §1. For this code

Woa(x, y) =x2 +156x"y® +494x*y° +78xy '

(13)
= xz —24x¢3 — 54713,
and
(14) E, . (x,y,2)= x2+156x7y3 22 +13x%(y° + 18y6z3 + 18y3z6 +2z% +78xy6z6

s 2,17 1
=73xB6 +35xa12 +9B6v7+ 3€smo

(which are of the forms (11) and (12)). Although the extremal weight enumerators did
not tell us anything new in this example, it is nevertheless interesting to find a situation
where the cwe leads to a contradiction not apparent from the Hamming weight
enumerator.

For codes of greater length the extremal cwe will probably always contain a
negative coefficient (compare [5] and [7]).

Relationship with [6]. The basis for cwe’s given in Theorem 1 is simpler than that
given in [6, Thm. 1]. The old basis is expressed in terms of the new one by

1 3
y18=—3B3s +3Bs12+21673,
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and
256836 = —Bo +6Ba1,— 9823, +4al,
+864B3m3 —2592Bsmaa1,— 1866247,

The syzygy vis = ai, —64836 has been replaced by the trivial identity

(Bsm3)’ = B3 - ms.

3. The proofs.

Proof of Theorem 1. Since this is parallel to the proofs given in [11] and [12] our
treatment will be brief. Suppose C is a self-dual code of length n = 12m containing 1.
Let G be the subgroup of GL(3, C) of order 2952 generated by the matrices

. 1 1 1 1
M=--|1 o |, J= ® ,
V3 )
1l w w 1

and all 3 X 3 permutation matrices. The matrices in G are listed below, in the proof of
Lemma 6. In[11]and [12]it is shown that the cwe Ec(x, y, z) is invariant under G. If a,,
denotes the number of linearly independent homogeneous invariants for G of degree n,
it is also shown in [11] and [12] that the Molien series ¥, ., @,A" is equal to

1+

(15) (1_Al2)2(1_/\36)‘

To find a basis for the invariants we proceed as follows. Let s = ¢>™/'?. Under the action
of M we have

M M M M
Bs —> —Bs: ap—an, -y ->s(f-e’g) - - -x7),
M M M M
-2 =$(f-g)=>-0°-2%, 2%’ =5 (freg) > - (" -y?).

Therefore
_ /.3 3,3 3,3 3 _ 3 aM,
mo=(x"—y )y =2z )Nz"—x")=g"—f —imo.

All of B¢, 79 and a;, are invariant under J, and the permutations fix 8¢ and a1, and send
9 t0 £7r9. Thus B%, @12, B67r§ and 74 are indeed invariant under G. It only remains to
show that 32, a12and 7 (or equivalently B, a1, and 7o) are algebraically independent.
This is verified by computing the Jacobian of B¢, @12 and g, which is

~2592x2y%2%0+- - -,

Since this does not vanish, the polynomials are indeed algebraically independent [2,
Thm. 2.3]. Therefore the ring of invariants of G has the form shown on the right-hand
side of (5). This completes the proof of Theorem 1.

Proof of Corollary 2. We set y =z in Theorem 1, making 9 vanish, and then
replace B% and ai, by the equivalent but simpler pair ¢3 and 3.

Proof of Theorem 3. Suppose C is an [n, 3(n —1)] self-orthogonal code with
1e C*\C. This implies that the cwe of C is a polynomial in x, y* and z?, and also satisfies
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(4). From the MacWilliams identity (1) we have
MoEc(x,y, z)=3"2Ec(x +y+2z,x +oy + 0y, x + 0’y + wz)
(16) =372Ecx(x,y, 2)
=3""*Ec(x,y, 2)+Ec(y, z,x) + Ec(z, x, y)},
using (4). Also
MEi.c(x,y,z)=M°Ec(y, z,x)
=3""2E.(x twy+w’z, x+o’y +wz, x +y+z)
17) =3""2Eci(x, wy, w’z)  (from (16))
=3"YEc(x, wy, w’z) + Ec(wy, 0’2z, x)+ Ec(w’z, x, wy)}
=3""%Ec(x,y, )+ 0"Ec(y, z, x)+ 0*"Ec(z, x, y)},

where in the last step we used the fact that no(u)=n (mod 3) and ny(n)=rn,(u)=0
(mod 3) for all ue C. Similarly,

(18) Mo Ec(z,x,y)=3""HEc(x, y, z) + 0> "Ec(y, z, x) + @"Ec(z, x, y)}.

Since n is odd we have to consider the possibilities n ==+1, +3 and +5 (mod 12).
Case 1. n==+3 (mod 12). The last expressions in (16) and (17) are now identical,
implying Ec(x, y, z) = Ec(y, z, x). Since C always contains 0, this implies that 1€ C, a
contradiction. Thus n# £3 (mod 12).
Case 2. n=+1 or —5 (mod 12). Now (17) becomes

M Ec(y, z,x)=3"Y*Ec(x, y, 2) + @Ec(y, z, x) + 0’ Ec(z, x, y)}.
We introduce new indeterminates u, v, w and define
F(u,v,w, x,y,z)=uEc(x, y, z) +vEc(y, z, x) + wEc(z, x, y).

