Proc. R. Soc. Lond. A 381, 275-283 (1982)

Printed tn Great Britain

Twenty-three constructions for the Leech lattice

By J.H.Conway, FRS.,t AND N.J. A.SrLoaNE]

1 Department of Pure Mathematics and Mathematical Statistics,
Unaversity of Cambridge, Cambridge CB2 18B, U.K.
I Mathematics and Statistics Research Center, Bell Laboratories,
Murray Hill, New Jersey 07974, US.A.

(Recetved 22 October 1981)

In a recent paper with R. A. Parker we classified the points at maximum
distance from the Leech lattice (the ‘deepest holes’ in that lattice), and
showed that there are 23 classes of such holes, the classes being in one:one
correspondence with the 23 Niemeier lattices in 24 dimensions. We now
present 23 constructions for the Leech lattice, one for each class of hole or
Niemeier lattice. Two of these are the usual constructions of the Leech
lattice from the Golay codes over GF(2) and GF(3).

In 1965 John Leech (see Leech 1967) discovered a 24-dimensional even unimodular
lattice with minimum norm 4, and in his 1968 Gottingen dissertation Niemeier
(1973) found that there are exactly 23 other even unimodular lattices in R, all
with minimum norm 2. Alternative proofs of Niemeier’s result are given in Conway &
Sloane (1982) and Venkov (1980), and a characterization of the Leech lattice is given
in Conway (1969). Other descriptions of the Leech lattice have been given by
Conway (1971), Craig (1978), Leech & Sloane (1971), Lepowsky & Meurman (1982),
Lindsey (19714a,b), McKay (1973), Sloane (1979) and Tits (19804, b).

In joint work with R. A. Parker (see Conway ef al. 1982) we recently classified the
points at maximum distance from the Leech lattice under congruences of that
lattice: there is a remarkable correspondence between these ‘deepest holes’ in the
Leech lattice and the 23 Niemeier lattices. We now describe a construction of the
Leech lattice corresponding to each of these 23 classes of holes (or Niemeier lattices).

The ‘holy construction’ is as follows. In each of the 23 cases we shall define a set
of fundamental vectors (f;) and a set of glue vectors (g,,). The Niemeier lattice is then
the set of all integer combinations

Smyf;+ 30,9, Wwith Ymn, =0, (1)
while the set of all integer combinations

is a copy of the Leech lattice.
We shall refer to the different cases by specifying the components of the corre-
sponding Niemeier lattice, which are a combination of the Witt lattices A, (n > 1),
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Figure 1. Fundamental vectors f;, glue vectors g,, and Coxeter number h for the Witt
lattices A, (n = 1), D,(n = 4), E¢ E, and E; (here plus and minus signs stand for +1
and — 1 respectively).
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Fiaure 1. For legend see opposite.

D,(n > 4) and E, E,, Eg. (It happens that the component of highest dimension
identifies the Niemeier lattice uniquely.) We begin by defining certain fundamental
vectors f; and glue vectors g, for each Witt lattice, as shown in figure 1. The f; form
an extended fundamental set of roots for the Witt lattice (cf. Bourbaki 1968;
Humphreys 1972) and are described abstractly by specifying that their inner
products should satisfy (f,,f;) = 2 and, for s # j,
(f»J;) = — (the number of lines joining f; to f; in the Coxeter-Dynkin diagram).

Each glue vector g, points to a certain f;, and satisfies

(9 f;) = h1—1 forthis f,,

(92f;) = k71 for the other f;,
where % is the Coxeter number of the lattice (defined below). The f; and ¢, for the
components are then combined to form the fundamental and glue vectors for the

corresponding holy construction, in a way that we now illustrate.
Example 1. For A%, the fundamental vectors are

(f) Sl St oS I S8, o S
(fundamental sets of roots for two A, lattices in orthogonal 12-spaces 4 and B) while
the glue vectors are
(9) 95+, 98 +97, 98 + 98 .. g1z + 98-

The subscripts {(0,0), (1,5), (2,10), (3,2), (4,7), (5,12), (6,4), (7,9), (8,1), (9, 6),
(10,11), (11, 3), (12, 8)} are a subgroup of C,; x C,5 (the direct product of two cyeclic
groups) and form the glue code. There is a glue vector g,, = g +¢Z for each word
w = 2y in the glue code.
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We now assert that the Niemeier lattice of type A2, consists of all integer combi-
nations of the fundamental and glue vectors for which the sum of the coefficients of
the glue vectors is zero, while the combinations for which the sum of all coefficients
is zero are a copy of the Leech lattice. This construction is described by the hole
diagram of figure 2a (defined below).

