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A THETA-FUNCTION IDENTITY FOR NONLATTICE PACKINGS

by
A. M. ODLYZKO and N.J. A.SLOANE

Abstract

Suppose A is a sphere-packing in R” which is a union of translates of a lattice packing.
If the theta-function @ ,(z) of A is defined in the natural way, @ ,(—1/z) has nonnegative
coefficients when expanded in powers of g=e™?=.

The MacWilliams identity relating the distance distribution of a linear code
to that of its dual may be generalized to nonlinear codes ([8], [16], [7, Ch. 5, Th. 3]).
This implies Delsarte’s theorem that the Krawtchouk transform of the distance
distribution of any code has nonnegative coefficients ([3], [7, Ch. 5, Th. 6]), which
has led to the very effective linear programming bounds for codes ([6], [7, Ch: 17]).
There are many analogies between linear codes and lattices. The distance distribu-
tion of a lattice is given by its theta-function, and there is a modular transformation
which takes the theta-function of a lattice to that of its dual. (This is an analog of
the MacWilliams identity.) More generally, there are also analogies between non-
linear codes and general spheres packings.

Our purpose is to prove that there is a natural generalization of theta-functions
to nonlattice packings which satisfies an analog of Delsarte’s property, viz., its
modular transformation has nonnegative coefficients. This solves Open Problem 4
of [13]. (An alternative solution to this problem, which however only applies to very
special packings constructed from nonlinear codes, has been oiven by MAHER [9].)
It is our hope that this result will lead to improved upper bounds for densities of
sphere packings.

Our result does not apply to all packings, but only to periodic packings, those
where A (the set of centers of the spheres) has the form

M

A B !1 (uk_l—L)a

k

where L is an n-dimensional lattice in R” and w,, ..., uy,€R” are the translating
vectors. This is not a severe restriction, since for example it can be easily shown
(cf. [11, Ch. 1]) that densities of periodic packings come arbitrarily close to the den-
sities attainable by any packings.
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For a periodic packing A of the above form, its theta-function is defined to be

1

Outcyu M &

Mz

M
Z’ }:’ qN(x-f-uk—u,)
=1x€L

_524_ Z" Z qN(x+uk-—u,)’
k<lx€L

= Op(z2)+
when g=e™ and N(v)=v.v for any v€C"”. A standard argument ([4, p. 71])
shows that @ ,(z) is holomorphic on the upper half-plane. When A=L, @ ,(z)
reduces to the usual theta-function of a lattice (cf. [13]), and in general is an analog for
sphere-packings of the distance distribution of a code. If A is “distance invariant”

(cf. [7, p. 40]), i.e. has the property that the number of points of A at any distance
d from x€A is independent of x, then @ 4(z) reduces to

M
@A(Z) . Z’ Z qN(x+uk—u1).
k=1x€L
THEOREM. For Im (z)=0,
det L i) 1 1 -
(») 2
1) M [z] @"[ z] M? ye%.q ik

where L1 is the dual lattice to L, and
M .
By = Z eemiy uy
k=1
For the proof we use the following version of the Poisson summation formula.

LEMMA (cf. [12, §6.1]). Let f be a rapidly decreasing smooth function on R". Then

1 A
x;;f(X)— 3oz < SO

yGL-L

F@ = [fx)etmixvix
o

where

PROOF OF THEOREM. For Im (z)>0 we have

b b e
@A (Z) = _M— g emizN(9) g; emzN(x)+2mzx.5,
X

where & is an abbreviation for U, —uw. From the lemma and making use of the
identity

1 :
(2me)"/? f e~ N —2mix-y g . o—212N(y)
R

n
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valid for Re (#)=0, we find that the inner sum is equal to

- \ /2
1 [’] > o@linNGy—z8)

detL Z yEL‘L

Therefore

.\ /2

1 il : :

O . (2) = : > en:N(Y)/lz+2my-5,
2 = e [z] Zyzl

from which the desired result follows after replacing z by —1/z.

When A=L, Equation (1) reduces to the usual formula for the theta-function
of the dual lattice (see [12]):

k) e 1
(det L) (—;] 0, [——] = 0,1 (2).

Z

ExAMPLE 1. The best-known nonlattice packing is the hexagonal close-packing
H 1in R?®([2], [5]), which may be defined as the union of the lattice L spanned by
the vectors 2-Y2.(1,1,0), 27%2.(1,0, 1), 27Y2.(—4/3, 4/3, 4/3), and the translate
2-12.(0, 1, 1)+ L. This packing is distance invariant, and using the classical Jacobi
theta-functions [15]

oo "’+1 2
0,(2) =2 3 ql"*3)
m=0
0;(z) = 1+2 Zvlqmz’

03(2) = 1423 (—g)",

its theta-function can be shown (see [14]) to be

0x = 10(%)- - (FHoonoaracn0)+

2) +—§— 0, [%5] {03 [é] 0,(z)+0, [%] 0, (z)} &

= 14+12g+64¢%+2¢%3 +18¢3+12¢" 3P+ 64+ ....
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Using standard identities it then follows that

T en(-4)
o)) oo sal3)c)

30, [38’"] {63 (2)05(32)+04(2)0, (3z)} =

oy 1_*__;_ q4/3+2q3/2+9q41/24+3q17/6+6q4+9q113/24+,§_q16/3+”.,

which 1s (1). It is interesting to compare (2) with the theta-function of the face-
centered cubic lattice, which has the same density and contact number as H :

O ;.. (2) = 05(22)%+30,(22)0,(22)2 =
= 1+12¢+6¢2+24¢°+12¢"+24¢°+ 8¢°+ ...

For this packing Equation (1) becomes

~ .\3/2
V22 { l] @fcc [—"_Zl_] = 03(2)3_'—02(2)3 e

Z

= 1+8¢°**+6q+12¢%+24¢" /4 + ...

which is the theta-function of the dual lattice, the body-centered cubic lattice (see [14]).

ExAMPLE 2. The densest sphere packing known in ten dimensions (see [1]) is
a nonlattice packing 4 constructed (via Construction A [13]) from a binary code
containing 40 codewords of length 10 and Hamming distance at least 4 apart. It
has center density 5-277=0,0380625. Both the code and the packing are distance
invariant. From the distance distribution of the code it follows immediately that

O ,(2) = 03(22)1°4+2204(22)°0,(22)* +1205(22)* 0, (22)° + 50,(22)20,(22)® =
= 14+372¢%+768¢3+ 56849*+ 614445+ ... .

The coefficient of ¢* shows that each sphere touches 372 others. The right-hand
side of Equation (1) now becomes

4 516 2048 1728
| | 2 | 5/2 3
14 5 qd 5 g - 3 q | 3 Gat: - -

Acknowledgement. The examples were computed on the MACSYMA system
for symbolic manipulation [10].
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