Let G* denote the group of 6 X 6 matrices

A0
* .
[A (0 A) sAE G}

of order 2592, where A acts on the variables u, v, w and A acts on x, y, z. From (16), (17)

and (18) it follows that F is invariant under M* and thus under all of G*. (Compare the
proof of [6, Thm. 9].) We indicate this by writing

(19) F(Auw, AXx)=F(u,x) allAeG.

At this point we need the following analogue of [6, Thm. 8]. (The proof is
essentially the same and is omitted.)

THEOREM 5. Let G be any finite subgroup of GL(m, C), and let ®, denote the set of
all polynomials F(u, X) = F(uy, * * * , Um, X1, * * , Xm) Which are

(i) homogeneous of total degree d,

(ii) linear in the u;, and

(iii) satisfy (19).

Let a, denote the number of linearly independent polynomials in ®, Then a
generating function for the numbers a, is

A tr (A)

I+ ) a_ A
(20) dgo ah= IGI acc det (I—)tA)
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The next step is to compute the sum on the right-hand side of (20) for our group.
LEMMA 6. If G is the subgroup of GL(3, C) of order 2592 defined at the beginning of
this section,

A tr (A) A A +AD
(21) |G| accdet (I—AA)_ (1_/\12)3
= A+2AB 424842

(1_A12)2(1_A36) .

Proof. We know from [11] and [12] that there are (I) 1944 elements of G of the
form

where 0=v=11,0=a,b,c,d=2,e=1 or 3 and P is any 3 X3 permutation matrix.
Instead of (20) we shall work out

l tr (A) _ tr WA)™!
A aAccdet (I —AA) Accdet(I—AA)

(since G is a unitary group). Our strategy is to keep » =0 as long as possible, finally
summing over » by replacing A by As” and adding. For type (I) we can ignore ¢ and d
(and just multiply the final sum by 9) since ¢ can be combined with a and d with b in
both tr AA) ™" and det (I —AA). The sum on a, b and e is equal to

2 +2~/§/A +6*++/37 +3A2+2J§/A +4*¥ 423034224

1-a% 1+ A+A%+AH1=-2%2+21Y
+2~/§/A F6*+V3L =322 —V3A3 -3 =335 =3
Q=22+ AH1+1° :

We replace A by As” and sum over »; to do this we put everything over powersof 1 —A 12
and ignore all terms that are not powers of A '2 (those not marked with an asterisk). This
gives

24 72 48  12(6+6A">+611°+61'%)
1—A12+ 1A%

and multipling by 9 to account for the summation over ¢ and d we find that the
contribution from the type (I) terms is

9-144 108(6+81™)

(22) et 1A
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Next we consider the type (II) terms. When P = I the sum on a and b gives
9 1+2A

2 X T=Na-A
For
1 00
P=|0 0 1
010
the contribution is
(24) s__ 1
Ad=0A=2%
and for
010 0 0 1
P=|1 0 0| or |O 1 O
0 0 1 1 0 0
we get
(25) —% (twice).
A=A71-A>)
Finally
010 0 01
P={0 0 1| and |1 O O
1 00 010

have trace 0. Adding (23)-(25) we obtain

9 2+4A-2A7+22*
A (1=A)A=-231-2°%’

and we sum over v as before, by multiplying top and bottom by (1+A +A%)(1+1%)*(1+
193, to get

9-12

(26) (—ljx'ﬁ,)—g(6+36)t 21607,
The grand total is the sum of (22) and (26):
1+A%
2596 m

We multiply by A2/2596 to obtain (21). The final step is to multiply the top and bottom
by 1+A'*+2%* to make the denominator agree with that of (15). This completes the
proof of Lemma 6.

Since only exponents of the form 12m + 1 appear in (21), we see that n cannot be of
the form 12m —S. It remains to find a basis for the sets ®, defined in Theorem 5. We
compute

R M
s —> —&s, Ys— —Ys

and deduce the following theorem from (21).
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THEOREM 7. The solutions of (19) that are linear in u, v, w belong to
A;R®B6YsR DEsmoR D YsmsR D A,Bsm3R D EsBemaR.

Finally, setting u =1 and v = w =0 in Theorem 7, we obtain (7) and thus prove
Theorem 3(a).
Case 3. n=—1or +5 (mod 12). Now F(u, v, w, x, y, z) is invariant under

o-[(§ Yiace]

The proof in this case is essentially given in [6, p. 657].

This completes the proof of theorem 3.

Proof of Corollary 4. We set y =z in Theorem 3, making £, and 79 vanish, and
replace Bev; by 713.

Remark. The Taylor series expansion of (21) is

A z (m+1)2A12m+1‘
m=0

Therefore the number of linearly independent homogeneous polynomials of degree
12m +1 in the right-hand side of (7) is (m + 1)°. Similarly the number of degree 12m — 1
in (8)is m(m+1).
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