() An 0

Ficure 2. Hole diagrams for A2, and A, D, E,.
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Example 2. For A,, D,E; there are components of three distinet types, and the
fundamental vectors are

(fz) f(‘)A’flA: '~-’f1A2)f(F’le’ '-"fF’fgsff’ ""fso’

the superscripts picking out fundamental sets of roots for A;;, D,, Eg in mutually
orthogonal spaces 4, B, C. The glue vectors in this case are

(90) 98 +98 +95, 91 +97 +97, 98 +9F +98, 98 + 98 +95, ..,
corresponding to the words w of the glue code,
{(0,0,0), (1,1,1), (2,2,2), (3,3,0), (4,0,1), (5,1,2), (6,2,0), (7,3,1),
(8,0,2), (9,1,0),(10,2,1), (11, 3, 2)}.

Again the glue code is a group, addition being modulo 12, 4, 3 in coordinates x,y, 2
respectively. The hole diagram for this construction is shown in figure 2b.

The other constructions are entirely similar. In each our fundamental vectors f;
are the union of extended fundamental sets of roots f#,fZ, ... for the component
Witt lattices, in orthogonal spaces, and our glue vectors are the vectors

9o = 9o +98+95 +...,

for which the word w = xyz... lies in a certain glue code. In all cases the glue code is
abstractly an additive group whose generators are given in table 1. The symbols of
the glue code corresponding to an A,, component are read modulo n+ 1, those for
D,,., Eq, E, or Eg components are read modulo 4, 3, 2, or 1 respectively, while those
for a D,,,,; component belong to the four-group with elements {0, 1, 2, 3} satisfying
1+41=242=3+3=0,1+42=3,2+3=1,3+1=2.

As to the proofs that these constructions work, we remark first that our con-
struction (1) of the typical Niemeier lattice is trivially converted into Niemeier’s.
The fact that (2) always gives the Leech lattice still quite astonishes us, and we have
only been able to give a case-by-case verification, as follows. For each of the 23
Niemeier lattices, Conway et al. (1982) give an explicit set of Leech lattice vectors
having the same mutual distances as our f;. The glue vectors g, for each component
are easily found. The scalar product %- g, is the Weyl vector (p in Bourbaki (1968)),
which is half the sum of the positive roots. We were able to verify computationally
that, with a suitable labelling, the vectors corresponding to our g, were indeed
Leech lattice vectors, establishing the desired result. We would like to see a more
uniform proof.

There is a ‘holy construction’ analogous to (2) associated with any even uni-
modular lattice (1) which can be obtained by glueing Witt lattices, but it will only
give an even unimodular lattice when the component Witt lattices have the same
Coxeter number h, and 244 divides (A+1)(n—24). It is remarkable that the
Niemeier lattices are precisely the 24-dimensional combinations permitted by this
rule.
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The Coxeter number » may be defined as follows. It is well known that for each
Witt lattice there are positive integers ¢; with Y ¢;f, = 0 (see Bourbaki (1968) or
Humphreys (1972, p. 194)). These ¢; are shown in figure 3, and in figure 1 each g,
points to an f; with ¢; = 1 (a special node (see Coxeter 1973), whose removal gives
the diagram for the corresponding spherical simplex). The sum of all the c, for a
component is h. Furthermore for any integer k the set of vectors X n, f, with YXn, = k
is obviously the same as the set of vectors Y, n,;f; with ¥ n, = £ (modulo %). This
remark shows that the equalities in (1) and (2) may be replaced by congruences
modulo %, and hence the intersection of the Niemeier lattice and the Leech lattice
defined by (1) and (2) has index 4 in each of them.

A, 1 1 I D,
@3 ?2 2 2 2C
R I 1

1 23 45 6 4 2

Figure 3. The integers c,.

Venkov (1980) has given a different proof that the Coxeter number must be the
same for each component of a Niemeier lattice, and has made this fact the basis for
an alternative proof that Niemeier’s list is complete.

The results in Conway et al. (1982), combined with those of the present paper,
enable us to form a clear idea of the environs of any deep hole in the Leech lattice.
If we take the origin of coordinates at the hole, the Leech lattice vectors become

Smfi+Xn,g, with Ym;+¥n,=1

(or equivalently with > m,+ > n,, = 1 modulo %), and the nearest lattice points to
the hole are just the f;. The radius of the hole is (f;, f;)* = 4/2. The g,, are lattice points
only slightly more distant, having (g,,,9,,) = 2+ 2h~1.

Itis easy to check from our description that f; is distant ,/4 or /6 from f; according
to whether (f;,f;) =0 or —1, i.e. according to whether f; and f; are unjoined or
singly joined in the diagram. Again g¢,,,  is distant /6 from fd, fZ, /¢, ... and
distant /4 from all other f;. We therefore indicate distances of ,/6 between f; and f;
or between f; and g,, by joins in the hole diagram, which has a node for each f; and g,,,.
Some examples appear in figure 2. (Distances between one g,, and another are not
indicated in the diagram.)
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The case A% is slightly exceptional. The diagram for A, is given in figure 4a,
where the pair of joins between f, and f, indicates that their inner product
(for-f1) = — 2, showing that f, = —f,, and the distance between f, and f; is 4/8.

For the holy construction of type A3 we change to a different coordinate system
and rescale, obtaining

f({t= (_47023), f()B: (0, _4,022))'-'5
it =(4,08),  fF=(0,4,02),
and there is a glue vector

ayz... = ((_ 1){3’(_1)1/9(_ l)z’ )

@Ay, h=2 (b) A24

8o00... £010...

go=i(-1L D fo=(+-)

g1=%(1,*1)\_/ fi=(—+)

g111...

FiGURE 4. (@) Fundamental and glue vectors for A,. (b) Hole diagram for A3, There is a glue
vector g,,, for each codeword in the binary Golay code.

for each word xyz... in the binary Golay [24, 12] code (MacWilliams & Sloane 1977,
ch. 20). After differencing we obtain Leech’s original construction for his lattice
(Leech 1967). The hole diagram is sketched in figure 4.

For A it seems best to use 12 complex coordinates, and to take

fit = (—3wk, 01, fB = (0, —3wk, 00),...
for k = 0,1,2, where w = e¥™, There is a glue vector
Iryz... = (wx, ¥, 0%, .. )

for each word zyz... in the ternary Golay [12, 6] code. This is the complex version
of the Leech lattice (Conway 1971; Sloane 1979; Tits 1980a, b). It seems likely that
some of our other constructions correspond to the various quaternionic Leech lattices
(Tits 19804, b).

10 Vol. 381. A
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TABLE 1. THE 23 NIEMEIER LATTICES AND THE LEECH LATTICE

components generators for glue code Gw| |Gh] |G h v
D,, [1] 2 1 1 46 25
D, E, [10] 2 1 1 30 26
E3 [000] 1 1 6 30 27
A, 5] 5 2 1 25 25
D, [12], [21] 4 1 2 22 26
ALK, [31] 6 2 1 18 26
D, E [110], [301] 4 1 2 18 27
A,D, [21] 8 2 1 16 26
D? [(122)] 8 1 6 14 27
A, [15] 13 2 2 13 26
A,D,E, [111] 12 2 1 12 27
E3 [1(012)] 9 2 24 12 28
AZD, [240], [501], [053] 20 2 2 10 27
D} [even perms of {0123}] 16 1 24 10 28
A3 [(114)] 27 2 6 9 27
AZD?2 [1112], [1721] 32 2 4 8 28
A3 [1(216)] 49 2 12 7 28
AiD, [2(024)0], [33001], [30302], [30033] 72 2 24 6 29
Dé [111111], [0(02332)] 64 3 1720 6 30
AS [1(01441)] 125 2 120 5 30
AS [3(2001011)] 256 2 1344 4 32
Al? [2(11211122212)] 729 2 | My, 3 36
AX [1(00000101001100110101111)] 4096 1 | M,,] 2 48
Leech — — 1 1 0 —

The automorphism group G of a Niemeier lattice has a factorization G = GG, @G, as
described in Conway & Sloane 1982. The group G is the direct product of subgroups of order

(n+1)), 27 1xn!, 72x6!, 8x9!, 192x 10!
for components A,, D, E,, E,, E,

respectively. The group of automorphisms of the Leech lattice fixing the corresponding hole
can be factored into G, G, G,, where G is a subgroup of G isomorphic to the glue code (or
group). A typical element 7, € G, takes g,, t0 g,,,;. The orders of G, G, and @, are shown in
the table. The table also gives the Coxeter number h for each lattice (which is the Coxeter
number of any of its components), and v, the number of f; nodes in the hole diagram, or
equivalently the number of Leech lattice points at minimum distance (i.e. distance ,/2) from
the hole. The number of minimum vectors in the Niemeier lattice is 24 h.
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